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Caykerak

Y 0BOj JOKTOPCKOj JIUCEPTAIAjU CYy HA IOYETKY JlaTe OCHOBE BEPOBATHOCHUX M JIH(PO-
JITHUX JIOTUKa WM OCHOBE OIITUMU3aIIMOHOI' IIPHUCTYIIa pellaBalby Pa3/IMYUTUX BPCTa IIPO-
6iema. BeposaTHOCHE JIoTHKe TIpejicTaB/bene y gucepranuju cy LP Py, LPP*™ u LPCP
Koje, y3 nudOJATHY JIOTUKY, Jajy /100ap OCHOB 3a IPEJICTaB/bathbe HEIPEIU3HOr U HEeIlOT-
IIyHOT 3Haba, Ka0 U 3a Pe30HOBarbe HaJ THM 3HameM. O 1mocTojehux OnTUMH3aInOHUX
METO/1a, 38 MPEJICTAB/habe Cy U3/IBOjeHH METAaXeyPUCTUYUKN IIPUCTYIN KOju cy Beh Kopu-
mlienn 3a pemasambe pobseMa 3a10B0sbuBocTr dhopmyita y gorutm LPPy*. Tlopen oBux
MeTo/la, TpUKazaHa je MeTojga ontumusanuje koiouujom muesta (BCO) koja je mo cana
Jlajia Joope pesysrare y peliaBamby pPasIuduTHX KOMOMHATOPHUX Ipob/emMa, a caja je
[0 IIPBU IIyT yHoTped/beHa KA0 OCHOBHA METO/Ia Y pellaBaiby IIpobdJieMa 3a/10BOJbUBOCTI
dopmyna. Takobhe, mo caga je BCO meroma Kopumibena 3a pernapame mpodeMa 3a Koje
[IOCTOjU HEKO PEIerhe, a IMPUMeHa MeTOJIe je mMaJia 3a /b Jia TO perrnene monpasu. Cajta
ce o nipeu 1yt BCO MeTo/a KOpUCTH 3a MPOHAJIAXKEhe Pellleha.

['naBuum jiesioBu Te3e mocBeheHn cy MpUMEHHM METOJIe ONTHMU3AIje KOJOHUJOM ITdesIa
Ha TpobJsieM 3a710Bo/bUBOCTH (hopmysa Jsioruke LPCP n npumern Ha JudOJITHO pe30-
HOBarme. 3a mnpobiieM 3a/10BosbuBOCTH hopmyna LPCP joruke 10 cajia HUje TOCTOjao
ayTOMATCKM JIoKasuBad Teopema. (CBa mocrojeha perema, Koja ce 6aBe mpobeMoM 3a-
JIOBOJBUBOCTU (DOPMYJIa Y BEPOBATHOCHUM JIOTMKaMa, Cy pa3MarpaJia JIOTHKE Ca Ollepa-
TOpUMa alcoJIyTHE BepoBaTHohe, Tpu deMy Ccy BepoBaTHOhE mMaJjie BPEJIHOCTU U3 CKYIIa
peaHux Opojase. [IpBu myT je pasBujeH ayTOMAaTCKH JIOKA3UBAY TeOpeMa KOjU TPUXBaTa
dopmysie ca ycioBHUM BepoBaTHOhama W, JOJATHO, J03BO/bAaBA JI& BPEJIHOCTU BEPOBAT-
Hoha npunajajy Xap/ujesom 1mosby 6pojeBa Q[e].

Y naucepranuju je JgeTabHO MPEJCTaB/LeH HaduH CBoherba 1mpodsieMa 3a10BOJbUBOCTH
dopmyna y sorutu LPC P #a npobJieM JinHeapHOT TIporpaMupaba, kao u npumerna BCO
MeTOJIe 3a pelnaBaibe jobdujeror Jjimneapuor npobsiema. BCO merona je m3zabpana Ha
OCHOBY MCKYCTBa Jia ce O0/bU pe3yaTaTu J100ujajy KopuiihemeM MeToja 0asupaHux Ha
motry/iarjamMa, 3axXBaJjbyjyhu YumbeHuI ga OHe J03BOJbaBajy Jerpajialinjy KBaJIUuTeTa pe-
mema. Ca Jpyre crpane, periema 6asupana Ha JIOKAJIHO] MIPETPA3U BPJIO JIAKY YITaIHY
y 3aMKYy JIOKQJTHOT MHHHMYMa, IITO YeCTO He BOJY NPOHAJIAXKEIbY pelllerba. Y Paiy cy
[PUKA3AHU U aHAJU3UPAHU PE3YJITATH JIOOUjeHN TecTHpambeM. 3a 1moTpede mnopeherma pe-
3yJsitaTa KOpuiheH je n ersaktaH (JAUpeKTaH) MPUCTYI Y pelaBamby 100ujeHor mpobaema
JIMHEeapHOT mporpamupaba momohy @ypuje-Morkun meroje esmvunarmje (FME). To6u-
jEHU pe3ysITaTh Cy MOKA3aJId BEJIMKY MPETHOCT XEYPUCTHIKOT IMPUCTYIIa HAJl TUPEKTHUM



MPUCTYIIOM KAKO y YCIEITHOCTU TaKO M Y BpeMeHy IOTPeOHOM 3a M3BOleme 3aKIbydaKa.

[Tpumena BCO merose Ha 1ud0THO pe30HOBaE 3aXTeBaJia je puaarohaBarme pa3Bu-
jeHor aJropuTMa M HOB NPUCTYI Y IIpecTaB/baiby OpojeBa 3 Xap/iMjeBor 1moJjba OpojeBa
Qle]. ¥V mwmy nosehama eduracuocTu y uzsohermy 3ak/bydaka y JudOJTHOM PE30HOBAIY,
OWUJIO je HEOIXOHO TECTUPATU PA3JIMUUTE CTpaTeruje, a J00UjeHn pe3y/ITaTu Cy JIeTa/bHO
NPUKA3aHN Y JUCepTanuju. ¥ caydajy AudOJTHOrI pe30HOBarmba JOOUjeHH pPe3yJITaTH Cy,
takobhe, mopehenn ca pesynraruma jgooujenum mpumenom FME merose, mpu gemy je, mo-
HOBO, TIOKa3aHa BeJMKa Ha/JMON XEypUCTHYKOI MPUCTYHa HAJl JUPEKTHUM IIPUCTYIIOM.
[Ipukazana Meroja MpeJCTaB/ba MPBU XEYPUCTUYUKU MPUCTYI JUMOITHOM DPE30HOBAILY.
CBu 10 cajia pa3BUjaHU JOKA3UBAYHU Cy Ce 3aCHUBAJIN HA PA3JUIUTHM JUPEKTHUM IIPU-

CTyHIHMA.



Summary

At the beginning of this thesis basics of probabilistic and default logics are given, as
well as basics of optimization approach to solving different types of problems. Probabilistic
logics presented are LPP,, LPP§* and LPCP. Together with default logic they make
a good base for presenting imprecise and incomplete knowledge and reasoning above
this knowledge. Emphasis is given on meta-heuristic approaches, that have already been
used for solving satisfiability problem in LPP$*. Beside these methods, Bee Colony
Optimization method (BCO) is presented. It previously gave good results solving hard
combinatorial problems, this being the first time it is used as basic method for dealing
with formula satisfiability problems. Also, all previous uses of BCO consisted improving
the some feasible solution of the given problem. This is the first implementation of BCO
method for finding solutions.

Main parts of thesis are dedicated to implementation of BCO on solving satisfiability
problem for LPCP logic, and BCO implementation on default reasoning. Satisfiability
problem for LPC'P logic had no automated solver before this thesis. All of the existing
solutions dealing with satisfiability problem in probabilistic logics considered logics with
absolute probability operators, with real value probabilities. This is the first time that a
solver that accepts formulas with conditional probabilities has been presented. Additionally,
it allows probability values to be from Hardy fields Q[e].

Thesis presents, in detail, the way of reducing satisfiability problem in LPCP logic
to linear programming problem, as well as application of BCO method for solving the
resulting linear problem. BCO method is chosen based on experience of roviding better
results then the using evolutionary methods, due to the fact that it allow solution quality
degradation. On the other hand, solutions based on local search easily reach local optima,
which often prevents the system from finding solutions. Thesis shows and analyzes testing
results. For the purposes of results comparison, direct approach to solving resulting linear
programming problem, Fourier-Motzkin elimination method (FME) was used. Results
show great advantage of heuristic approach over FME, both regarding the success rate
and time required for reaching conclusion.

Application of BCO to default reasoning required adjusting the developed algorithm,
as well as new approach to representing numbers from Hardy’s field Q[e]. In order to
improve efficiency in default reasoning testing of different strategies was required. This
thesis shows detailed results of these tests. In case of default reasoning, results were also



compared to results of FME method. Again, great advantage of heuristic approach was
demonstrated. The method used presents the first heuristic approach to solving problems
in default reasoning. All previous solvers were based on different direct approach methods.



I'maBa 1

YBoOXI

O mammHaMa Koje MUCJIe W BelnTadkuM oulimMa rnpuda ce mo4eB o IPYKUX MHUTOBA.
Marmmmne ca JbyICKUM OOJIMKOM TPABUJIA Cy MAjCTOPU Yy CBUM BEJIMKUM IUBUJIA3AIjaMa,
ykspyayjyhn Jan Hluja (enr. Yan Shi) y 111 Bexy mpe HOBe epe, Xepona AJieKCaHPHjCKOT
(enr. Hero of Alexandria) mouerkom HoBe epe u As-Jasapuja (enr. Al-Jazari) xoju je xu-
Beo kpajem XII Beka. Jbynu cy BepoBasu j1a he orkpuBamem 1pase npupoje 6oropa 6uTn
y cramy ja ux penpoaykyjy. [danac, y epu ybp3aHor pasBoja padyHapa, IOKYIIAju Ja
ce pasyMe IPHUPOJIa U HAYMH JbYICKOI MUIIL/BEHA BOJE PAa3BOjy BEIITAYKe MHTEIUIeHIIN]E.
OBoM npobJieMy ce IPUCTYIIA Ca Pa3IMIUTUX CTAHOBHINTA, 3aTO U IMOCTOJU TOJNKO Pa3JIin-
YUTHUX JlePUHATIAja BElITaYKe HHTEeJIUTeHInje. JeIHN je ONUCY]y KPO3 CHCTeMe KOjU MUCTIE
Kao JbY/IU, JIDYTU Kao CUCTEMe KOjU MUCJIe PallMoHAIHO, Tpehn Kao cucreme Koju JIesyjy
Ka0 JBY/IM, YETBPTH Kao CHCTeMe Koju Jenyjy parmonasnuo [104]. Bes obsupa Ha nsa-
Opan IPUCTYII, padyHap KOjH I0Ce/Lyje BeITauKy MHTEIUICHIN]y MOpa ja Oye y CTaiby
Jla CKJIaJIMINTH OHO IITO 3HA W 4yje (IpejicTaB/ba 3HAWE) U JIa KOPUCTH YCKJIAIUIITeHe
nHdOpMaIrje pajiu JaBama 0JroBapa Ha MUTalka U M3BODema HOBUX 3aK/bydaka (ayTo-
MaTcko pacyhuBame). 3a GaB/berhe OBUM CEIMEHTOM BeIlTavyKe MHTeJUIeHIrje Hajbo/be
OKBHDPE€ IIpy2Ka MaTeMaTHU4Ka JIOT'HKa, a IIOIOTOBY KOM6I/IHa,I_H/Ija MaTeMaTHn4Ke JIOTUKE 1
Teopuje BepoBaTHOhe, Koja Tpeba jga oMoryhm paji ca HEIpelnu3HUM W HEIOTIIYHUM WH-
dopmanujama.

1.1 Pa3Boj maTeMaTuyike JIOTUKE U Teopuje BepoBaTHohe

QopmaTHO PE30HOBAIbE UMa jaKo YTy ucropujy. Kunecku, WHIWjCKA U T'PUKU PH-
J1030(U Cy Tpe HOBE epe MOCTaBMJIN OCHOBE JETYKTHUBHOI pa3sMUIILbalba KOje je TOTOM
pasBujaHo BekouMma. Ca Jpyre crpaHe, urpe Ha cpelly mHHIIIpase cy pa3Boj BEPOBAT-
Hohe. OBe JBe MaTeMaTU4Ke JINIUIIINHE, MaTeMaTHda JOIMKa 1 BepoBaTHONA, Cy ce Kpo3
UCTOPUjy YeCTO KOMOMHOBAJIE: 3aCHUBaIb-€ TeOPHje BepoBaTHONE Ha JIOTMYKUM OCHOBaMa,
IpydJaBame JIOTUKa y KOjUMa ce MCTHHUTOCHA BpPeIHOCT (hopMysa m3padyHaBa MOMONy
dyHKIIIja Koje cy BEpOBATHOCHE Mepe WJIH JIn4de Ha IbUX, IPOIMIPUBAHE JIOTHIKOT je3UKa,
KOHCTPYKIIIjaMa Koje oMoryhasajy /1a ce HEIOCpeIHO MOBOPH O BepOBATHONM UT/.
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Hakomn jy»ke crarnammje y pa3Bojy MaTeMaTHIKUX JIUCIUAIIINHA, Y CeIaMHAECTOM BEKY
Jajouun, (wem. G.ottfried Wilhelm von Leibniz, 1646 — 1716) cBojum pajioBuMa IpaBu
OrpOMaH IOMaK U IIOCTaB/ha OCHOBE 3a JIaJbU Pa3B0j, IIpe CBera, aHajn3e, HeCTaHIap/IHe
aHaJin3e, MaTeMaTU4dKe JIOTWKe, BepoBaTHohe. Jlajonur je 6uo wmucnmpucan pajgom [la-
ckasa (dpan. Blaise Pascal, 1623 — 1662), Koju je mareHTHpao ,MalliHy 3a padyHame”
U PaJINo je Ha pa3Bojy yHHUBep3asHe Hayke (yar. Scientia universalis) Koja je TpebaJo Ja
oMmoryhm apurmernsanujy 3ak/byunBaba. JIajoHuI je pasmMarpao BEPOBATHOCHY JIOTHUKY
Kao aJjaT 3a MPOIEHY HeCUT'YPHOCTU U 3a JeduHucame BepoBaTHONe Kao Mepe 3Hamba. Y
cBojuM ecejuma |64, 65, 66|, JlajoruIr je mpeIozKmo j1a ce ajgaT pa3BUjeH 3a AHAIN3Y Urapa
Ha cpehy, nmpuMenu u Ha pa3Boj HOBE JIOTHKE Koja Om ce OaBm/ia cTereHnMa BepoBaTHOha
1 KOja Cce MOXKe KOPHUCTHTHU 3a JIOHOIIEHe PAIMOHAJIHUX OJJIYKa Y IPHCYCTBY KOHTPa-
JUKTOpHUX guibeHuia. OH je pas/MKoOBao JBe Bpcre padyHa. I[IpBu, padyH yHalpen,
ce 6aBHMO IIPOIEHOM BepoBaTHONe sorahaja ako je mosHara BepoBaTHoha yciopa. pyru,
padyH yHa3aJl, je IPOIEeHUBA0 BepOBATHONY y3pOKa, YKOJIMKO je BepOBATHONA TOC/IE NI
nosHaTa. JlajoOHWI] je MMao IMyHO HACJEIHNKa, Mel)y KojuMma cy Haj3HAvYajHUjH, Kaja je y
nuTamy BepoBaTHOCHA Joruka Opaha Jakob u Joxan Bepuynu (wem. Jacob Bernoulli, mio-
sHaT u Kao James wn Jacques, 1655 — 1705 u wem. Johann Bernoulli, 1667 — 1748), Bajec
(err. Thomas Bayes, 1702 — 1761), Joxan Jlambept (dbpan. Jean-Henri Lambert, 1728 —
1777), Jlannac (dbpan. Pierre Simon de Laplace, 1749 — 1827), Bepuapn Bosmano (werr.
Bernhard Placidus Johann Nepomuk Bolzano, 1781 — 1848), e Mopraun (enr. Augustus
De Morgan, 1806 — 1871), Byx (eur. George Boole, 1815 — 1864), Ben (eur. John Venn,
1834 — 1923), Mek Ko (enr. Hugh MacColl, 1837 — 1909), ITupc (eur. Charles S. Peirce,
1839 — 1887), Ilopenkwu (pyc. [laamon Cepzeesuy Iopeyrud, 1846 — 1907) u apyru.

Jakob Bepnymu je nmpBu Koju je ynampeano Jlajonumose uieje. OH je IPeIIoxKuO
porieIypy 3a ojpelhuBame HyMepUYIKOr CTeleHa Moy3/aHOCTH IPETIIOCTaBKe J1001jeHe Ha
OCHOBY aprymenata. Ped apryMmeHT je KopwuiltheHa Jia O3HAYM MCKa3€e U peJiallije UMILIN-
Kalje u3Mely mpeTnocTaBKy 1 3aK/bydaka. BepHyn ce 0aBUO U MUTakeM N3padyHaBaba,
cTeIeHa TOY3/IaHOCTU KaJla IIOCTOjU BHUIIE apryMeHaTa 3a UCTH 3aK/byJaK.

Jlambept je y cBojoj Kibu3u [62] aHaM3MPAO CUIOrHCTHYKA U3BOhemha 0bJIMKa ,,aKo je
B3/401 AuC je A rana je C' B ca seposarnoliom 3/4”. YV Bajecosom pajy [4] ce npsu
IyT T0jaB/byjy PE3Y/ATATU Be3aHW 3a YCJOBHE BepoBaTHOhe. 3ammcaHo MOJIEPHOM HOTa-
mjoM, Bajec je pasmarpao npobiem ojpehuBama BeposatHohe P(A|B) rume je A uckas
»P(E) € [a,b]”, nok je B uckas ,norahaj E ce peannzoBao p myTa U HHUje ce Pean30Bao
g myTa y p + ¢ HesasucHux nokymaja’. Bosmano [6] je sioruky mocmarpao Kao OCHOBHY
TEeOpHUjy HayKe, JIOK je BepoBaTHOha Omita meo joruke. OH je mocMaTpao BajbaHOCT MCKa3a

A(z) xao mepy ckyna {c : = A(c)}, 1j. kao waﬁggg?ﬁ @I Perarusna samanoct je
penanuja Mely mcKasuMa M MMa HCTe OCOOMHE Kao yCJIOBHA BepoBaTHONA y JTaHAIIEHIM
TepMUHUMA. DOJITIAHO je JT0Ka3ao BUIle TeopeMa Koje ce OJIHOCE Ha PeIATUBHY BaJbaHOCT.
e Mopran ce y ¢Bojoj kibu3u [18] 6aBrO BEPOBATHOCHUM 3aKJ/byIUBameM Jajyhu mojp-
MKy HYMEPHYIKOM BEPOBATHOCHOM IIPHUCTYILY Kao JIeJIy JIOTHKE. YMEeCTO CHUCTEeMaTHIHOI
npuctyna, /le Mopran je ommcuBao Heke IpobIeMe 1 MOKYIIABAO /1a X PEITH JIOTTIKIM

npuctynom. Murepecantno je na je Jle Mopran nanpaBuo HeKe I'DeIKe MPU PellaBaby
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npobJieMa, Koje Cy yIJIaBHOM IPOM3UIIA3IIIe M3 UTHOpHcama (He)3aBucHocTH joraljaja.

Pauayn xoju je Byn npemioxuo |7, 8] ununupao je yop3aHu pa3Boj MaTeMaTHUKe JIO-
ruke. Bys je nHacrojao ja HampaBu cucTeM KOju OM OMO OCHOBa JIOTHYKOD padyHa Kao U
OIIIIITe METOJIe 3a MPUMEHY Yy Teopuju BeposaTHohe. By je TBpamo ja Hajommruju mpo-
6JsieM y Teopuju BepoBaTHONE MOXKE Jia Ce PEI YKOJIMKO Ce IOCMATpPa IIPOU3BOJ/bAH CKYII

normakux Gysrumja {fi(z1, ..., Tm), .. fel@1, .. 2m), F(z1,...,2,)} 1 ogroBapajyhe
BepoBatHolie p; = P(fi(x1,...,2m)), ..., pr = P(fe(z1, ..., 2y)) ca musbeM 1a ce ofpean
P(F(x1,...,Ty)) Y 3aBUCHOCTH OJL D1, . - . , i OH je objacHuo Be3y usaMmeljy Jioruke ca Kia-

CHYHUM BE3HUIMMAa 1 ocobuHa BepoBaTHoha jjorahaja. Byt ce orpannano Ha eKCKIIY3UBHY
JUCJYHKITA]Y W BEPOBAo je Ja ce CBaK! IOJINCKA3 MOXKe M3Pa3uTH Y TEPMUHUMAa OCHOBHUX
U He3aBUCHUX KOMIIOHeHTH. Ha Taj HaumH, BepoBaTHOha WIN-KOHCTPYKIIAjE je jegHaKa
30upy BepoBaTHONA KOMIIOHEHATa, JIOK je BepoBaTHOha M-KOHCTPYKIIMjE je/IHaKa ITPOU-
3BOJIy BepoBaTHOha KoMmIloHeHaTa. Ha Taj Haumn je moryhe TpaHcdOpMHUCATH JOTHYIKE
dyuknuje jorahaja y cucrem anredapckux dbyHKIMja onropapajyhux seposarnoha. By
je peliaBao 0BaKo JIo0ujeHe cucTeMe IpOoIe/lypoM Koja je ekBuBaJsieHTHa Pypuje-Morkna
Merojin eqmMmuHaryje. Fberoa mporieypa, mako HEUje MOTIIYHO YCIICITHA, MPYXKUIA je
OCHOBY 3a BEPOBATHOCHO pe3oHOBambe. ¥ [36, 37| je mara ucnpaeka Bysose mporemsype
KopHIThemeM MPUCTYIIa JTUHEAPHUM ITPOrPAMUPAHEM.

Bynosu naciiemauim cy ce Tpyanin Jia yaamnpee Bynose uaeje. Jeman o mwux je Ilo-
perku [97]. TTupc y [94] u Mek Koy [79] cy nojacuusu o3HauaBambe yejoBHe BepoBaTHONe
Kao IIaHce J1a je TBpheme TauHo, MO/ IIPETIIOCTAaBKOM JIa je APYTo TBpheme TauHo 1 yBeIn
cy oarosapajyhy osuaky x, (Koja omrosapa oznaiu P(z|a)).

Mexk Kou je, ucrospemeno ca @pereom (Hem. Friedrich Ludwig Gottlob Frege, 1848 —
1925), pa3Bujao MCKa3HM padyH Kao He3aBUCHY rpany Jjoruke. OH je 6uo IpBU ayTop KOju
je, v [75], mokyao ja 1BO-BpeIHOCHY JIOTUKY MPONMPH TPehoM HCTUHUTOCHOM BPEJHO-
mihy. /lobujenn cucreM cajip:Ku curyphHe, Hemoryhe u mpoMmenspuBe nckase. Vckasum npsa
JIBa TUIIA Cy WJIA TAYHU WJIM HETAYHU, JIOK je MCKa3 Tpeher Tuia HeKaja TadaH, a HeKaJa

HeTa4daH.

Ben je 1870-ux pa3sujao ujejy ma noseha dpekseniujy mojase mojMoa o BepoaTHohn
y gorunin. OH je cMaTpao Jia je BepOBATHOCHA JIOTHKA, 3alPaBO, JIOTUKA HU3a TBPhema.
Hwuz oj jemHor enmeMenTa OBOI' THIIA NMPHUIPYKYje JaTOM MCKA3y jeJIHY OJ JIBE€ BPEJIHO-
cru 0 wm 1, 70K GecKoHaYaH HU3 MPUIAPYIKYje Ma Koju peajan 6poj u3 uarepsaa [0,1].
Heku Ttpajiunuonasnu jiorudapu cy OMjin He3aJI0BO/bHU YKJbYUUBAILEM WHIYKIIAjE Y Jie-
dunUIje TojMOBa BE3aHUX 33 BEPOBATHONY, aJil OCTAJIU CYy HACTABUJIM CBOj Pajl y OBOM
IIpaBILY.

TokoMm mpBe mosioBuHe 20-0r BeKa mocTojajia cy O6ap Tpu IpaBlia y pas3Bojy Teopuje
BepoBarHolie. Verpazkupadn Koju ¢y mpunajiaid npBoM mnpasity, Puaapa dor Muc (Hem.
Richard von Miss, 1883 — 1953) u Xamc Pajxenbax (mem. Hans Reichenbach, 1891 —
1953) cy, Ha mpuMmep, nmocMaTpaju BepoBaTHONY Kao pesnaruBHy (bpEKBEHILYy U U3BEJH
[paBUJia Ha OCHOBY Te mHTepliperaruje. Ipyru npucry je KapakTepUCTUYIAH 0 PA3BOjy
dbopmasaor pauyna 3a Bepoaraohy. Heku ayropu u3 ror npasia cy [leopir Bovan (mewm.
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Georg Bohlmann, 1869 — 1928), Ceprej Haranosuu Bepmireju (pyc. Cepeeit Hamarnosuy
Bepwmetin, 1880 — 1968) u Emun Bopen (bpaun. Emile Borel, 1871 — 1956). Osaj upasair
je kymvuaupao KommoropoBom (pyc. Awdpett Huxonaesuyw Koamozopos, 1903 — 1987)
akcroMarnsarnujom BepoBaTaohe [58|. Ha kpajy, Hekn ucrpaxusaqn, monyt [lona Kejuca
(enr. John M. Keynes, 1883 — 1946), Pajxenbaxa u Pynonda Kapuana (Hem. Rudolf
Carnap, 1891 — 1970) cy macrasuau Bysnos npucryn nosesyjyhu BeposaTaohy u JjIoruky.

Y KejHcoBuM mcTpazknBamnMa, BEpOBaTHONA je mocMaTpaHa Kao OCHOBHU TOjaM KOju
ce ne gedunuine. OH je MPeIOKIO AKCHOMATCKY aHaJIu3y pesaimja Mely nckaszuma Koju
ce MOHAINAjY Kao ycaoBHe BepoBaTHohe. Ca cTaHOBUINTA caBpeMeHe JIOTUKE, OBaj aKCHO-
MATCKU CUCTEM HHUje IIPUXBATIHUB, HOIITO Y HeMY, Ha IIPIUMep, He IOCTOoje crerudukarija
CUHTAKCe, IMpaBUJIa N3BOhema U CJINIHO.

Kapnarmnos pa;i Ha JJormdkuM ocHOBaMa BepoBaTHONe je OMo MOKYIIaj Jia ce pa3Buje Jio-
rudKy 1ojaM BeposarHohe. Kapnar je moBe3ao 1mojMoBe MHIYKTUBHOT U3BODermba, BEpOBAT-
nohe u nmorBphuBama. OH je 6mo Mehy mpBuUM HCTpakuBadNMa KOJH je JACHO Pa3IMKOBAO
JiBa pasjm4nTta 1ojma BepoaTHohe. Ilojam BepoBarHOhe Kao pesaruBHe (BPEKBEHIIH]E,
KOja je KopuirheHa y CTaTUCTUYIKUM HUCTPaKUBabUMa, je eMIHUPUjCKe IIPUPOJE U U3 TOI
pasJjiora HEMOTO/[HA 3a pa3BOj MHJIYKTUBHE JIoTHKe. KapHalry je 3a pa3Boj MHIYKTHBE JIO-
ruKe, Koja je 3a mera Omjia MCTO IITO U BEPOBATHOCHA JIOTWKA, OMO TOTpedaH JIOTUIKHU
1ojamM BepoBaTHONE Kao cTeleHa MOTBP/Ee HEKEe XUIIOTe3€ Ha OCHOBY HEKHUX JI0Ka3a, Tj. JIO-
rudka pesaiuja n3maly nBa nckasa, osuauena ca c(h,e). OH je dbukcnpao yHaApHU je3UK
IIPBOI' Pejia 3a UCKa3uBame h u e, ja Ou Morao jia mpoydasa ocobune pesaruje c¢. Mako
oBaj paJi Huje OO y MOTIIYHOCTH YCIIEIIaH, OH je MOJCTaKao Pa3BOj BEPOBATHOCHE JIOTHUKE
npBor peja (26, 27, 108, 114].

Pajxenbax je mcTpazkuBao JIOTUIKe CTPYKTYPE BEPOBATHOCHUX NCKa3a ca (PUI030hcKor
n TexHUIKOr actekTta. OH je yBeO OCHOBHY BepOBATHOCHY pesarujy m3Mely Kjaca u
peasinux OpojeBa kopucrehu dopmyny obnmka P(A, B) = p y 3Hauemy ,3a CBaKO i, aKO
x; upunaJa Kiacu A, tajga y; npumnaaa Kjiacu B ca BepoBaTHOhoM p.

Anexacunap Kpon (1928 — 2000) je npoyuasao Be3y usMely BUIIEBPEIHOCHUX JIOTHKA
u teopuje BepoBarnohe [60]. OH je mocmarpao yHapHY oleparjy reHepucarba bystose
ajredpe ckyria bopMmysia U BEPOBATHOCHY (PYHKIU]Y jedunucany Ha Toj ajureopu. [lpum
TOMe je J]a0 HEKOJIMKO TBphema KojuMa ce moBe3yjy Teopuja BepoBaTHONe (yCIOBHA BEPO-
BaTHONA, HE3ABUCHOCT) ¥ JIOIMKa, (MMILTUKAIITja, JOKa3).

Yipxkoc pajioBuma Pajxenbaxa, Kapnamna u mBUXOBUX CJIeIOEHUKA, TOKOM JIpyre I0-
soBuHe 20-0r BeKa pa3Boj JIOTMKE W TeOpHUje BepoBaTHONe Ccy TeKJIM MOTIYHO HE3ABUCHO.
Kpajem 19-or Beka, He3aBUCHO 0J1 aJIredapcKOr MPUCTYIIA, PA3BOj MATEeMATHIKe JIOTUKE je
61O MHCIIUPHUCAH TOTPeOOM JIOTUYKOT 3aCHUBaIba MaTeMaTuke. [JIaBHU Ipe/ICTABHUK TOT
npasiia je ouo @pere, Koju ce TPy MO Jga 00jacHU OCHOBHE JIOTHYKE Be3e u3Mehy mojMoBa
U MaTeMaTHIKUX HNcKaza. Ppere je yBeo MCTHHUTOCHE BPEIHOCTH, Kao MOceOHE BPCTE
allCTPaKTHUX BPEIHOCTHU, YUMe je CBaKHU MCKa3 MMEHOBaH Kao TadaH WM HeTadaH. JacHO
je na, mo Pperey, ICTUHUTOCHE BPEIHOCTH UMAjy 1ocebaH CTATYC KOjeé HUKAKO HUCY I10-
BesaHe ca BepoBaTHoloM. OBakaB mpucTyI je mocturao BpxyHar egenosum (mem. Kurt
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Friedrich Gédel, 1904 — 1977) pajom, Koju je J0Ka3a0 MOTIYHOCT JIOTUKE MPBOr pena [31].
OBuM paJIoOBEMa JIOIMKa IIPBOI PeJia je 3ay3esia HeHTPAJIHO MECTO y 3ajeJHUIM JIorudapa
u Tek Kpajem 70-ux rogumaa XX Beka ce IOHOBO jaBHO MHTEPEC 334 BEPOBATHOCHY JIOTHKY.

HajBaxknuju nomak y BEpOBaATHOCHO]j JIOTHIN, HAaKOH Jlajonuna u Bysa, manpasuo je
Kucnep (enr. Howard Jerome Keisler, 1936 — ). Cpxa meropor nossHartor paja [53| je
Outa J1a TIOHYIN MOJIE/I-TEOPHUjCKU MPUCTYIT Teopuju BepoBaTHOohe. OBaj pas je, Takobe,
omoryhno xopumheme HecTangapaHe aHaIu3e Ka0 KOPUCHOT MeTona. Kuciep je yBeo He-
KOJINKO KOPHCHUX JIOTUYIKUX KBaHTUdUKATOpa, nomyt Pz > r. @opmyna (Pz > r)d(x)
o3HavaBa na cKyn {x : ¢(z)} numa BepoBaTaohy Behy ox r. PekypsuHy akcmoMaTusarijy
oBe Jloruke, o3HavdaBane ca Lap, mao je Xysep (enr. Douglas N. Hoover) [49]. Csojum
pagosuma Kunciaep n XyBep ¢y HallpaBmIu BeJIMKH JOIPHHOC Ha OBOM HOJby. Jlokazaan
Cy TeopeMy IOTIYHOCTH 3a Pa3He BPCTE MOJEJa U MHOIe JAPyre MOJIEJ-TEOPHjCKE Teo-
peme. Paspojem BepoBaTHOCHE Teopuje Mojesa oMoryheHo je mpoydasame Joruka sehe
M3ParKajHOCTH.

BajecoB mnpuHIUII BepoBaTHOCHOT pacyhuBama je 1moveo paHo Ja ce KOPHUCTHU, IOr0-
TOBO Y Kpeuparmy eKCIePTHUX CUCTeMa 3a MEJIUIMHCKY aujarsoctuky. Mebhyrum, on nuje
NMao TEOPHJCKU MOJIEN, Ta je W3 TOT pasjora uMao 6pojHe HemoctaTke. OBaKBU MOJIETN
cy nodetkoM 1970-ux mpecrasm ja ce KOPUCTE 33 BEPOBATHOCHO pe3oHoBame. CpenHoOM
1980-ux je mopacrao UHTEpeC 3a BEPOBATHOCHE JIOTUKE 300T Pa3Boja MHOTUX O0JIACTH ITPH-
MeHe PE30HOBaIba, Ca HElOy3JaHNM 3HAIEeM, MOy T €KOHOMU]je, BellITauKe WHTETUTeHIIN]e,
padyHapcke Hayke, PUa030dguje u TaKo Jiasbe.

Y nactaBky he KpaTko OMTU NPUKA3aHU PA3JI03M 3a Pa3B0j XEYPUCTUIKUX METOJA 38
pelaBame pa3InduTuX MpodjeMa, a 3aTUM he OUTH JIaT onuc IpodjieMa Koju je periaBaH
U KOjU IpEJICTaB/ba IEHTPAJIHE JIeo oBe gucepraruje. Ocum Tora Omhe jare u rojasHe
IIPETIIOCTABKE y PeIllaBaiby OIUCAHOT IIpobJieMa Kao ¥ IperJie] moctojehnx pernerma ciimd-
HUX TTpo0JIeMa.

1.2 Mertaxeypucruke

PazBojem padynapa m morpeboM Ja ce perniaBajy MmpoOJeMu KOJ KOjUX je IIPOCTOp
cTrama Koju Tpeba IMpeTpaKUTH OrPOMaH, jaBjba ce MOoTpeda 3a pa3BojeM pa3InduTUX
MeTo/Ia ONITUMU3aIlUje penraBaiba mpobsiema. Hajommmruje riiegano, MeTojie OnTUMHA3AIN]je
ce MOry IOJEJUTH Ha €r3akKTHe W MPHUOJIMKHE, KOje ce Jlajbe jiejie Ha XEYPUCTUYKE U
cumynarwone [15]. Ersakrhe mertosie ¢y Hajoxke/bHUjE, 0O3UPOM JIa TapaHTy]y J00Hjarmbe
ONITUMAJIHOT peIeiba, ajii €y, 300T BEJIMKEe KOMILICKCHOCTH, ITPUMEH/bIBE HA MaJH OPOj
npobsiema. Ca pyre cTpane, CUMYJIAIIMOHE METO/Ie MOTY Jia e IIPUMEbY]y Ha jaKO BEJIMKHI
Opoj mpobieMa, ajau je ’BUXOBO pellemke HajHenoy3aanuje. Ko permapama mpobJiema Kol
KOjuxX je 6poj (momycTwBHX) peliera KOHAYaH, ajil M3y3eTHO BEJIMKH, BEJIUKH YCIEX je
MoKa3aJia IIPUMEHa XeyPUCTHIKUX METOJIA.

OcHOBHA TIPETHOCT XEYPUCTUIKUX METO/A je PeJIATHBHO BenKa Op3uHa KOjOM ITpOHAa-
J1aze perrera. JloOujena perrema HICY YBEK ONTUMAaJIHA, YaK YeCTO He MOCTOjH HU OIeHa
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KBaJinTeTa JI006MjeHor pemnetba. MehyTum, 063upom J1a peasiHu MpodIeMu 3aXTeBajy Ipo-
HaJIazKebe pelierha y MTo KpaheM BpeMeHCKOM IIEPUOJLY, Pelleha Koja 1ajy XeypPUCTUIKe
MeTojie MOI'y OuTH J10BO/bHO J00pa. Ca apyre crpane, Kaja HEKO peleibe mpobsemMa Beh
IIOCTOjU, MOTY Ce IPUMEHHTH pas3He TeXHHUKE 3a HEeroBO IO0OJbIIaihe, INTO je OCHOBHA
njieja TPUJINKOM HacTajamba XeypPUCTHUKA.

Y pemaBamwy HeKOI' IpobJjemMa, HapaBHO, MOI'Y ce KOMOMHOBATH PA3IUYUTH TUIIOBU
XEYPUCTUKA. XEyPUCTHKE Cy ce TOKOM BpeMeHa IoKa3aJjie Kao jeJMHU MPAKTUIHU Ha-
YUH 3a pellaBarmbe Pas/jmduTUX ONTHMU3AIMOHUX IIpobJeMa, Ia e, CXOJHO TOME, OBOME
nocBehyje cBe Beha makma. 10 je J0BeIO 10 pa3Boja YHUBEP3AJIHUX XEYPHUCTUKA WA
T3B. MeTaxeypucTuka. KiacumdaHe XeypHCTHKe Cy, YIJIAaBHOM, Onjie HaMeIheHe PelllaBaiby
KOHKDETHHUX Ipo0JieMa U KOPUCTUJIE Cy MTO3HATe 0COOMHE JaTor MmpobJieMa 38 HeroBo pe-
maBame. MeTaxeypucTuke ce cacToje oJ1 YOIIITEeHNX CKYIOBa IMpaBujia Koja ce MOTY IpHU-
MEHUTH 3a pelllaBarmbe PasHOBPCHUX Ipobsema. MeraxeypuCcTHYIKN MPUCTYIIN 3aCHOBAHU
Cy Ha OIIITHM aJrOPUTMHUMa ONTHUMHU3AIMje KOjU MOAPAa3yMeBajy IPUMEHY HUTEePATUBHUX
[OCTYIIaKa Yy IUJbY IOIPaB/baiba HEKOT TTOCTOjeher perema.

MHore MeTaxeypuCTHYKe METOIEe Cy Ce pasBU/e 0 YIVIeLy Ha IpOoIece y IPUPOJIH,
Ha TpuMep reHerckn ajaropuryu (enr. Genetic Algorithm, T'A), pasun eBosyTHBHU aJro-
purmu (enr. Evolutionary Algorithm, EA), ueypanne mpexe (eur. Neural Network),
kosioruje Mpasa (enr. Ant Colony Optimization, ACO), komonuje muena (enr. Bee
Colony Optimization, BCO u enr. Bee Swarm Optimization, BSO) u apyru. Heke
Cy MHCIUPUCAHE JIOKAJIHUM TpeTpakuBatbeM (eHr. local search) ca pasHuM wujejama ja
ce u3berte 3aMKa JIOKAJIHOT MUHMMyMa, Ha IPUMED BHUINECTAPTHO JIOKAJIHO MPETParKi-
Batbe (enr. Multistart local search, MLS), meroma npomensbuBux okosnnta (enr. Variable
neighborhood search, VNS), taby nperpaxkusamse (enr. Tabu-search, TS), moxmenna cro-

XaCTHYKa IIPUJIAro/jbiBa Mpoleypa nperpaxkusama (enr. Greedy Randomized Adaptive
Search Procedure, GRASP) u npyre.

Cxkopaliiba UCTpakKiBambha Cy MoKas3aJja Jia MeTaxeypUCTUIKe MeToJIe J1ajy J00pe pesy-
JITaTe y MpeTpaykKuBaby 3Haba Y JIOMEHY BelllTaduKe UHTEJIUTeHITnje. Je/iHa TaKBa IIPUMeHa
ouhe Tema oBor paja.

1.3 IloctaBka mpobJema

Kao mTo je Beh HamomenyTo, BepoBaATHOCHE JIOTHKE Jajy J00ap OKBUP 3a IIPEJICTa-
B/balhe 3Haba U PE30HOBAIE y CHUTyalldjaMa Kaja Cy YHIbeHUIEe HeloysjaHe, KOHTpPa-
JIMKTOpHE WM HenormyHe. HeMOHOTOHO pe3oHOBame 00/be OC/IMKABA 3aK/bYUHBAE Y
peajIHIM CUTyalljaMa, a BepOBaTHOCHE JIOTUKE Cy je/Ha OJ MOI'YNHOCTH 3a peaJin3allijy
OBaKB€ BPCTE€ 3aKJ/by4dnBatba. y OBOM IIPpUCTYILY C€ BPIIU IIPOHINPUBabE KJIaCUYIHE JIOTUKE
n3pasmma Koju oMoryhasajy jia ce roBopu 0 BepoBaTHONHM, JIOK (hOpMYyJ/Iie OCTajy UCTUHUTE,
ojnHOCHO JjaxkHe. Ha Taj Haumn ce crBapa mMoryhHocT j1a pOpMaHO U3PA3UMO PEUCHUIIE
oty T “‘yciaoBHa BepoBaTHOha ox A, mox yciaoBom B, je 6apem s”. Y MOIEI-TEOPHjCKOM
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1 JIOKA3HO-TEOPHUjCKOM IPOyvaBarby BEPOBATHOCHUX JIOTMKA yOOMUYajeHo je Ja ce pasMa-
Tpajy pasjimuure Bpere BepoBaTHONA (Ca KOHAYHUM, MPEOPOJUBUM UJIM HENPEOPOjUBUM
KOJIOMEHIMA, KOHAYHE WJIM CUI'Ma-aIMTUBHE WTJ.) U BEPOBATHOCHUX Oleparopa (omepa-
TOPH allCOJIyTHE BEpPOBaTHONeE, ollepaTopy YCJIOBHE BepOBaTHONe, olepaTopn MOTOTHH 34
HCKa3MBambe MPEIU3HIX WM TPUOIMKHIX BepoBaTHONA, UTJI.) TOMONY KOjuX ce hopMu-
pajy dpopMaHI JIOTHYKH NCKA3H.

JloMeHn ITprMeHe OBaKO IPeJCTaB/HEHOT 3Hama cy Opojuu. Hajoumrsnemamju mpumep
je InjarHOCTUKOBam€e Y MEeJUINHHA, TJle IPUCYCTBO WJIM OJICYCTBO HEKOI' CUMIITOMA YKa3yje
Ha HeKy 0oJjiecT cacBUM CUTYPHO ujn y onpehenom mporenty. Y pajy he outu npejcra-
BJbEH U HAYMH MOJIeI0Bamba JUMOJITHOI 3aK/bydnBaba KOPUCTE BEPOBATHOCHY JIOTHKY
ca mpubMKHUM yeaoBHUM BepoBarHohama [101]. udonarao pesoHoBare mpejcrabiba
jOIII jeJiHy BPCTY HEMOHOTOHOT PE30HOBaMha IOTOIHOT 3a (pOpMaU3aInjy JbYJICKOT Pe30-
HOBaIba, KOJ[ KOI' Ce YeCTO, y CJIy4ajy MPUCTU3amha HOBUX MH(MOpPMAIja, BPIIU PEBU3U]jA
npeTxoaHux ojyiyka. Ocum, y Beh MOMEHYTO] MeAUIUHU, JTUQPOJITHO PE3OHOBAHE MOXKE
J1a Habe cBOjy npuMeny y 3aK/bydHUBabUMa KOja ce€ TUUY ITPABHUX PEryjIaTuBa, CIerudu-

K&LLI/IjI/I Pa3JIMIUTUX CUCTEMa U aHJH/IKaL[I/Ija n CJIUYHO.

Hajsehu seo oBor paja 6mhe mocsehen BepoBaTaocHOj joruiu LPC P ca mpubimKHIM
yciopaum BepoBarHohama [101].  Komomen 3a mocmarpane Beposarholie je Xap/mjeBo
nosbe Q(€), rye je & nauHUTEINMATHO Masu 6poj. OcuM IpeTcraB/bamba AKCHOMATCKOD
CHCTEMA, FHeroBe KOPEeKTHOCTH M KOMILIETHOCTH, IoceOHa IaKiba Omhe mocseheHa mpo-
6JsteMy 3aJ10BO/bUBOCTH 003upoM Ha Moryhe npumene. [lo yriemy Ha mpobsieM 3a10BOJbH-
BocTH Kiacuauux dopmyia (eHr. satisfiability problem, SAT), koju je kao ocroBHu NP-
KOMILJIETHH TIPOOJIEM TIOCTA0 IEHTPAJHK MPOOJIEM TEOpHje CJIOKEHOCTH H3padyHaBarba,
po0JIeM 3aJ0BO/BUBOCTH BEPOBATHOCHUX (hopmysia ce o3HadaBa ca PSAT, a, KOHKpeTHO,
pobsieM 3aj0BosbuBOCTH Y Jorut LPC P 6uhe o3naden ca CPSAT-¢.

BepoBatHocHa Jioruka ca TpUOJIUKHAM yCJIOBHUM BepoBaTHOhama IpeJicTaB/ba IIPO-
IIpemhe UCKa3HOT padyHa. BepoBaTHocHe dopmyrie nodujeHe Ha 0Baj HaIUH Cy OOJIMKa
CPss(a, B), CP<s(a, B) m CPys(c, B), ca 3HademeM ,BepoBaTHOhA Ja je « MOK yCJio-
BOM Jia je [ je Hajmame s’ .HajBumie s’ U ,IPUOINKHO S, pecrieKTuBHO. [Ipobiem
3a/I0BOJBUBOCTH y OBOj JIOTHII CE€ MOXKE CBECTH Ha IIPOOJIEM JIMHEAPHOr IPOTPaMHUpPaiba
[101]. Pemasame nobujeHnx cucremMa CTaHIPAIHUM METOJAMa je 3000 KOMILIEKCHOCTH
pobJieMa MPaKTUIHO HEIPUMEH/BUBO Yy PeaJHUM cuTyarujama. llpumena, #Ha mnpumep,
Dypuje-Monkun Merone emmmunarmje (enr. Fourier-Motzkin elimnation method, FME)
JIOBOJIM JIO €KCIIOHEIMjaJHOT pacTta Opoja HejeHaKocTH y cucreMy. VI3 oBor passora, 3a
pelaBame oBe KJace pobJyiema jJoope pe3y/iarare Jiaje MpuMeHa Pa3JImIuTHX MeTaxeypu-
CTUIKUX METOJIA.

[Tocebna naxkma rocsehena je pesoHoBammy y UMOITHO] JIOTUIN, KOja, TaKohe, IpeJi-
CTaBJba IPOIIUPEhe UCKa3He JIoTuKe audoaranM npasuianma. ludonrna npasuia ce
mory mpezcraButu dopmyiama obimka C Py (a, 8), a mobujern GopMaIHu CHCTEM ce Y
IIOTIIYHOCTH TOKJIalta ca jgudositium cucremoM P. Ha oaj mHaunmn ce judosiTHO pe3o-
HOBAIb€ CBOJIM Ca CIICIUjAJTHU CJIyYa] Pe30HOBaIba Yy BEPOBATHOCHO] JIOTUIU €& MPUOJIU-
JKHUM yCJIOBHEM BepoBaTnohama. O63upom ja je riaBHU MU/b JUMOJITHOT PE30HOBAIbA
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TVIABA 1. YBOJ

HNCIUTHUBAE Ja JIU je Moryhe m3BecTH 3ak/bydak B m3 mpernocraBku Aq, Ag, ..., A,, 0BO
pe3oHOBabe ie OuTH CBeJIeHO Ha UCIUTHBAI€ 3aJ0BO/BUBOCTH ciejaeha Tpu cKyma (op-
myna: A = {A, As,..., A}, &1 = AU{B} u &3 = AU{-B}, tne cy Ay, As,..., Ay, B
1 OoaTHA IpaBUIa. 3aI0BO/BUBOCT CKyla A MOTBphyje KOH3UCTEeHTHOCT I oITHe Dase.
BagoBosbuBocT ckyma P mokasyje ja gudonar B Huje y KoHTpajukimju ca 6azom. U3
HE3a/I0BOJBIBOCTH CKyTa Py ce M3BOIM 3aK/byUaK J1a je B moceauria CKyIa MpeTIoCTaBKA.

1.4 IlocTraBKa OCHOBHE XHIIOTE3e

[Ipenmer oBor pajia je pasBoj MeTO/la 3a HMCIUTUBAGE 3a/I0BOJBUBOCTU (hOpPMYyJia y
BEPOBATHOCHUM JIOTUKAMa Ca OIlePATOPUMa yCJIOBHE BEPOBATHONE M MCIUTUBAE 38/I0BO-
JBUBOCTH CKyTIa quosITa MoJeupannM y3 momMoh oBux jornka. OO3upoM Ha CJI0KEHOCT
oCMaTpaHUX MPoOIeMa HIXOBO pellaBaibe MOTIIYHUM IpOolleypaMa Moryhe je camo 3a
npuMepe Beoma Maaux gumensuja. OBa TBp/ma Ouhe MoTKpersbeHa pe3yjiTaTuMa, JI0-
oujennm pumenom FME merosie 3a peraBame cucrema HejeHAKOCTH JI00UjeHIX CBODe-
IbeM IIpobJieMa 3a/I0BOJBUBOCTU Ha IIPOoO0JIeM JInHeapHOr mporpamupama. FME meromna
ouhe nmpumemena u y ciydajy CPSAT-¢ u y ciyuajy 3am0Bo/buBOCTH CKymla (hopMysia
y qaudonranm jorukama. 3a CPSAT-e 1o caja Huje mocTojao ayToOMaTCKHU ITPOBEpaBad
3aJI0BOJBUBOCTU (POPMYJIa, JOK Cy 3a JudOJITHO PE30HOBAIbE Pa3BUjaHe CAMO er'3aKTHE
(TMpeKTHE) MeToje.

Kao npumep 6osber npuctyiia y pelraBamby OBUX 1IpobJieMa Ouhe npukasana MeTaxey-
PHCTUYKA MeTOo/[a olrTuMu3aluje KojouujoM muesta (ear. Bee Colony Optimization, BCO).
BCO je meraxeypuctudka MeTosa Koja je MmoKasajia BeoMa J00pe pe3yJare y periaBamby
pPas/IMINTUX ONTUMU3AIMOHUX Tpobsiema. 1o je croxacTmdyka MeTona, KOja Ce 3aCHUBA
Ha ciydajHoj nperpasu (enr. random-search technique) u mpuIaja KIacw aaropuTaMa
b6aszupanux Ha mnorynanujama. OBa TeXHUKa KOPUCTH aHAJOTHjy u3Mely HaumHa HA KOjU
mgeJsie 'y Ipupoau Tpazzke XpaHy W OIITUMU3allUMOHOI' aJI'OPUTMa 3a TpazKembhe OIITHUMaJIHOI
pereba j1aTor ontuMusanuonor mnpodsiaema. BCO merona je 1mo mpBu myT uckopuiirhena
3a MpoHaJIaXKeme pelrerma mnpoaema. Jlo caja, ona je kopurmihena Kao ONTUMU3AINOHA
MeTo/1a Koja Beh roctojehe perrerse HeKor mpobsiema Mokyiinasa Jia nomnpasu. Takobhe, mc-
KYCTBO IOKa3yje jia Kopulheme MeTo/1a 0a3upaHux Ha IoIyJiaijama jgaje 0o/be pesysiare
0J1 METOJIa KOje Cy 3acHOBaHe, Ha IPUMe]p, Ha JIOKaJIHO] nperpas3u. Meroje 3acHOBaHe Ha
nomyarjaMa JI03B0/baBajy Jlerpa/iannjy KBaJUTeTa pellemna, /T0K, HACyIIPoT hhMa, Me-
TOJIe 3aCHOBAaHE Ha JIOKAJIHO] ITPETPas3, JaKo YIIaJHy y 3aMKYy JIOKAJHOT MUHUMYyMa, KOja
HE BOJIU IIPOHAJIAYKEIbY PeIlerba.

1.5 IlIpersaen nmocrojehux peniema

3a CPSAT-¢ me nocroju ayromarcku jgokasubad teopema autu je BCO merona kKopu-
mrhera 3a pernaBare MpodIeMa 33 10BO/BUBOCTH. [IpuMeHa MeTaxeypuCTUIKIX METO/a 38
peraBame podieMa 3aJI0BOJbUBOCTH, UIAK, HUje HOB IMPHUCTYII.
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TVIABA 1. YBOJ

Y smrepatypu MOry ja ce Haly XeypUCTUYKHU MPUCTYIH Yy pelnaBamby pobiema 3a-
noBosbuBOCTH y uckazuoj Jsorunu (SAT) u mpobsema oapehuBama MakcumasHor 6poja
KJay3a y J1aToj hopMysin y KOHjYHKTUBHOj HOpMaJHO] (OpMU KOje MOry OUTU 3a/10BO-
JbEHE TIPU HEKO] UHTepIpeTaIyju, Takohe, y uckasuoj jorunu (eur. mazimum satisfiability
problem, MAX-SAT). Muora nonybhena perrierba ce 3aCHUBajy Ha IPOIEypamMa JIOKaJIHe
nperpare [55, 68, 109, 113]. 3arum, mocroje pererma 3a SAT Koja ce 3acHUBajy Ha UH-
resqureniju tonysanuje, nomyr ACO u BSO upencraswenux y [20, 119]. 3a SAT u
MAX-SAT cy y |77, 99] upencraBbenn npucrynn kopurthemem GA, a kombunanujom GA
ca JIPYIUM MeTaXeypUCTHYKUM METOJIaMa je mpeJicTaB/beHa y [82].

Beposarnocne Joruke cy npejcrasbene y pajgosuma (23], [88] u [84]. 3a ose noruke
pobJieM 3a710BoJbuBOCTH je o3HadeH ca PSAT u 3a mweroBo permasambe je y [85, 86| mpes-
craB/ber npuctyn kopunihemem GA| y [50] kopumhemem VNS, y [87] kombunarmja GA
u VNS, kopumnihemem Jokanae nperpare y [52|, a xopumthemem TS y [41]. MebhyTum,
m3mehy nocmarpanor PSAT u CPSAT-¢, koju he 6utn mpeamer oBOT paja, MOCTOje TBe
KJbYyUHE Pa3/IUKe:

e CPSAT-¢ ce omHOCH Ha paj ca yCJOBHUM BEPOBATHOCHUM OIEPATOPOM, 38 Pa3JIUKY
o PSAT, riie ce pasmaTpajy arcoiyTHU BEPOBATHOCHU OLEPATOPH;

e BepoBarHohe y dpopmyiama y CPSAT-e mory nmarn nH(UHITE3NMAHE BPEIHOCTH,
1ok cy koji PSAT cBe BepoBaTHOhe peasiHo BpeIHOCHE.

8a 3ak/byunBame y AUGOITHAM JIOTHKAMa y JUTEPpATypH HE IIPOCTOje IPeII0KEeHN
XCYPUCTUYUKH TPUCTYIH. Hekn ajropurMu 3a pe3oHOBaIe y YCJIOBHUM Da3ama 3HAba U
FbITXOBa KOMILJIEKCHOCT Cy j1atu y [22], a camdan mpobisiem je pasmarpat u 'y [33]. VeroBha
6asa sHamwa je nap KB = (L, D), rne je L konadan ckyn uckasuux (opmysia u D KoHauaH
ckyn jgudosta. 3a cucreM P je mokazaHo jia je mpobJieM UCIUTHBAba Jia JIK je YCIOBHA
Oaza 3Hama KoH3ucTeHTHa, NP-koMmIteran y omrmnreM ciydajy u P-komiuieran y ciydajy
KaJla Cce pajil ca XOpHOBCKUM dopmysama. Y pagosuma [69, 70, 71| cy npencraBbenn
pas3mIuTH (POopMaJIHA CUCTEMHU KOjU ce cacToje oji poMysa MCKa3He JIOTHKE, JudosiTa
1 BEPOBATHOCHOT 3Haba 3allMCAaHOT y OOJIMKY YCJIOBHUX orpaHmdersa. OBu (opmasin-
3MH IIPEJICTaB/bAjy IIPHUCTYII PE30HOBAIbY HaJl CTATUCTUIKUM U CYOjeKTUBHUM 3HAHEM. Y
OBUM PaJIOBUMA JIATU Cy OJHOCH u3Mely mpejcTaB/beHuX (opMasin3ama, aJfOPUTMU 3a
PE30HOBamkEe 'y JaTUM CHCTEMHUMa W KOMIIJIEKCHOCT THUX aJIl'OpUuTaMa. ILeTanaH IIpuKa3
ayToMaTcKor nudOoITHOT pe3oHoBama je gat y [19]. HomarHo, aaropuramu 3a n1udoaTHO
pe3oHOBatbe Hasupanu Ha MeToau Tabsoa cy npukazanu y [102, 107]. Ayromarcku joka-
3MBaY TeopeMa 3a InudOITHO PE30HOBaE 3aCHOBAH Ha IIporpaMcKoM je3uky [Iposor (enr.
Prolog) je npukazan y [105].

1.6 Ilpersen caapxkaja amcepTaliije

Y HapeaHuM TIOIJIAB/bMMa OBOT paJia Ouhe MpUKaszaHu MPUCTYIU y PellaBaiby IIPo-
OJieMa 3a/I0BOJBUBOCTU Y BEPOBATHOCHO] JIOTUIN Ca MPUOJIVZKHIM YCJIOBHUM BEPOBATHO-
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TVIABA 1. YBOJ

hama n 1OJATHO] JIOTHIH.

VY norsaBspy 2 6uhe JaT JlerajbaH OIUC CHHTAKCE, aKCUOMATCKO 3aCHUBAIbE€ BEPOBATHO-
CHUX JIOTHKA, a TocebHa maxkma ouhe nmocsehena sioruru L PC' P, 003upoM J1a ¢y y HACTBKY
3a OBY JIOTMKY Pa3BUjaHU aJrOPUTMU 3a pe3oHoBame. l[lormasibe 3 cajip:ku npukas ju-
doaTHOT pe3oHOBama. JeTa/bHO je Ipukasan cucreM P, Kao um mweroa Besa ca JIOTHKOM
LPCP. Y nornaby 4 cy gare oCHOBHe JAedUHHUIIje TpobIeMa ONTUMA3AI]Ee U IPErIe
MeTaXeypUCTHIKIX MeTo/a Koje Cy JI0 cajla MpUMenNBaHe 3a pelraBame mpobieMa pe3o-
HOBalba Y BEPOBATHOCHUM Jiorukama. l[lopejs oBX MeTosia JIaT je JieTabaH OIMUC MeTOIe
ONTUMU3AIIMje KOJIOHUJOM IT4esia Kao MeTOjie KOja je y HACTaBKYy KOpHIIheHa 3a Pa3Boj
ajropuramMa 3a pesonoBame y LPC P u nudoaTHO] JIOTHUIIN.

[Tornasspa b u 6 ipeJicTBIBA]Y HIEeHTPATHY Je0 aucepraruje. [lormassbe 5 cajapxku jgera-
sban onuc npumene BCO merone Ha ncnmraBibe 3a10BosbuBocTr (hopmysta LPC P joruke,
3aTUM aHAJM3Y pe3yJITara JOOUjeHUX TeCTUPAHEM, Kao U pe3ysTare JIo0ujeHe mnapaJsiesin-
3aIlMjOM Pa3BUjeHOT aJITOPUTMa. Y MOrJIaBsby 6 Cy ONMCAaHW CBU KOPAIU y KOjuMa je OUI0
HeonxoHo u3BpruTu Mojaudukanujy BCO merone passujene 3a pesonosaie y LPCP
JIOTHIM, J1a O JI0OMjeHn aJIropuTaM Ja0 MPUXBAT/bUBE PE3Y/ITATE IIPUIUKOM IIPUMEHE Ha
pe3oHoBame y audosTHoj jorunn. OBO MOr/IaB/be CaJpKU U JIETA/bHU]Y aHAIU3Y PE3y-
JITaTa JIOOMjeHUX IMPUMEHOM PAa3/IMINX CTaTernja, Kao U pe3y/TaTe TeCTUParba ITPUMEHOM
HajepuKacHUje cTpaTeruje Ha IpuMepe U3 JINTepaType.

Bak/bydHa pa3MaTpara 1 IPaBIK Ja/bel Pa3Boja JaTH /Iy V MOTJIABJBY 7, JOK Cy OIIHCH,
paHuje MO3HATUX MEeTOJ/Ia KOPUITNEeHuX y paJiy JaTu y 107aTKy A.

1.7 3axBaJiHOCT

Besiuky momoh npumkoM ucTpazkKuBaiba U U3paju JIUCEPTAIje TIPYKUIU Cy MU IIPO-
decopu 3opan Ormanosuh u Tarjana lasugosuh. Ha kopuchHum caBermma po0ujeHmM
NPUJINKOM pajia Ha MCTPaKMBalby KOje je pPe3yITOBAJIO JIMCEPTAIINjoM, 3aXBasbyjeM ce
npodecopuma Hebojmm NMkoaunosuh n Mustomy MBanosuhy.

[Tocebny 3axBaTHOCT 3a MPYKEHY ITOMON, MOJIPIIKY U TOKA3aHO CTPIL/BEIHE TOKOM PaJia
Ha Jucepranuju ayryjem Jlapky.
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I'1aBa 2

BepoBaTHocHe Jjioruke

2.1 Jloruka LPP,

Y oBoM Jiesry Ouhe omnmcaHa cMHTaKca U HeKe Kjace mojena 3a joruky LPP,. Takobhe
he 6utn nara GeckoHadHa akcumoMmaTusaliyja. Teopeme O MOTIYHOCTH W KOMILIETHOCTHU
noruke LPP, cy nare y pamy [89].

2.1.1 Cwunrakca

Heka je Q[0,1] ckyn cBux parmmonannux Opojesa u3 [0, 1]. Jesuk soruke LPP; ce
cacToju Of

e 11pebpOjuBOr CKyIla ncKasHux cjiosa Var = {p,q,r, ...},
e KJIACHYHUX OllepaTopa — U A,
e I HU3a BEpOBATHOCHUX olieparopa Py 3a cBako s € Q[0, 1].

Ckyn Forg KiacndHux ucKasHux hopMmysia HaJj CKyrnmoMm Var ce jeduHuire Ha yobuda-
jen maumu. Emgementn ckyna Fore he 6utn o3nadaBanu ca «, (3,...Axo o € Forg u
s € Q[0,1], rama ce Pss;a HazuBa ocrosha eeposammocha gopmyaa. Cryn Forp cBux
BEPOBATHOCHUX (POPMYJIa je HajMarbl CKYIl KOjU:

e CaJIP’KU CBe OCHOBHE BEpOBATHOCHE (popMyJie 1
e 3aTBOpeH je 3a npasuiaa: ako A, B € Forp tana ~A, AN B € Forp.

Dopwmyste n3 ckyna Forp he 6utn o3nadasane ca A, B,...Heka je Forppp, = Forg U
Forp. ®opmyse uz ckyna Forppp, he outn osnauasane ca ¢, U, ...

Ocrasiu K/1acuaHy ollepaTopu ¢y AeduHucany Ha yobudajenn Haaum: oV ff =ger —(—aA
—8), a0 = B =ger NV ua =4 (a— )N — a) u cauuano daopmyiie u3 ckyna
Forp, nok he a A—a n AA\—A 6utn 3anmucuBane kao L. /[pyru BepoBaTHOCHU OTlepaTopu
ce yBojie ciaeqehuM jgeduHUIIjaMma:
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I'JIABA 2. BEPOBATHOCHE JIOI'UKE

P<sa —def _‘P>sa7

Pésa —def P;l—s_'aa

P>505 —def _'Pgsa,

o P_ja=g4or Posa N Peyar.

Kao mro ce moxe Buaerw, HHUje J03BO/HEHO MeIlarhe MCKA3HUX U BEPOBATHOCHUX
dopmysia, Kao0 HEH yIbexKaBame BepOBaTHOCHHX oleparopa. Tako, Ha mpumep op-
myne a V Psgf u Ps>gPs,a e npunanajy ckyny Forppp,. Ca apyre crpane, dopmyra
(Psya A P_g(a = ) — P8 € Forppp, 1 MOXKe ce CXBATUTH Ka0 ,,aKO je BepoBaTHONA
ox o Beha o r n B ciequ u3 o ca BepoBaTHOhOM s, Tajia BepoBaTHoha o1 J Huje Beha o1
.

2.1.2 CemaHTuka

CemanTuka 3a joruky LP P, ce 3acHuBa Ha npucryiy ca Moryhum cserosuma [89).

Hedbununuja 2.1.1. LPPy-moden je cmpyxmypa M = (W, H, i, v) 2de je:

o W wenpasan cxyn objexama Ha38aHUT C8eMOBU,

H anzebpa nodckynosa 0od W,

[ Konauna adumuena mepa, fn: H — [0, 1] 2de:
— 3a ceaxo X € H, u(X) > 0,

—u(W)=1, u
— (X1 UXy) = pu(Xy) + pu(X2), sa cee ducjynxmme ckynose X1, Xy € H,

v: W x Var — {true, false} dynryuja xoja ceaxom ceemy w € W dodenyje ucmu-
numocny easyayujy v(w) 3a uckaszua crosa. Hemunumocha saayayuja v(w) ce
npowupyje Ha UCKazHe PGopmyse Ha Yoouuajert HauH.

Axo je M LPPy-vmozen u « € Forg ckyn {w : v(w)(p) = true} ce o3nauasa ca [a|n.
Osnaka M Moxke 6uTH M30CTaB/beHA U3 3amuca o)y, 1j. Owmhe kopuihena o3Haka [o
ako je jacao o koM mozesry M ce rosopu. LP Pa-monen M = (W, H, u,v) je mepnue ako
[a]m € H 3a cBaky dopmyny a € Forg. Y macrasky he naxma 6uru nocsehena kiacu
cBux MepsbuBux LP Py-monena, y osnanu LP P peqs-

Hedununuja 2.1.2. Peaayuja 3adosonusocmu |= C LPPs peqs X Forppp, je Oe-
dunucana caedehum yeaosuma 3a ceaku LP Py yreqs-modean M = (W, H, i, v):

e axo je « € Forc, M = a axo u camo axo 3a ceaxo w € W, v(w)(a) = true,
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e M | Posa ako u camo axo p(la]) = s,
e 36 A€ Forp, M |= = A axo u camo axo M = A,
e 36 A,B € Forp, M= AN B axo u camo ako M = A v M = B.

Hedbununuja 2.1.3. Popmyaa ® € Forppp, je 3adosowusa axo nocmoju LP P preqs-
moden M makas da M |= ®@; dopmysa O je samwarna axo sa céaru LP Py pjeqs-modea M

saoicu da M = @; cxyn gopmyaa T je 3adosonus akxo nocmoju LP Py pjeqs-modea M
maxas da M = @ 3a ceaxo ® € T.

2.1.3 AkcumomMaTCKum CUCTEM

Ckyn cBux Ba/baHUX (OpMysa ce MOXKe OKapaKTepucaTu cjegehoM akKCcHoMaTCKOM
CXEMOM:

1. Cee Forg-mHcTaHIE NCKA3HUX TayTOJIOTH]a

2. Pya

3. P,ao = Poga,s >r

4. P.ya — Po,o

5. (Pora A PoyBNAPor(=(aAB))) = Pominir4s) (@ V 5)

6. (PoraAPoyff) = Pogg(aV ), r+s5<1
U IIpaBUIMMa U3Bohema

1. In dud® — ¥ ce ussomu V.
2. U3 « ce mzBomm P«

3. UIs A — P@*%’ 3a cBako k < Y s >0 ce m3Bomm A — P

S
Axkcnomarcku cucreM he outu obesnexen ca Axypp,.

Hedbunnnimja 2.1.4. Popmysa  je uzsodusa usz cxyna gopmysraT (y osnavyu T F Az pp,
®) axo nocmoju najeuwe npebpojus nuz gopmyasa Do, P1,..., ®, maxo da je ceaxo P;
axcuoma ury popmyaa uz ckyna T uasu je ussedena u3 npemrooHur HopmyYAe NPaGUNOM
useohera. Jloxas za dopmysry ® us ckyna gopmyaa T je odeosapajyhu nus dopmyia.
Qopmyaa @ je meopema (y 0snayu gy, ®) axo je useodusa us npasnoz cryna.

Hedbununuja 2.1.5. Ckyn gopmyaa T je kon3ucmernman axo nocmoju 6ap jedna ¢op-
myaa us Forg u bap jedna dopmysa ud Forp xoje nucy usseoduse us T, y cynpommom
je T nexonaucmenwmmno. Konzucmernman ckyn gopmyasa T je marxcumaaiHo KoH3U-
CMEHMAH AKO BAHCU:
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e 3a céaro a € Forc, axo T'Fazypp, @, mada a €T u Poya €T u

e 30 ceaxo A € Forp uanu A €T uau—-AeT.

Cryn gopmyaa T je dedyxkmuero sameopen axo 3a cearo ® € Forppp,, ako T tayypp,
® mada ® € T.

Knacuune n BepoBatnocue dopmyse y nedunuimju 2.1.5 ce ne obpalyjy nHa ucrm
HAYMH, Tj. HHUje HEOIXOJHO Jia 3a CBaKy KJIACUIHY (POPMYJIY v, (v WJIH — INPHUIIAJIA
MaKCHMaJTHO KOH3UCTEHTHOM CKYITy, Kao IITO ce 3aXTeBa 3a (opmyse u3 ckymna Forp.

Ha ocnoBy akcuome 1 KjracuvaHa NCKa3HA JIOTUKA MIPEJICTaB/ba MOJJIOTUKY Jioruke L P Py.
Jlako ce nokasyje Ja ceaku L P Py-j10ka3 uma jisa jiesia (jeJlal o] ibiX MOXKe OUTH TIpa3aH ).
Y 1pBH J1€0 JI0Ka3a Cy yKJ/bydeHe caMo uckasHe hopMmysie, JOK ce Y APYTOM eIy KOPHUCTe
camo dopmyste u3 ckyna Forp. OBa maBa Jeja cy oJBOjeHa IIPUMEHOM IIPpaBUJIa U3BO-
bema 2. O63upoM Jia He IMOCTOji WHBEP3HO IIPABMJIO, TOKOM M3Bohema joKa3a je moryhe
npehu ca jena nckazHux (GopMysia Ha Jeo ca BEPOBATHOCHUM (hopMyJiaMa, aji OOPHYTO
uuje moryhe. I3 oBora ce u3Bomu jia joruka L PP, mpeactaB/ba MPOIIAPEHEe KIaCHIHe
nuckasue joruke. Axcmome 2 - 6 ce omHOoce Ha BepoBarHOCcHU aciiekT LP P, jsoruke. Ha
OCHOBY akcuome 2 cBaka (popMyJia je 3aJI0BO/bUBa y CKYILYy CBETOBA YHja je Mepa bap HyJIa.
Bamenom dopmyite a hopmysom —a nobuja ce bopmysia Pog—a. Ha ocnoBy nedbunumnuje
orrepatopa P¢; /106uja ce HOBU 0OJIMK aKcuoMe 2:

2 Paqoa (= Psy_s—a3zas=1)

OBaj o6k nHamehe 1a je cBaka bopMmysia 3a0BOJbHBA Ha CKYIy CBETOBA Uhja je Mepa
HajBuime 1, n TuMe neduHHINE TOPKY TpaHuIly 3a BepoBaTHOhe dopmyse y LP P preqs-
MozemmMa. Ha cnudan mavunn, akcnoMe 3 U 4 ¢y eKBUBaJIEHTHE Ca:

3 Pojao — Posa, t>5

4" Posa — Poga

pecriekTuBHO. Akcmome b u 6 ce omHOCe Ha ajuTUBHOCT Mepe. Ha mpumep, y axkcuomu
5, aKO Cy CKYIIOBU CBETOBA, y KOjuMa cy (opmy/e a u [ 3aJ0BO/bUBE, JINC]YHKTHU, TaJ1a
Mepa CKyIla CBETOBa, y Kojuma je « V [ 3aJI0BOJbUBO, MPEJICTaB/ba CYMy Mepa I0jejIu-
HAYHUX CKYyIlOBa cBeToBa. llpaBmio m3Bohema 1 je KIacMYHO TPABUIO MOJYC IOHEHCA
(sar. modus ponens). IlpaBuiio nzBohema 2 ce Moxke mocMaTpaT Kao MPABUIO HEIIECUTA~
1Mje y MOJIaJIHOj JIOTUIIH, &l Cce MOXKe MIPUMEHUTH CaMO Ha KJIACUYHE UCKa3He (popMyIie.
[IpaBuso u3Bohema 3 je jemno GECKOHAYHO MPABUJIO U3BOhEa y CUCTEMY, Tj. BPIIHU CE
u3Bohere je/IHOr 3aK/bydKa Ha OCHOBY HpPeOpOjuBOr cKyta mpernoctaBku. OBO MpaBuiio
o/iroBapa ApXHMME/IOBOj aKCHOMH 3a peaJjiHe OpojeBe U MHTYUTHBHO C€ MOXKE CXBATUTH JIa
aKo je BepoBaTHONA IPOU3BOJHHO OJIMCKA S, TaJa je oHa dap s.
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2.1.4 KoOpeKTHOCT M IOTITYHOCT

KOpeKTHOCT IIOCMAaTpaHOI' CUCTEMa CJIeI U3 KOPEKTHOCTU KJIaCHUYIHE NCKa3HE JIOTUKE
1 0cobmHa, BEpoOBaTHOCHE Mepe.

Teopema 2.1.1. Axcuomamcku cucmem Az pp, je kopexkman y odnocy na kaacy LP P preqs-
Modena.

Jlokasz Teopeme nar je y pauy [89].

Teopema 2.1.2 (Jaka nornyuocr). Ckyn gopmyaa T je Konducmenmarn axo u camo axo
T uma LPP; preqs-moden.

Jokasz Teopeme nar je y pamy [89].

2.1.5 Opay4dmBOCT U KOMIJIEKCHOCT

O63upoMm j1a je 3a uckazue popmyJie MpodJIeM UCITUTUBAA 33/ I0BOJbUBOCTHU CKyTIa (hop-
MyJIa TIO3HAT, OJ] MHTEPEeca je caMo pasMaTparbe 33JI0BOJbUBOCTU cKyla Forp dopmyia.

Teopema 2.1.3. Jloeuxa LPP; je odayuusa.

okasz oBe Teopeme je, Takobhe, gar y pamy [89] rue je ommcana mporeaypa cBobema
mpobJieMa 3a/10BOJBUBOCTHU CKyTia (hopMysia Ha pob/eM JImHeapHOr nmporpavmupama. OBa
mporierypa he JeTasbHO ONTH Onucana y Jiefy 2.3 KOju ce OJIHOCH Ha JIOTUKY Ca YCIOBHUM
npUOJIMKHIM BepoBaTHOhaMa, Koja IpejicTaB/ba jeJHo oJ1 npommpemna L P P, moruke.

Teopema 2.1.4. IIpobaem LP Ps preqs-3adosonusocmu je NP-xomnaeman.

Iokas reopeme zar je y paiy [89].

2.2 Ilpomupeme BepoBaTHOCHE Jioruke L P Py

[Tpormpemse soruke LP P, npejcrasibeno je y pagosuma [23| u [112] n o3naueno ca
LPPg*. Jloruke npejcraB/beHe y OBa JBa Pajia MMajy UCTY CUHTAKCY, & TUME U UCTY
n3paXkKajHocT, MeDyTuM OUTHY Pa3/IMKy MPeICTaB/bajy JaTh akcuomarcku cucremu. O6-
3MpOM Jia pucTyt jgar y pajy [112] omoryhasa nokasusame Teopeme jake MOTIYHOCTH,
oBjie he OUTH U3JI0KEH Taj TPUCTYII.
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2.2.1 Cwunrakca

Comano kao jesuk jioruke LP Py u jesuk joruke LPP5™ ce cactoju o

e 1pebPOjUBOr CKyTla UCKa3HUX cjioBa Var = {p, q,T, ...},
e KJIACUYHUX olepaTopa = U A U

e cuMmbosa P* 1.
Ckyn Forg ce nedunmine n o3HadaBa Ha UCTU HAYWH Kao y jorunu L PP, 1ok he Te-

»KuHCKe (bopmyite ckynia Fory 6utn o3nadaBane ca A, B, C| ... u nedunucane Ha ciejehn
HAYNH:

e IPUMUTHBHU TEXKUHCKH TepM je u3pa3 obinka P*(«), rae je a € Forg

® TEXKWHCKH TepM je m3pa3 obimka ayP*(aq) + agP*(ag) + -+ + apP*(ay), e cy
ai,Q9,...,a; € Q, a1, a0,...ap € Forcmk > 1

® OCHOBHA TeXKMHCKa opMysa je mspas3 obymka t > S, rje je t TeKMHCKA TePM U

seQ
® OCHOBHE TeKUHCKe (hopmysie cy TeuHcKe dhopmysie u ako cy A u B TexuHcke

dopmye, Tama cy u A u A A B Te;kuHCKe DOpMYyIIE.

Hexka je Forpppest = ForcUFory. ®@opmyine u3 ckyna Forpppet he Outn o3nadasane
cad v, ...

Ha ocnoBy ocobuna nejeiHakocTu yBojie ce ciejehe jedpununmje:

t<8=def ﬁ(1528)

ot < S=gyf—t=—5

t>8:def _|<t<8)

t=5=ges (t=5)N=(t>5)

OBako meduHICAHOM JIOTHKOM ce oMoryhaBa pe3oHOBambe 0 BepoBaTHOhama. Ha mpu-
Mep, peUeHHuIa ,,6eposammoha p je maroa 00 % u p je bap dea nyma eeposammuje neeo q”
ce zammcyje kao (3P*(p) < 1) A (P*(p) —2P*(q) > 0), onxocHo, Kopucrehn cuaTaKkcy u3
paza [23] kao (Bw(p) < 1) A (w(p) — 2w(q) = 0).

LV pagy [23] xopmihien je cumGon w, anu ja 6u ce uzbersa 3abyna usmehy oor cumbosa u cumboIa
3a O3HAKY CBETa Y BEPOBATHOCHOM MOJIEJTY, YBEJIEH je HOBH CUMOOJT
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2.2.2 CemaHTUukKa

Hedunurmja Mojieia ce y 0BOM IPOITUPEY YBOIN HA NCTH HAYUH Kao 3a JIoruky LP Py
[112].

Hedunummja 2.2.1. LPP{™ -modea je ecmpyxmypa M = (W, H, i, v) 2de je:

o W nenpasan ckyn objexama Ha36aHUT CEEMOGU,
e H anezebpa nodckynosa od W,
o [ Konauna adumuena mepa, p: H — [0,1] 2de:
— sa ceako X € H, p(X) >0,
— W) =1, u
— (X7 U Xs) = pu(X1) + pu(Xa), sa cee ducjynkmmue crxynose Xy, Xo € H,

e v: W X Var — {true, false} gynruuja xoja ceaxom ceemy w € W dodenyje ucmu-
numocre esaayayuje v(w) 3a uckazna caosa. Hemunumocna sasyayuja v(w) ce
npowuUpYje Ha UCKAZHE POPMYAE HG YOOUATEHU HAYUH.

exrt
Osnaxa [a]y uMa ncTo sHaverme Kao u y jorunu LP Py u cimano LPPSY .. osHadaBa
KJIACY CBHX MEDPJ/BHBHX MOJEJA, IIPH UeMy je MOjes Mep/buB ako |[am € H 3a cBaky
dopmyny a € Fore..

Hedbununuja 2.2.2. Perayuja s3adosowusocmu = C LPPs% . x Forip je de-
Ppunucana caedehum yeaosuma sa ceaxu LPPsY, . -modea M = (W, H, i, v):

o axo je « € Fore, M |= a axo u camo axo 3a ceaxo w € W, v(w)(a) = true,
o ako M = ayP*(an) + -+ - + ap P*(ag) = s axo u camo axo Zle a;p([ag]) = s,
o ako A € Fory, M = —A akxo u camo axo M = A,

o ako A,B € Fory, M= AAB akxo u camo ako M = A uM = B.

Hedbunnunuja 2.2.3. QPopmysa & € Forppp, je 3ado8omusa arxo nocmoju LPPzefﬁE[ms-
moden M maxae da M |= ®; dopmyaa  je eamana axo sa céaru LP P55, -modes M
saoicu, da M |= @; cxyn dopmyaa T je 3adosomue axo nocmoju LPP5Y,, -modes M
makae da M = ® 3a cearxo ® € T.
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2.2.3 AKcmoMaTCKu CHUCTEM
Axcnomarckn cuteM Azpppert 3a LPP§™ je nat cienehoM aKCHOMATCKOM CXEMOM:

1. Ce Forg-uncraniie UCKa3HUX TayTOJIOTUja

2. CBe BepoBaTHOCHE MHCTAHIIE Ba/baHUX (DOPMYyJia KOje ce OJHOCe Ha JuHeapHe Heje I
HAKOCTHU

(a) x>z
(b) (a1x1 4+ -+ apzrg = ¢) & (a1x1 + - + apxg + 0xpyg =€)

(¢) (@14 +agzry = ¢) = (aj,z;,+ - -+a;x;, = c),raeje ji, ... ji IepMyTanmja
opojesa 1,...,k

(d) (arz14- - Fapxk = )A(az1+- - +ajxg = ) = ((ar+a))z1+- -+ (apta,)zg =
(c+c))

(e) (azy+ -+ apzy = ¢) & (dayzy + - - + dagxy, > de), ako je d > 0
(t < ¢), ako je t Tepm

> )V
(g) (t=c)= (t>d),akojet repm u ¢ > d, 1j. (t < ¢) = (t < d), ako je t Tepm
d

(h) (t>c)=(t=c),ie (t<c)= (t<c)ako jet repm
3. Cse uHcranie ¢gpopMmysa 3a BEPOBATHOCHO 3aKJbyYNBabE
=0
<se P(ma)>21-—s
(P(a) Zr ANP*(B) =2 sANP(—~aVv-p)>21) = P (aVp)=min(l,r + s)
(P(a) SrAP*(B)<s)—= P(aVvp)<r+s, r+s<1

U IIpaBuJia u3Bohema:

1. In du ® — ¥ ce uzBoagu ¥

2. U3z «a ce uzBomu P*(a) > 1,

3. 3a rexxuHcKu TepM t, u3 B — t = s — L ce usBou B — t > s, 3a cBaxko k >

k
s>0

w |=

Hedbununmja 2.2.4. Popmyaa P je uzsodusa us ckyna gopmysraT (y osnayu T '_A%ppgzt
®) axo nocmoju najeuwe npebpojus nuz gopmyasa Do, P1,..., ®, maxo da je ceaxo P;
axcuoma uay popmyaa uz ckyna T uau je ussedena u3 npemroonur Hopmyie NPacUNOM
ussohera. Jloxas 3za dopmysry ® us ckyna gopmyaa T je odzosapajyhu nus dopmyia.
Dopmyaa P je meopema (y o3nauu I—AxingPQ D) axo je uzeodusa u3 npazroz CKYNA.
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Hedbunnunuja 2.2.5. Ckyn dopmyaa T je kon3ucmenman arxo nocmoju bap jedna gop-
myaa u3 Fore u bap jedna dopmynaa ud Fory xoje nucy udsoduse ud T, y cynpommom
je T nexonzucmenwmmno. Konzucmernman ckyn gopmyaa T je marcumaiHo KoOH3U-
CTMEHMAH AKO BAIHCU:

° 3a cearo a € Forg, axo T b ppeat v, mada a €T u P a)21€T u
2

e 30 ceaxo A € Foryy unu A€ T uau ~AeT.

Cryn popmyna T je dedyxmueno 3ameopen axo 3a cearo ® € Forfhp , axo T + Aaszt,

® mada © € T.

2.2.4 KOpeKTHOCT M MOTITYHOCT

3a /1aTh aKCHOMAaTCKH CUTEM JIOKa3aHe Cy TeopeMe O KOPEKTHOCTHU U jaKOj HOTITYHOCTH.

Teopema 2.2.1 (KopekrHocr). Axcuomamcku cucmem Aa:LPP;m je Kopexman y 00HoCYy
na xaacy LPPs%;, . -modesa.

okas reopeme sar je y pauy [112].
Teopema 2.2.2 (Jaka nornysocr). Ckyn gopmyaa T je xonsucmenman axo u camo axo
T uma LPPs%;,, -moden,

Iokas reopeme sar je y paiy [112].

[TpobGJieM oIy IMBOCTH U KOMILIEKCHOCTH OBe JIOTUKE je pasMarpaH y paiy [23], npu
YeMy je MOKa3aHo Jia MpodJieM OJIyIMBOCTH cliajia y Kiaacy N P-KOMILIETHUX 1IpobJieMa.

2.3 BepoBaTtHOoCcHe JIOTHMKE ca OPUOJM>KHUM YCJIOBHIM

BepoBatHohama LPCP

Y oBoM morsIaBJby Ouhe ornmcana CHHTAKCA ¥ CEMaHTHKA BEPOBATHOCHE JIOTUKE Ca ITPU-
oszKHIM yeioBHUM BepoBaTHohama. [lopes Tora, 6uhe nata akcmomaTusaliija 1 TeopemMe
O TIOTIIYHOCTHU U OJIjTyduBOCTH JioOujene jioruke. [locmarpana jioruka Ouhe o3HadeHa ca
LPCP u upBu niyT je yBejieHa oj] ctpate ayropa Pammkosuha, Mapkosuha n Ormanosuha

y paay [101].
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2.3.1 Cwunrakca

Heka je S jemunnunu narepsas Xapaujesor nosba Q[e]. Q[e] je pekypsusHO Heapxu-
MeJIOBO TI0Jbe KOje CaJipKK CBe palloHasHe (pyHimje o hbukcupane mo3uTuBHe WHMUHY-
Te3uMaJie € Koja MPHIaJa HeCTAHIapIHOM eJIeMeHTapHOM Hpomupeny *R crangapaamux
peautrux Gpojesa (|54, 103]). Enement ¢ u3 *R je undunuresnmana axo |e| < * 3a cBakn
upupo/au 6poj n. Heku npumepn nndunuTesnMmaa cy (y pacryliem moperky, ako je € > 0
): €3+ et e? —5eb, 55, 85e, mm merarusue nnduEnTesNMate: —&, —¢2, ... Ilome Q[e]
cajpxku cBe paronasnne 6pojese. Ca Q[0, 1] 6uhe o3navyen ckyn panuoHagHEX OpojeBa
u3 unrepsasa [0, 1].

Jesuk Jioruke ca mpubJIMKHUM yCJIOBHUM BepoBaTHOhaMa ce cacToju oJ:

e 11pebpojuBOr CKyIla nckasuux cyiosa Var = {p,q,r, ...},
e KJIACUYHUX OlepaTopa — U A 1

e Ounapuux BepoBarHOCHUX onepaTopa (C'Pcy)ses, (CPsy)ses 1 (CPxy)regpo)-

Cxyn Fore kmacuiHux nckasuux popMmyiia ce Jedunuiie Ha yoondajen nHaunt. FEiementu
ckyna Forgc he outn o3HadaBanu ca «, f3,. ..

Ckymn F orlg BEPOBATHOCHUX MCKA3HUX (POPMYJIA je HajMarbl CKYI Y KOjU CaJIp:KU CBE
dopmyse obrKa:

o CP.i(a,f)3a v, 5 € Forg, s € S,
o CP(a,f)3ar,5 € Forg, s€ Snu
e CPy.(a,p)3a v, € Forg, r € Q|0, 1],
1 3aTBOPEH je 3a ciejehia npasuia:
e ako A npumaga Y, taga je Ay Y, u
e ako A u B npunajiajy Y, raga je (AAB)y Y.

®opmyie us ckyna Forp he 6utu oznauapane ciosuma A, B, ... Heka je Forppcp =
Forc U Fory. Cnosa ®, U, ... ce KopucTe 3a o3HadaBambe GopMyaa u3 cKyna Forppop.
ButHo je HamomenyTH jia Melrame UCKA3HUX U BEPOBATHOCHUX (DOpMyJia HUje J03BO-
JHEHO, Kao HU YIHheXKJaBaie BepoBaTHOCHUX orneparopa. Ha npumep, a A CPsg(a, 5) u
C'Pcs(a, CPs, (B, 7)) Hucy KopekTHe hopMysie y HOCMaTpaHo] Jorut, jiok ¢y C'Psg 54 (pA
gAr,pV1r)NCPqsg 2(-pAr,mp) u =CPy75((pV q) — 7,—p A -q) upumepu 106po
KOHCTPYHUCAHUX (DOPMYJIA.

Ocramn wiacuanu omeparopu (V, —, <») ce jedUHUITY HA yoOWUajeH HAYMH. 3a
a € Forc A € Fory, uspasu ~a A a u =A A A 6uhe 3amemenu ca |, 1ok he uzpasu
—aVan AV A outn 3amerenn ca 1. Y HacTraBKy paja uzpa3 +A he oznauaBaru A
uu —A, 0K ce IPYru BEPOBATHOCHU ONEPATOPH yBOJIE Ha cjiejiehu Hadnm:
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CP.s(a,B) =gef "CPss(ev,f)3a 0,3 € Foreg, s €S,

CPss(o,B) =gy "CP<s(e,f)3a 0,0 € Foreg, s €S,
o CP_s(a,) =gef CPss(cr,B) NCPey(a,)3a 0,0 € Forg,s€ Su

P, =4 CPys(a, T)3aa€ Forcmpe{><, > <, =~}

Oneparop P, je BepoBaTHOCHM ollepaTop ysejeHn y joruiy LP P, Koja ce cajia MoxKe
mocMaTpaT Kao mojjtoruka jgornke LPCP.

2.3.2 CemaHTUukKa

Cemanruka 3a Forppcp ce, rakole, 3acuusa na Kpunkeosum mogemma [101].

Hedbununuja 2.3.1. LPC P-moden je cmpyxmypa M = (W, H, u, v) 2de je:

o W menpasan cxyn objexama ma3s8aHuT c6emosu,

o H anzebpa nodckynosa 00 W, mj. H cadporcu W u 3ameopen je 3a Komniemenm u
KOHAUHY YHUJY,

o 1 : H— S xonauna adumusna 6eposammocha mepa 20e:

— 3a ceavo X € H, u(X) >0,
—u(W)=1, u
— (X1 U Xy) = pu(X1) + pu(Xa), 3a cee ducjynkmmue crxynose Xy, Xo € H,

e v: W x Var — {true, false} gynruuja xoja ceaxom ceemy w € W dodenyje ucmu-
HUMOCHY 6aryayujy v(w) 3a UCKA3HA CA06A.

OynKnpja v je OpolIdpeHa J0 UCTUHUTOCHE Bajyaldje 3a CBe Ucak3He ¢opMyse Ha
yobuuajen nauna. Heka je M LPCP-monen u o € Fore. Cryn {w : v(w)(a) = true} je
o3HadeH ca [a]M.

Hedbununuja 2.3.2. LPCP-moden M je mepaus aro [ajy € H 3a ceaxo o € Fore.
LPCP-moden M je ypedan axko camo npadHu CKYNosu uMajy 6eposammuohy HYAG.
LPCPhfeqs Neat 03Ha%a60 KAGCY c6UT YpedruT u meparusuxr LPC P-modea.

VeiioB j1a Mojies1 Oy/ie ypeaH je yBeseH ja 0u mocMarpan Mojes1 ouo mogkaaca of *R-
BepoBaTHOCHUX Mojiesia u3 [59, 63]. Oso he osmakmmaru HapeHa 00jallbeba 3a IPUMEHY
OBOI' cCTeMa Ha JUQOJITHO PE30HOBamke, Koje he OuTu jiera/bHO 00jalllibeHO y TJIaBU 3.
CBu pesysTaTu ce MOry JoKa3aTu U 3a Kjacy mepspuBux LPC P-mojena.
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Hedununuja 2.3.3. Peaayuja 3adosovusocmu = C LPCPyreqs Neat X Forppep je
depunucana caedehum yeaosuma 3a c6axt LPC Pyreqs Neat-Modea M:

1. axo je a € Forg, M = a axo (Yw € W)v(w)(a) = true,

2. M | CP<s(a, B) axo je uau p([Blm) =0 u s =1 wau pu([Blm) > 0 u % <s,

3. M | CPsy(a, B) ano je wau pu([Bla) = 0 uau p([Blag) > 0 u Merds) >

4. M = CPy.(a, ) axo je uau pu([Blm) = 0 ur = 1 wau p([Blm) > 0 u 3a ceaxu
nosumusan yeo 6poj n, % € [max{0,r — 1/n}, min{l,r + 1/n}].
5. axo je A€ Fors,, M = —=A axo M [~ A,

6. axo cy A,B € Fors,, MEAAB axo ME A uM E B.

Veqos 3 je dhopmyscaH Ha OCHOBY IIPETIIOCTABKE JIa je yCJIOBHA BepoBaTHOha 1, Kas
roJ1 je BepoBaTHoha ycsioBa 0. YcjioB 4 je eKBUBaJIEHTaH 3alUCy Jia je yCJI0BHA BepoBaTHONA
jemnaka r — &; (mm r + g;) 3a Heky uHbuHUTesnMany £; € S. Jlako ce Bumm Ja ce
nedUHUCAHN OllepaTOpH MOHAINA]y KAo IITO je oueKuBaHo, Ha npumep, M = P_sa ako u
camo ako u([ajm) < s.

Hedbunnnmja 2.3.4. Popmysa ® € Forppcp je 3adosomusa axo nocmoju LPC Pyjeqs Neat-
moden M makas da je M = ¢; ® je samana axo s3a cearu LPC Pyregs Neat-moden M,
M = ®; ckyn dopmyaa je 3adosonus ako nocmoju LPC Pyreqs Neat-M0dea My kome je
ceaxa popmyaa ckyna 3a0o6o.nusaq.

2.3.3 AkcmomMaTcKum CUCTEM

Axkcunomarcku cucrem Axppop 3a joruky LPCP campxu cienehe cxeme akcmoma
[101]:

1. Ce Forg-uncraniie UCKa3HUX TayTOJIOTUja

2. Cpe Forp-mHCTanTe NCKA3HUX TayTOJIOTHja

3. CPso(a, B)

4. CP<y(a, ) = CPy(a,B), t > s

5. CPs(a, B) = CP<y(a, )

6. Psi(a <+ B) = (P=sa — P_,53)

7. PSSCY ad P21_5_|O£
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8. (Posa AN PyB N Poy=(a A B)) = Popin(1,s) (a0 V 3)

9. P_of — CP-q(a, 5)
10. (PB N P—g(a N B)) = CP—gp(cr, B), t #0
11. CPy.(a,8) = CPs,,(a, B), 3a cBe parmonasue r; € [0,7)
12. CPy (o, B) = CP<,,(a, ), 3a cBe parmonasue ry € (1, 1]

U IpaBmJia m3Bohema:

1. s ¢ m ¢ = 1 ce uzBomm 1.

2. Axo je a € Forg, n3 a ce uzBogu Psjav.

3. Is A — P, 3a cBako s € S, ce m3pomu A — L.

4. 3a cBaxo r € Q[0,1], 13 A = CPs,_1/n(, B), 3a cBaku meo 6poj n > 1/r, u
A — CP<py1/n(a, ) 3a cBaxu 1ieo 6poj n > 1/(1—r), ce usBogm A — C' Py, (o, B).

Axko ce 3a § craBu T, akcumoma 3 TBP/H Jia je cBaka (opMysa 3aI0BO/bUBA Y CKYILY
cBeToBa Yuja je BepoBaTHoha Hajmame 0. Akcmoma 6 3HAYM Ja eKBUBAJIEHTHE (hopmysie
nMajy mcTy BepoBarTHOhy. Akcmoma 8 06e30elyje KoHAUHY aJIUTUBHOCT BepoBaTHONE, Tj.
aKO Cy CKYIIOBH CBETOBa y KOjuMa Cy « # 3 3aJI0BOJbeHE IUCjYHKTHHU, TaJa je BepoBaT-
noha ckymna cseroBa y KojuMma je a V (3 3aji0Bo/beHa cyMa BepoBaTHONa IMpeTXo/Ha JIBa
ckyma. Axcumoma 9 je jojara jia Ou ce MOTBPIWIIO Jia je ycjioBHa BepoBaTHOha 1, Kar
roz je BepoBaTHoha yciaoa 0. Axkcumoma 10 mspazkaBa cTaHmapAHy AeMUHHUIA]Y YCIOBHE
BepoBaTHOhe. Akcrome 11 u 12 u mpaBmio nu3Bohema 4 onucyjy Be3y uaMmehy crangapHe
yCJIO0BHE BepoBaTHOhe U yc/IoBHE BepoBaTHONE MH(MPUHUTE3UMAJIHO OJUCKE HEKOM PAITHO-
nasHoMm 6pojy r € Q[0,1]. Ha ocnoBy akcuoma 3 u 7, u npasusia ussohema 2 jobuja
ce nmpaBmiIo u3Bohema: n3 « u3Bomu ce P_ja. IlpaBmia uspohema 3 u 4 cy GeckoHadHa
npasmia. [IpaBumo 3 rapanTyje ma BepoBarHOha (bopMysie mpumaia CKyIy S.

Hedbununmja 2.3.5. [101] Popmyaa ¢ je cunmarcna nocaeduuya ckyna gopmysra T
(y osnayu T & az) pop P) axo nocmoju najsuwe npebpojue nusz gopmyaa ®o, @4, ..., @,
makeux da je ceaxa opmyasa P; axcuoma usu popmyaa ud ckyna T, usu je nomohy Heroz
npasusa u3eohera uszeedena u3 npemrodnur opmyasa. Hus dopmyaa ®q, ®1, ..., ® je
doxas 3a ® us ckyna T'.

yzxuna oka3a je nupebpojusn opansaasa. Cingan npuctyn je gat y [49].

Hedbunumnuja 2.3.6. [101] Popmyaa @ je meopema (Faz, pop ®) axo je cunmarcna no-
caeduuya npasroez ckyna gopmyaa. Crxyn dpopmyaa T je Kon3ucmenman axo nocmoju bap
jeona gopmyaa us Forg u bap jedna dopmyara us For? woje nucy cunmarche nocaeduue
ckyna T'.

Ba joruky LPCP jey pany [101] gaT g0ka3 Teopeme o jakoj MOTIYHOCTH.

Teopema 2.3.1 (Jaka nornynocr). Ckyn dopmyaa T je konsucmenman axo u camo axo
T uma LPC Phjegs Neat-Mmodea.
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2.3.4 Opay4duBocCT

[Torrro je mpobsiem 3a/10BO/BUBOCTH (DOPMYJIA Y UCKA3HO] JIOTHITH OJIJIYIUB, Jia OU ce J10-
KaszaJja oryanBoct Jyioruke L PC P, 10BO/bHO je IOKa3aTu Ja je mpobJeM 3a10BOJbUBOCTH
BepoBaTHOCHUX popMmysia oyryunB. Hajupe he 6Gutn onmcan nmocrymnak KojuM ce npobyiem
3a/I0BOJBUBOCTU BEPOBATHOCHUX (hOPMYJIa CBOJM Ha MPOOJIEM JIMHEAPHOT ITPOTrpaMUpambha,
a 3aTuM he To 6uTH UcKopumheHo y JIoKa3y TeopeMme.

Heka je A BepoBaTHOCHa (bOpMYyJIa U HEKa Cy pi,...,P, CBa HCKa3Ha CJIOBa Koja ce
jaBmajy y A. Arom a 3a A je bopmyna +p; A ... A £p,. 3a pasiuuure aroMe a; U a;
Baxku - a; — —a;. Ca At(A) he 6urn osnaven ckyn cBux aroma u3 A. Ounriento je na
je |At(A)| = 2m.

Ha ocHOBY mcka3HOT pe30oHOBaba Ce JIAKO MoKa3syje ja je cBaka ¢gopmyia A ekBuBa-
nenrna ca dopmynom: DNF(A) =\, /\f;l +X,,;(p1,...,pn) KOja IpeacTaB/ba JHC-
jyHKTUBHY HOpMAaJHy hopmy 3a dopmyny A npu demy je:

L4 Xi,j € {CPZ& Cpgs}ses U {CPQT}TGQ[O,IL

o X, (p1,...,pn) O3HAYABA Ja je BepoBaTHOCHA (bOPMYyJa Ha KOjy Jesyje oreparop
X;j Yy KaHOHCKO] JUCjyHKTUBHOj HOpMaJiHOj (popMH, Tj. HCKa3Ha GopMyIa je Juc-
jyHKIja aToma u3 A.

Ouursienno je ma, na 6m ce nokasaJsa oaryanBocT Joruke LPC P, 1oBOJBHO je IToKa3aTn
) bl
. k;
Jla je mpobJieM 3aJI0BOJBUBOCTU BepoBaTHOCHE (opmyse obsmka [\ i1 X (P1y---yDn)
OJIJTY UNB.

3a cBaky dbopmyiry yciosae BeposarHolie (£C Psg(a, ), £CPeg(a, f) n £C Py, (a, 5))
ce Pa3juKyjy JBa ciaydaja:

1. BepoBaTHoha dopwmyie [ je Hyla, y KOM CIydajy

e CP.4(,8),3a s € S, "CP(cv,3),3a s € S\ {1}, CP(a, ) u CPyi(cv, B)

Baske M MOr'y ce usdbpucartu u3 popmyiie, JT0K

e CP.(a,f),3as €S, CPcy(,3), CPus(cv,3),3as € S\{1} r € Q0,1]\{1},

—C'P4(a, 5) =CPxi(a, f) ne Baxke, Ia Iiea KOHjyHKIIja HUje 33/[0BO/HUBA

2. BepoBarHOha dopmyse [ je Beha ox HyIe.

OBo 3a mocseauIly nMa Jia je JOBOJHHO JOKA3aTH OJJIyIMBOCT ITpob/eMa 3aJ10BOJbHU-
BocTH bopMmy/ia Koje cy KOHjyHKIHje dopmysia ca YCJIOBHUM BepoBaTHOhama oOJIMKa:
+CP-s(a, B), £CP<y(a, B) m £C Py(av, B), TakBux ma je BepoBatHoha [ Beha o 0.

YV HapeIHOM Kopaky ce IpobJieM 3a10BO/BUBOCTH CBOAM HA MPOOJIEM JTUHEAPHOT IIPO-
rpamuparba. VIcTu mpucTyn 3a j10Ka3 oJIyInBoCcTH je Kopuihen u y pagosumMa |23, 100,
88| Koju ce ofHOCE Ha CTAaHIAp/HE peaaHo-BpeHOCHe BepoBaTHOhe. Meljyrum, y jorumm
LPCP xonomen 3a BepoBaTHONY je peKyp3uBaH U CaJIPKU HeCTaHJIap/He BPEIHOCTHU W,
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nojaTHo, omepatop obsinka C' Py, ce He jaB/ba y MOMeHYTHM pajioBuma. OBO 3HA4YN J1a
peyKIja Mopa jia ce 00aBy MazKJbUBO Jia Ou JJ0OMjeHr CHCTeM MOTAaO JIa Ce UCKOPUCTH 33
yTBphuBame OJIy4nBOCTH, IITO OM y OBOM CJIy4ajy 3HAYMJIO Ja OM MOIJIa Jia C€ IPUMEHH
Dypuje-Mornkun meroma enmnvunanuje (FME). Uneja je na ce enmuvunniny cumbomn ~ u
% u Ja ce cuteM peru y nporupersy Q[e].

Y nacraBky he 6utnm Kopumnthene ciiefiehe o3HaKe:
e 1; o3HauaBa Mepy aroma a; € At(A),i=1,...,2"

e a; = o 03HAUABa Jla Ce aTOM @; I0jaBJ/byje y KAHOHCKO] JINC]YHKTUBHO] HOPMAJIHO]
dopmu nckazue dopmyiie «,

d Z(CY) O3HavaBa ZaieAt(A):aZ":a Zi, A

e C> («,f) oznauara Zgzg)ﬁ)

[a] o3HauaBa ckyn aToma Koju 3a/10BosbaBajy «. IlomTo je [a] = Uy, cai(a)a;=alai], pasmm-

qut atomu ce Mehycobuo nckiby4yjy (tj., [a;] N [a;] = 0 3a i # 7).

VY nacraBky he 6uru pasmarpana ¢popmysia A obiuka:

(Niz1,1 £ CPsg, (i, Bi) A (Nj=1,g £ C Py (g, B5))

2.3.1
ANimtc £ CPar, (01 B0). .
®opmyna A je 3a10BO/bUBA KO U CaMO aKoO j€ 3aJ0BOJLUB cieAchn cuere:
21221 Ti =
z; =0 zat=1,2"
S(B) >0 3a cBaky dopmyiy [ Koja ce mojasibyje y dpopmysiama

obmnka £ CPy (o, f) m3 A, no € {> s, < 55, ~ 11}
>s;  3acBaky dopmyiny CPsg (o, 5;) n3 A
< s;  3acBaky dopmyny -CPsg (o, 5;) nu3 A
) <s; 3acsaxy dopmyry CPe, (aj, 3;) uz A
> s;  3a caky popmyny ~C'Pe, (aj, ;) m3 A
~ry 3acBaky dopmyny CPx,, (ag, f;) u3 A
r  3a cBaky dopmyiny —C Py, (o, Br) u3 A.

[IpBe mBe BpcTe cucrema ce ojHoce Ha ocobuHe BepoBaTHOhe, Tj. cyma BepoBaTHOhA
CBHUX aTomMa Mopa ouTu 1, JOoK BepoBaTHOha CBAKOr aroMa Mopa OWTH HEHeraTHuBaH OpOj.

Jlatn cucteM ce MOXKe Ja/be I0jeIHOCTABUTH TaKO INTO he CBaKW u3pa3 O0JIMKa
C> (ag, Br) ~ rp 6Gurn 3amucan Kao:

CZ(ak,ﬂk) il o 0 n CZ(ak,ﬁk) — Tk Z 0 (232)
nJjim
CY (om,B) =m0 w1 —CY (g, B) 2 0. (2.3.3)
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Uspas (2.3.2) omarosapa uspazy C> (ag, k) = rr 0Kk uspas (2.3.3) omrosapa uspasy
ri 2 C (o, Br).

Comano, csaku u3pas3 obsmka C Y (ay, Br) % ry ce MoXKe 3alUcaTH Kao

CY (o, B) =m0 w  CY (g, fr) =1 >0 (2.3.4)
C Z(Ozk,ﬁk) — Tk % 0 u Ty — C Z(@k, Bk) > 0. (235)

Hame ce pasmarpa cucreM Koju cajpKum uspase obsmka (2.3.2 - 2.3.5) ymecro
CY (o, Br) = 1, u CY (ay, Br) # 1k, pecriekTuBHO. 3a cucTeM oBOr obsinka Gulie
kKopuinhena o3Haka S (?, e). Haime je

CY (an,B) —re~0 1 CY (g, Bi) =75 =0 (2.3.6)

ekBuBaseHTHO ca (dngy € N) 0 < C Z(ak, Br) — e < ng - €,

CY (. B) —re~0 1 g —CY (o, Bi) =0 (2.3.7)

ekBuBasieHTHO ca  (dng € N) 0 > C Z(ak, Br) — Tk > —nyg - €,

CY (an,B) =m0 m CY (g, Bi) =7k >0 (2.3.8)
1
exsuBasienTHO ca  (Iny, € N)C Z(ak, Br) — T > —
CZ(O%,B]C) — Tk "730 u rg —CZ(O&k,ﬁk) >0 (239)
1
3 < ——
ekBuBasienTHO ca  (dng € N)C Z(ak, Br) — i < -

[Tomrro y jobujeHoM cureMy MMa KOHAYHO MHOTO u3pasa obsmka (2.3.2 — 2.3.5), Moxke
ce KOPHCTUTH jesuHcTBeHO ng € N ymecto Burie ng’s y u3pasuma (2.3.6 — 2.3.9). O3naka
S (7, no, €) he 6utn Kopumhena 3a o3HavaBame jpobujeHor cucrema. Taja,

S(?,s) uma pererse y Q[e] akko 5(7, no, €) uMa perretbe y Q[e], (2.3.10)
u, oo je Q[e] rycro y *R, 3a cBako bUKCHpAHO U KOHAYHO Ny,

S(Z,ng,e) uma permeme y Qle] axxo S(Z, ng, ¢) uma pememe y “R. (2.3.11)

32



I'JIABA 2. BEPOBATHOCHE JIOI'UKE

[Tapamerap no Huje dukcupan y mzpasuma 2.3.10 n 2.3.11, ma ce Moxke 3aMEHUTH
HOBUM, OecKOHavYHUM, ajin dbukcupanuM, napamerpom K. Viora napamerpa K je na
IIOMOTHE Jia ce m30erne CTaHJap/laH MPUCTYIl Y aHAJIU3U Heje/IHAKOCTHU, Tje Ou ce BpJIO
9eCTO KOPHUCTHJIN apryMEeHTH y OOJIMKY ,BayKH 3a CBe JOBOJbHO BeJIMKe Iiejie Opojene’.
[Tommrro je K mo3uTuBan 6ecKoHa4YaH 11e0 OPOj, aKO HEejeIHAKOCT BayKM 3a CBaKO n Behe o
HEKOT' (PUKCHOT Mg, HA OCHOBY IPUHINIA IIpejnBama Baxkuhe n 3a K. Y Japyrom cmepy,
Kao IOCJIE/INIA IPUHITUATIA [TOJJINBaba, aKO HejeJHAKOCT BayK! 3a CBaKU OeCKOHavYaH Opoj
Mamu o K, Baxkuhe 1 3a HEKM KOHaYaH MO3UTUBAH 110 Opoj. Buhe pasmarpan ckyn

O={ne*N: S(?,n, g) uma permeme y “R}

O je CKyII Koju caap:Ku cBe upupoaHe opojese selie o dukcupanor npupoauor 6poja n/'.
Kopucrehn npunnune npenmpama 1 IIOJINBAbA, MOXKE Ce 3aK/byUUTH J1a ako je S (7, £)
pemmueo y Q[e], Taga O caapxku cBe Geckonadno Besnke 6pojee u3 *N koju cy mamn
on1 durcupanor GeckoHauHo Beaukor 6poja K, 1j. 3a meko ' € N u K € *N\ N Baxn
', K]={ne*N:n"<n< K} CO. Tana

S(7,ng,e) uma pememe y *R axxo S( 7, K, ¢) uma pememe y *R. (2.3.12)

[Tapamerap K ce Moxke m3abpaTn Tako ja 3a cBako k € N pazkn K¥ - ¢ ~ 0. Ha oBaj
HAYMH CEe CHCTEM pelaBa y ypeljeHOM Io/by panmoHaJHUX U3pas3a Ca paruoOHATHUM KOe-
dunmjentuma Koju 3asuce o € u K. Cabupame U MHOMKEIE Y OBOM II0Jby ce 00aB/ba Ha
yobudajeHun HaduH. Y peheme 1moJba je ojapeheno ypehemeMm cKyna moJmHOMa KOjU 3aBUCE
on e u K. Ceaku nosmuom y Q(e, K) ce moxe sanmmcaru y o6mky Qo(K)e® + Q1 (K)e! +
o+ Qn(K)e™, rie cy Q;(K) nommuomu o K ca parmonasauM koedurmjertuma. [lope-
herve mommmmoma Q1(e, K) u Q2(g, K) ce obassba na ciaegehn nadanm:

Q1(e, K) < Qa(e, K)
akko Q10(K)e’ + Qui(K)e' + ... + Qp, (K)e™
< Qao(K)E + Qa1 (K)e' + ... + Qopy (K)e™
akko (Q1,;(K) < Q2,(K) 3a meko i < max{ni,no} u Q1 ;(K) = Q2 (K)
3 <i (Qi(K)=03ai>n u@(K)=03ai>ny)

Q1i(K) < Q2:(K)
AKKO  qrim, K™+ + quin K + quio < qrim, K™+ + @201 K + g0
AKKO 1, < G2, 32 HEKO 7 < max{my,mo} U 1,1 = @21 38t < T

(qrir =03a7>m u qo;, =03a71r>my)
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Ha mpumep,

1 1 1
_KP+ K )+ (KP4 -K*4+K)e+e?<
2 3 2

1

1 2
< <§K2+K) + (§K3+§K2+2K+1)5
nomro je K>+ K = s K?+ K (
(3=313<3)

Ako je Qi (e, K) > 0 u Q4(e, K) > 0, Tazna je

Q1(€7K><Q2(€’K)
Qi(e. K) — Qy(e, K)

1=1)uiK*+ 3K+ K <3 K*+2K? 42K +1

aKKo Ql(sa K) ) Qé(sa K) < Q2(57K) : Qll(gaK)

Ha ocuoBy oBoOra, j103BOJbEHO je (He)jeJHAKOCTH MHOXKHTHU JIEJHOIMMA Yy H3Da3UMa
C> (a, ), unme ce gobuja cucrem JuHeapHUX (He)jeTHAKOCTH ODJIHKA

d(@np)=s> (B) p 0 (2.3.13)

rie je s panuonasnHa GyHKIMja Koja 3aBucu o K u e u p € {>,>,<,<}. 3a pema-
BaIbe OBOI' cucTeMa Moxke ce npuMennTu Oypuje-MonKuH mporeiypa eJuMuIHaIje, Koja
MondUKyje CHCTeM TakKo Jia ce y HOBOJ0OMjeHOM CHCTeMYy He HOojaBJbyje Hello3HaTa T;, a
CHCTeMH Ccy eKBuBajeHTHN>. TOKOM IpuMeHe mporeaype KoeHInjHTH Y CHCTEMY OCTajy
panuoHagHu u3pasu 1o € u K. Kaja ce eIMMHUHHUITY cBe Helo3HaTe, IIpeocTaje Jia ce
HOTBP/IM 33/I0BOJBUBOCT pesianuja Mehy mosunoMuma 110 € u K.

Ha ocnoBy cBera nperxomHor cjieau aa je mpobjeM UCIUTHBAbA 14 JIA S (?, K, ¢e) nma
pereme y *R opryuns. Ha ocHoBy ekBuBasienimja (2.3.10) — (2.3.12) coenn j1a je mpobiiem
UCINTUBaA 18 I S (7, e) uma pererse y Q[e], Takobe, omryaus.

Axko je 3(7,5) peruBo, Taja ce moxe fnedunucaru LPCP-monen M = (W, H, u, v)
Takas ga je W = At(A), H = 2V, p je nebumnncano pememen cucrema S(7,e) u v
3aj10B0/baBa v(a)(p) = true akko ce p, aaum He U —p jaB/ba y aromy a. Ouquriegno je
na je M = A. Mebyruwm, nako S (7,5) UMa pelliere, HEKU x; Mory umaru BpeaHoct 0.
To snaun jga M He 3a/10BoJbaBa yCJIOB YPEIHOCTH, Tj. HEKH HEIPa3HU CKYIIOBU CBETOBA
(mpesicraBbern ofroBapajyiuM aroMuMa Koju BazKe y THM CBETOBUMA) MMajy BEPOBAT-
Holy Hysa. Y OBOM cJiydajy, OBH CBETOBH C€ MOT'Y YKJIOHUTH U3 MOJEJa U HOBOJIOOUjeH!

Mojient ce osnadasa ca M. Jlaxo ce youasa jia 3a csako A € Fors saxxu M = A akko
M = A

Teopema 2.3.2. IIpoGaesm LPC Py, yeqi-3000600U60CTU j€ 004Y4UG.

IIpumep 2.3.1. Hexa je dama gopmysa A = CPsps643:(p V q,7pV q) AN CPyos(p,pV
q) N CPyg_03:2(p,q). Cryn amoma dopmyase A wune amomu a; = p A q, as = p A g,

2leraspan omuc npornexype 6uhe maT y mormasisy A.l.
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a3 = “pAgq, ag = —p A —g. Hexa x; osnauasa mepy amoma a;. Hckasne dopmyne y
dopmyau A cy pV q, =pV q, p u q, 00K CY CKYNOBU aMoMa KOJu UL 360068050645y ciedehu:

a| pvg | wpvag | p | q
o] ‘ ay, Gz, as ‘ ay, s, Gq ‘ ay, a ‘ ay, as

Tada je A 3adosonruso axo u camo axo je caedehu cucmem 3a0060.6UG:

T+ o+ x3t+za=1

x; =0, 1=1,2,3,4

T1+ 23+ x4 >0 1+ 2o+ 2x3>0 1+ 23>0
(0.64 — 3e)x1 + (0.64 — 3e)x3 + (—0.36 — 3e)xy = 0
(0.5 —¢e)x1 4+ (0.5 —€)xa + (0.5 —e)z3 < 0
(0.54¢€)x; + (0.5 4+ €)xs + (—0.5+¢)x3 >0

(0.1 4+0.3¢%)z1 + (—0.9 + 0.3¢%)23 < 0

3a doxasusarve 3a0080HUBOCTIU cUCMEMA J0680HHO je Hahu JedHo pewerve cucmema:

r1 = 0.14 4+ 2¢ xo = 0.24 — 3.6 + 0.6
23 =04—0.1e —0.3¢2 24 =02+ 1.7¢ — 0.3¢?

Ha ocnoBy marux TpancdopMalmja, HOKa3aHo je Ja ce IpobJieM 3a10B0/bUBOCTH CBOIN
Ha TIpobJIeM JIMHeapHOT IpOrpaMUpama KOjH ce MOzKe ONUCATH Ha cjeehn Hadum:

min z(x)

on :
st Yo ey p0 j=12...L pe{>> <<}

271/

Dl i =1

2 >0 i=1,2,... 9"

)

rJe cy HejeTHAKOCTH Zf; cijx; p 0 Jobujene 1mojeHOCTaB/bUBAILEM HEjeIHAKOCTU 0DJINKa
(2.3.13), L upezcrasiba 6poj OBUX HEjeJEHKOCTH 1 CBE BDEIHOCTH 5, ;(1 = 1,2,...,2", j =
1,2,..., L) npunajajy XapanjeBoM I0Jby, Tj. TO Cy panuoHagHu uspasu 1o € u K. OyHk-
mja nusba z(x) je nedunncana Ha cienehin HaunH

re je

2n ) . . .
di(x) (D iy Gijx;)® aKo j-Ta HejeIHAKOCT HUje 330BOJbEHA,
0 y CYIPOTHOM,

VY nornasby 5 he dynkiyja nuba OUTH JeTa/bHEje pa3MaTpaHa, e he 6utu objarnmen
U XEYPUCTUIKU IIPUCTYII y PellaBaiby OBOI IIPOdJIeMa.
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I'taBa 3

JIndpoaTHO 3aK/bydnBamhe

YV oBoMm moraB/by O6uhe MmpeacTaB/beHO PEe30HOBabe y Au(OJITHUM JIOTHKaMa, Kao U
Be3a JUMOITHUX JIOTUKA W JIOTUKA Ca YCJOBHUM IPUOIMKHUM BepoBarHohama. JIndo-
JITHO PE30HOBaME je 00JIMK HEMOHOTOHOI' PE30HOBaba 6a3UpPaHOr Ha U3BONEmY 3aK/bydaKa
HA OCHOBY OMIIITET CKyTIa IPaBUIa KOja MOTY UMATU M3y3€TKe WM CKYIla YHHeHHIa KOje
npeJicTaB/bajy gocrynie uadopmanuja koje nucy normyue ([5]). Hajuosnaruju npumep
OBe BpPCTE PE30HOBamba je: ako nmuue aeme”, "nunesunu cy nmuuye” 1 "nuneeuru He
aeme” 1a I ce MOXKe 3aKJ/bY9IuTH J1a ~ako je Teumu nmuuya u nun2euH da AU Mo 3HAYU
da Teumu ne aemu”™ Omx 1980. cy pa3BHjeHN Pa3IUYIUTH CHCTEMH 3a JHMOJITHO Pe30-
HOBame U JleTasbaH IMperyesl oBux cucrema je gar y paiy [5|. [asna naxima he 6utn
nocsehena cucremy P, uuje cy ocHose jare y pay [59)].

3.1 JIndoarHo pe3oHoBaibe y cucremy P

Kao n ko1 BepoBaTHOCHUX JIOTUKA, je3UK IMOCMaTpaHe JIndOoITHE JIOTUKE Ce CACTOJU U3
pebpPOjUBOr CKyIla UCKa3HUX cjaoBa Var = {p,q,r,...} u KiacuaHux oreparopa -, A, V,
—. Ckyn uckazuux ¢gopmysia he, Kao U y MpeTXoHOM IMOIJIaB/by, OUTH 03Ha4eH ca Forg
u JedrHUCAH Ha yoOUYIajeHn HaTIHH.

Ako ¢y o u f uckasue dopmyse u3 ckyna Fore, Tana ce map (a, ), o3HadeH ca o —
[, nasuBa aucpoaTHO mpaBmiio uian, ckpaheno, mudoir (enr. default rule, omHOCHO
default). Pasnmuauru ayropu Kopucre pasjindaure o3Hake (Ha IpUMep — WK ) Ja 03Hade
‘nucdosiray nmimkanyjy’. [la 6u ce u3beriia 3abyHa, oBjie je yBejgen nos cumbos. Heke
0/l yoOM4YajeHUX MHTYUTUBHUX WHTEpIpeTaruja 3amuca o — [ cy: ‘U3 « je pa3syMHO
3aK/BydnTH [3’; ‘y OIIITeM ciydajy, ako je « Taga je [ (y3 moryhe mocrojame Hekor
u3yserka)’; ‘o je J0BOJbHO J0bap passior Ja ce Bepyje y [ ‘5 je BepojoCTojaH 3aK/bydak
u3 a’; ‘ako je a, HopMaJIiHo je Jia je (’; ‘ako je o TauHo, TaJia CaM CKJIOH Ja 3aKJ/bYInM Jia
je B TadHO’; 1 TaKo Jajbe.

Baza gudouira je ckyn A = {«a; — S; | i € I} qudoaraux npasuia. Basa mudonra
CaJIpKI YUILEHUIIe KOje Cy IOJJIOXKHE IOHUINTerby. IndonaTHo pesoHoBame ce ommcyje
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y TEepMUHUMA IOCJEJUIHUX pejanuja |~p Koje oapelyjy ckymn gudoiara Koju cy |~p-
nociaeuia 6aza audoara. Y pagosuma |59, 63| je penanuja |~p gedunncana cKymom
ocobuna, HazpauuMm Cucrem P, u cmaTpa ce jesrpom audoITHOT pe3oHOBamba (= o3HauaBa
KJIACHIHY DeJIalija BaJbaHOCTH ):

REF «a — « (pedaekcusrocr);

LLE ako je | a <> 8, u3 o — 7y ce uzBou [ — 7y (JieBa JIOTHYKa eKBUBAJIECHIIN]A,; )
RW ako je Ea — (3, u3 v — a ce uzBogu v — [ (jecuo ocyiabiberbe);

CUT ms a AP — v a— [ ce usBoaum o — 7;
CM u3 o — fuar— v ceunsBogu a Ay — [ (,onpesHa” MOHOTOHOCT);

OR w3 o — vy u — 7 ce uzBozie a V [ — 7.

Ba mary 6a3y mudoara A = {a; — [5; | i € I}, o3naka Al~p « — [ o3HaUaBa Ja ce
o — (3 moxke u3sectn u3 A kopucrehu cucrem P.

IIpumep 3.1.1. Hexa je A ={b— f,p— b,p— —f} 2de b o3nauasa 'nmuuye’ (birds),
[ osnauasa ‘nemewe’ (flies) u p osnauasa ‘nunesune’ (penguin). Tada Apep b— —p.

1.b— f (npemnocmasxa)
2.p—b (npemnocmaexa,)
3. pr—f (npemnocmasxa,)
4. pANb— f CM(2,3)
5 pANbr—p—f RW(4), E~f = (p—~f)
6. =pAbrs —pAb REF
7. - pANb—p— —f RW(6), E-pANb— (p— —f)
8. (pAbL)V(—pAb)—p——f OR(5,7)
9. br—p——f LLE(S8), Eb< (pAb)V (-pAb)
10. bAfA(pp——f)—bANfFA(p—f) REF
1LONFA(p—=f) = fAp—=—f) RW(10),

FOAfAD——f) = fA(—f)
12.0N(p— —f) — fA(p— —f) CUT(1, 11)
13. b f A (p— =f) CUT(12, 9)
14. b— —p RW(13), = f A (p = ~f) =
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Anamc (enr. Ernest Wilcox Adams) [1], kacuuje [lepi (enr. Judea Pearl) [92] n Jlexman
u Marugop (eur. Daniel Lehmann wu enr. Menachem Magidor) [63] cy npemioxkuim
BEPOBATHOCHY HMHTepIperanujy andoara: 1udoaTn « — [ 03HadaBajy j1a ‘BepoBarTHONa
ox [ 3a maro « je epao 6ausy 1°. IlpermmsHo 3HAUEE M3pasza 6p.a0 0AU3Y Ce OJIHOCH
Ha BepoBaTHONE Uhje Cy BPEeIHOCTH U3 He-ApPXUMEIOBOr 1M0Jba, Tj. ypeheHor mosba Koje
cajgp:ku uHbUHUTE3NMAJE: eJeMeHT = je mHuHUTesnMaga ako |r| < 1/n, 3a cBaku
HO3UTHUBAH 11e0 6poj n. JIBa emeMenTa x u y cy beckonauno 6AuUCKa, y O3HAIA T RS Y, aKO
je * — y naduHuTesnmasa. To 3Ha4M Ja je r nH(DUHUTE3UMAIAa aKO U caMo ako je x =~ (.

Kopucrehu norojao enementapuo mpomupemne “R crangapannx peaJaux Opojesa, Tj.
ocnamajyhu ce na Pobunconose (enr. Abraham Robinson) ocHOBHe pe3y/jTare HeCTaH-
napane anaiause, *R-BepoBarHOoCcHH MOjiest ce Moxe Jedunucarn kao Tpojra (W, F, i),
rie je W ockyn moryhinx cBeroBa (MCTHMHHUTOCHA MHTEpIpeTallija UCKa3HUX CJIoBa), F je
nosbe 1oJickymnoBa oji W Koje caJipKu cBe CKyNoBe ojpehene mcKazHuM opmysiama, u
1 F — "R je konauna agnruBHa *R-BpeanocHa BepoBaTHOoCcHa Mepa. dudonar o — [
BaxKH y *R-BepoBaTHOCHOM MOJIENTY aKo je:

e uu BepoBarHOoha (opmysie « HyJa,

e 1IN yCJIOBHA BepoBaTHOha dropmysie [ 3a garo  beckonadno 03y 1.

YobudajeHo je ma ce Kaxke ja cy AudoaTH daTH y e-ceMaHTUIU. baza gudoara A
e-niosipazymeBa judoar « — [, y osnamm A F. a — [, ako je moryhe obe36eauTn
na je P(B | a) ckopo 1, ysumajyhu ga cy Beposarnohe nudosra u3 6aze A ckopo 1.

Ucnocraspa ce ga je *R, m3 MHOroO pasjiora, KOMILIUKOBAH IIPOCTOP 3a KOpHIIheme Y
OBOM HCTParKUBakby M 9€CTO Ce MOYKe 3aMEeHUTH jeJTHOCTABHUJUM He- A pXUMEIOBUM ITOJHEM.
[Torpara 3a MUHEMAJIHUM He-ApXUMeI0BUM BpPeIHOCTHMA BepoBaTHoNa HaBeJa je MHOIe
ayrope [38, 39, 91| na pasmarpajy ypeheno nome R(g). OBo mosbe je HajMarbe mMo/be Koje
ce nobuja KaJla ce peaJHUM OpojeBHMa J0/a jeauHcTaBeHa nHbuHITe3nMama . Q(e) je
jorr jeman mpumep He-ApPXMMEIOBOT 10Jba KOJH IPEJICTAB/ba MPOITHPeHhe PaIllMOHaATHIX
opojeBa.

3.2 NMudunureamMaaHu padyH

Cpaku eement nosba Q(e) je parmonannn uspas %, rae cy p(e) u ¢(e) nonmmuOMNI
no € Hag Q, u ¢(€) HUje WIEHTHYKH jeHAKO ca HysgoM. JIBa parmoHaJHa U3pasa Z% "

211_53 cy jennaka axko nosmHoME p(£)gi(€) u pi(€)q(e) mmajy nucre ne-nymna KoedunujeHTe.

OsBu paruonaInn n3pasnu ce cabupajy 1 MHOXKe Ha yobndajenn HaunH. OBaKBUM HAIHHOM
nedunncama Q(e) mma ocobune nospa. CBaknu eeMeHT 7 10sba Q(€) ce MoKe peCTaBUTH
Yy HOPMAaJIM30BAHOM OOJIUKY:
k n
as” + Zi:k+1 a;

9
* = — — k<n,0<m
() ! 1+2j:1bjgj
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3a HEKHU jeJINHCTBEHN 11e0 Opoj k u jenuncTseno Bojehu koedurmjenT a Takas ja je a # 0
ocuM y ciaydajy Kaga je n = 0. Ha ocHoBy medununcanor ypehema < na Q(e) Baxu ma
je n > 0 ako u camo ako a > 0. OBo 3Haum ja, nomro je € unduanresnmaia, Q(e) je
ypebeno ne-Apxumesoso nosee. Ilpu Tome Bazkn ja je Q & Q(e)

Y nacraBky, naxmwa he ouru yemepana Ha Q(e)-seposarnocuu tpocrop (W, F, i) ca
KOHAYHOM aUTHBHOM BEPOBATHOCHOM MepoM i @ F — I e je [ jequnuanu uaTepBast o

Q(e).

3.3 Mogeaupame a1udoJT 3aK/byUYIBamha IIoMohy Bepo-

BaTHOCHUX JIOT'TKa

Y neny 2.3 je onucana joruka LPCP ca npubJmKHUM YCJIOBHUM OIIEPATOPOM Be-
poaraohe. ¥ 0BOj Jiorurnu, audoJaT o — [ ce MOXKe 3alucarTu Kao (popmysa obIuKa
C'P~1(f, «). Hapasno, konauna 6aza qudoara A = {ag — fi,. .., ap — B} je npeacra-
Bbera ckynoM A = {CPx1(B1, 1), ..., CPx1(Bm, ) }. Tlokazano je ma oaxkas npucTyn
Jlaje Kapakrepusalujy cucrema P.

Teopema 3.3.1. 3a ceaxy 6a3y duporma A u ceaxu dupoam o —

Apbp a— [ akko A Fax, pop @ — S

Konauna 6a3a mudonara A = {ag — f1,...,Q, — B} ce MOXKe TOCMATPATH Kao
bopmyna AA = A", CPu(Bi, ;). Kopucrehu Teopemy jejykimje n HOTIYHOCTH 3a
LPCP (]101]), nobuja ce:

A}Vp o — 6
aKKO  Fax; pop /\Z:> CPu (B, )

AKKO /\Z = C'P+1(B, «) je Baspano y oxnocy Ha kiacy Q(e)-BepoBaTHOCHHX
IPOCTOPA

AKKO ( /\Z = C'P« (B, a)) HEje 33710BosbuBO HU Yy jeanoMm Q(e)-BepoBarHocHoM
IPOCTOPY

aKKO /\Z A = C Py (5, ) Huje 3am0BosbuBO HE Y jenHoMm Q(e)-BepoBaTHOCHOM

MIPOCTOPY.
Y moraBiby 2.3 je ommcaHa Ipoleaypa cBohema mpodaemMa 3a10BOJBUBOCTH Ha IIPO-
OJ1eM JIMHEAPHOT IIPoTrpaMupatba U TUMe JJ0Ka3aHa OJIy IMBOCT Tor 1podsema. Kopucrehn

HCTy TPOIEAypy, V HACTABKYy he OMTH MIyCTPOBAHO KAaKO ce MPoOJeM 3a/10BOJbHBOCTHU
IPETXO/IHO Jo0ujere dpopmysie 00IuKa

S:/\CP~1 (Bi, ;) N C Py (B, ).
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CBOJIM Ha TPO6JIeM MTPOHAJIAKEHA Pelllerha CHCTeMa JIMHeapHUX (He)jeHaIrHA.

Hexka cy py,...,p, CBa HCKa3Ha CJIOBA KOja Ce jaB/bajy y MCKa3HUM (opMyamMa Koje
caanmbapajy audosre. Atom a je popmymna £p; A ... A+£p,. Ca At he 6utn o3nageH cKy
cBux aroma. Ounriesnso je ga je |At| = 2".

Ckyn MCKa3HUX CJIOBa je KOHavaH, ma he u y oBoM ciydajy Outn pasmarpan Q(e)-
Beposarnocuu Mogen (At, P(At), u), tae je p @ P(At) — I xonauna ajgnTuBHa BEpOBAT-
HOCHA Mepa, a r; O3HadaBa Mepy aroMma a; € At, i = 1,...,2". Jakie, dopmyra o je
3a/I0BOJBIBA, KO M CAMO aKO CHCTEM

( N
D i = 1,
T1 ZO,...,.TNZO,
(*) ZaiEAt,ai):al T > 07 Tt ZaieAt,ailzam i > O’ ZaieAt,ai#a i > O’

a;EAta; | =ay ABy g

a; EAt,a;l=amABm Tg ~ 1
: ~ 5
zai EAt,a;l=am Tq

~1,...,

zaiGAt,ai FEay g
ZH.Z'GAt,ai\:a/\B Tq % 1
. Y

\ ZaiEAt,ai =a Ti

nmMa pererse y Q(e).

Amnajsiorno pasmarparsy y morsaBiby 2.3, cucteM (x) uma perebe y Q) ako u camo
aKO CUCTEM

( N
22‘21 r; =1,
1 2>0,...,2n8 >0,

(*) ZaieAt,aifal i > 07 tr ZaieAt,ai#am i > 07 ZaieAt,ai#a i > 0’
O S 1 o a; EAt,a;l=a1 ABy Vzi < ng . 70 S 1 - EaiEAt,a“:am/\Bm.ri < [(87
a;EAta;l=ay i a;EAta;lFam Ti

1 o ZaiEAt,ai\:a/\ﬁ g > L

\ ZaiEAt,a,L- Fa Ti K>

nMma perrebe y *R, rie cy € u K morogHo n3abpHu ejieMenTu mnosba *R.

OuurieHo je 11a je cucreM (x) eKBUBAJEHTAH CHCTEMY JIMHEAPHUX HEjeTHAKOCTH 0DJINKA
8124, + ... 8024, p O,

rae je { < N, 1<y,...,5y <N, s; pannonanun m3paz mo ¢ u K, u p € {<, <, >, >}
Ha nobujen cucrem ce mozke npumenntu @ypuje-Monkun nporeiypa ejuMuHanuje!, Koja
UTEePaATUBHO TPaHC(MOPMHUIIE CUCTEM Y €KBUBAJEHTAH CUCTEM y KOME je eJITMMUHICAaHA He-
1o3HaTa x;. 1OKOM IIpuUMeHe IpOoleIype, KoedUuIujeHTH y Heje JHAKOCTUMAa OCTajy palln-
onaJinu n3pasu 1o € u K. Kaja cy cBe Henosnare euMuHUCAHE, TTIOTPEOHO je TTPOBEPUTH
na Jin cy penanuje MeDy n3pasuma 1o € u K TadHe.

IIpumep 3.3.1. V npumepy 3.1.1, je noxazano da je {b — f,p— b,p — —f}rp b —
—p. Cada he ucmo 6umu nokasano na dpyzu HawuM, kopucmehu npemroono onucany

npouedypy.

! Nlera/man ommc mponeaype AaT je y moryiasiby A.l
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Ilocmoju ocam amoma Kxoje mpeba pasmampamu:

ay=bApANf aa=bApA-f az=bA-pAf az=bAN-pA-f
az=—-bApANf ag=-bApA-f ar=-bAN-pANf ag=-bAN-pA-f

Ilompebro je noxazamu da dopmyaa
CP%l(fa b) A CP%l(bap) A szl(_'fap) A CPSél(_‘p7 b)
nuje 3adosomusa Hu y jednom od Q(e)-eeposammocnur npocmopa, mj. da cucmem:

(o) 4+ 20+ T3+ T4 + 75+ T6 + T7 + 75 = 1,
x 20,37220,33320,1'420,$520,$620,$720,x8ZO,

(*) T1+ 2o+ a3+ 24 > 0,21 + 20+ 25 + 26 > 0,
z1+x3 ~ T1+T2 ~ T2+Te ~
T1+To+T3+T4 ? z1+To+T5+T6 ’ z1tzotTstTe )
T3+x4 6& 1
)

\ z1+z2+x3+24

nema pewere y Q(e). Ilpsu xopax onucane npouedype je eAuMuUHAuUja pesayuje =, mj.
MPaHPopmayuja npemrodnoe Cucmema Yy CUCmem:

/

T1+ T+ X3+ Ty + x5+ T6 + 27 + 18 = 1,
T 20,$220,33320,.1'420,33520,1'620,1'720,]}820,
T1+ 2o+ a3+ 24 > 0,21 + 20+ 25+ 26 > 0,

(%) .
. Tit®s > . Tit® > — — Tat¥6
1 z1t+zotT3tTa — 0,1 z1tx2tas+ae — 0,1 T1t+xetrstxe —
_ ___mit®3y _ __Tatwy _ Tz tTe
1 r1+zot+r3+Ts < Ke’ 1 r1+To+r5+Te < Kg’ 1 r1+zo+r5+Te < Ks,
1— r3+T4 1
\ x1+xota3+Ty K>

KOJU je eK8UBAAEHMAN C4 CUCTNEMOM AUHEAPHUL HejeOHOKOCTIU:

/

T1+ 2o+ a3+ T4+ T5+ a6+ 27+ 28 =1,

12> 0,20 20,23 > 0,24 > 0,25 > 0,26 > 0,27 > 0,28 > 0,
T1+To+ax3+2x4>0,21+20+ 25+ 26 >0,
$2+£B420,£B5+1620,$1+1‘520,

To + x4 < Ke(xy + 29 + 3 + 24),

x5 + x5 < Ke(xy + 29 + x5 + T6),

1+ x5 < Ke(zy + 29 + x5 + 26),

T+ Ty > (21 4 22 4 23 4 24).

\

Qypuje-Mouxun npouedypa eAUMUHAUUTE CE MOHCE NPUMEHUMYU HA CMandapadar Ha¥uH
u nmpouedypa he ce 3aspwumu ca 3aKLYYKOM 00 CUCTIEM HEMG PEULEHHE.

Pewasarve nocaedrwes cucmema je seoma 0y2a4ko u cnopo, maxo da he bumu pazma-
MPaH jeOHOCMABHUJU CUCTEM Y KOME CY U30CMABHEHU HEKU ,,HebumHu” amomu ay, as,
ag, a7, ag (r1 = 5 = g = x7 = x3 = 0) u usbeenyme pedydarmmue nejednarocmu.
Vemeapu, u3 paszmamparea cy uckpYdena cmeopersa Koja Hucy nmuue U NUuH26UHU KOju
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Jeme.
( 1—1‘3—1’4 < i)
g < l—w3—m4
To+x3+a4=1 0 < =
$2>0,.’L’320,$420 ? Ke
&4 T2 < 1o%3— X4
xo + x4 < Ke(xg + x5 + 24) 1 1
1 *_1Tl3 + 124 < I
x2>E(x2+x3+x4) 0<
>~ &3
\ 0§Z‘4

.

1—ZE3—$4<1—$3—I’4
) - (1 - Ke < a3
— T3 — Ty < T3 — Ty
1= KE T3 < 1—xy4
O<1—x3—$4 1_Ke
TKe T4 < T3
= r3 < %—1’4
K_lx3+K_lx4<1—:c3—x4 o < KK
Lo Ly« Ke po o 3 1-K2: 4
K—1"3 T K—1"4 ™ 1-Ke"3 4 0 < 3
OS.’Eg -
\ OSI’4
L OSZE4
(1 - Ke<1—uy4
K-1 (
1—K€<T—x4 r, < Ke
o —K+K?3¢ —14K2%¢
1 KK5<—1_K26 Ty Ty < 1}({ p
1— 1-Ke)(1—
1-K K—1
K€£1'4 < T Ty o Ty < (K — 1)8
e, < {9 0 T < 0
0<1l—m2y4 Ty < 1
K-1 _ K-1
0< [I((' K2$4 T4 < e
0 < 45w [0 < @
K OSZE4

. . _ 2
Ouuenedno je da nejednarocmu 0 < 1+TK€ u 0 < 0 Hucy maune.
W y oBom citydajy ce, Ha OCHOBY IIpoIierype Tpancdopmaliuje, mpodseM 3a/10BO/bUBO-
CTH CBOJIY Ha IpOOJIeM JIMTHEAPHOT IIpOrpaMuparma Koju ce Moxe JlepuHucaT Ha ciejaehn

HANH:
min z(z)

s.t. Z?ﬁlcl-j:vipo j=12,...L pe{z> <<}
Z2n1xz—1
z; 20 i=1,2,...,2"

i

e ce Zf; ¢z p 0 mobuja mojenHoCTaB/bEmEM HejeaHAKOCTH (%), L je 6poj Tux nejen-
HAaKOCTH U CBe BpeaHoctu ¢;;,x;(1 = 1,2,...,2", j = 1,2,..., L) upunanajy Xap/ujeBom
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0JbY, Tj. TO Cy paroHa nn u3pasu 1o € u K. Oyuknuja nusba z(x) ce meduHure Kao

on . . .

di(x) = (>, cijzi)* ako j-Ta HejeJHAKOCT HHje 3a/J0BOJbEHA,

(z) =
0 y CYIIPOTHOM,

VY nornasspy 6 he dyHknuja muba OUTH JgeTa/bHAje pa3MaTpaHa.
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I'maBa 4

MeTtaxeypuctruike MeToe

Y oBOM MOrJIaB/by THaxKmba he 6uTn mocsehena XeypHUCTUYKOM NPUCTYITY pellaBaiba
npobsiema. Hajupe he Outu nedpunucan mpobdbsaem onTuMmusaliije, a 3aTuM he OUTH mpe/i-
CTaB/beHEe HEKe XeyPUCTHYKE MeToJle Koje Ccy KopwuilheHe 3a pelnaBambe Ipodsema 3a10-
BOJbUBOCTU (hOpMyJia y BepoBaTHOCHUM Jiorukama. llocebna maxkma he 6uTn nocsehena
MEeTO/I ONTHMHU3AIje KOJOHIUjOM ITdesia Koja je KOpHUIheHa 3a pellaBambe IpodiieMa 3a-
noBosbuBOCTH pomyita joruke LPC P u audosTHe JOruke.

4.1 IIpobisem omrTuMm3amnmje

Y ommmrem ciydajy, 3ajaTtak onrumusanuje ce gedununiie Ha ciaeaehu waunn (13, 15,
90, 115]:

Hedbununuja 4.1.1. Hexa je f : S — R peaana dynxuyuja depunucana mva ckyny S u
nexa je X C .S nexu 3adamu cxyn. IIpobaem je wahu

min f(x)

nod ycaosom (oeparunerbem)
r e X.

[Ipobaem onTuMmm3anmje ce Ha3UBa NPOOAEM KOMOUHAMOPHE WX QUCKPIMHE ONMUMU-
3ayuje YKOIUKO je ckyn X KoHadaH Wid npedbpojuB. Ako ckym X He CaJp:Ki JTUCKPEeTHe
BPETHOCTH TaJla ce MPobJIeM ONTHUMU3AIN]je HA3UBA KOHMUHYAAHA ONMUMU3GULIE, TOK Ce
y CyIpOTHOM IpobJIeM ONTUMM3aIlje Ha3uBa Mmewosuma onmumusayuja. CKyr S ca-
JIP2KY TIOTEHINjaJTHa, Pelerhba TpodJieMa, I1a ce HA3UBa NPoCcmop npempaze WIA Npocmop
pewera. Cxym X cajapKu JOIMyCTHBA peIlerha, Ma Ce CXOJHO TOMe, Ha3’uBa NpPoCcmop
donycmueux pewera.

Y smrepraypu ce decto Moxke Halim u JerasbHUja jgeUHANM]A ONTUMUBAIUOHOT PO~
6ema y obsuky [122]:
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Hedbnannuja 4.1.2.

i % ) .:1727"'7M7
min fi(x) (i )
nod ycaosom hj(x) =0, (j=1,2,...,J), (4.1.1)
gk(X) < 07 (k - ]-7 27 JK)7
ede cy fi(x), hj(x) u gr(x) Pyrryuje nad eexmopom x = (x1, o, ..., 2q) .

Kowmmionente x; BekTOpa X MOry OUTH peaJiHe, JTUCKPETHE UJIu KOMOWHAIMja OBa JIBa
tuna. Oyukiuje f;(x) vae je i = 1,2,..., M ce nasuBajy gynryuje yuna (enr. objective
functions). Jennakocru 3a hj(x) u HejennakocTu 3a g(X) Ha3UBAjy ce ozpanuyerba (EHr.
constraints) u nedUHAILY TPOCTOP JOMYCTUBUX perrerha X. BakHo je HamoMmeHyTH Ja
penanuja y HejeJiHaKOCTUMa MoxKe Outu m > 0, Kao U Jia ce IMU/beBU MOry (hOpMyJIu-
caTh Kao MpobJIeMHr MakKcHMEu3almje. Y eKCTPeMHHUM ciydajeBuMa, (pyHKIMja Iiba He
Mopa Jia Oyie jedunncana, Beh cy gedunHmcana camMo orpannderha. OBaKBHU MPOOJIEMEI
ce Ha3UBajy npobaemu donycmusocmu (uszeodsusocmu, onpasdanocmu) (enr. feasibility
problem), mormro je Kox oBux mpobiema 6miio Koje Moryhe (M3BOIBUBO) peIliebe yjeaHo
U OITUMAJIHO.

OnTuMu3annoHn MpodbaeMi ce MOy KJIacu(pHUKOBATH IIpeMa Opojy I/beBa Yy JIBE Ka-
Teropuje: ONTUMU3AINOHN MPOOIeME ca jemHuM nusbeM (eHr. single objective) 3a M = 1
¥ ONTHMM3AIMOHN Hpobiemu Buiie IubeBa (eHr. multiobjective) 3a M > 1. Peannn
Ipo0JIEMU ONITUMU3AIIN]E CY, YIJIABHOM, Ca BUIIIE IHJHEBa, MEHYTHM ONTHMU3AINOHY AJIIO-
PUTMHU 3a ONTHMM3AIN]Y Ca jEeJHUM IMJbEM Ce MOI'Y NPUJIArOJUTU U 3a DelllaBarbe BU-
MIEIU/bHIX ONTUMHU3AIMOHUX Tpobyema, ma he, 300r jeJITHOCTBHOCTH, Y HACTABKY OUTH
pasMaTpaHa caMoO ONTHMHU3allfja ca jeJHuM IbeM (y CKIaldy ca TuM (QyHKIHja [u/ba
ouhe oznauaBana ca f).

Hedbunumnuja 4.1.3. Pewerwe x* € S je 2a06aaHU ONMUMYM KO0 00208apa MAH0]
epedrocmuy pyrkyuje Yusa 00 COUX OCMANUT PEULEIba U3 NPOCTOPG PEWersa, Mj. aKO

x € 5, f(x7) < f(x).

VY ckaa1y ca oBoM J1eUHUIIA]OM, IJIABHU /b Y PellaBaby ONTUMU3AIIMOHOT ITPpObIeMa,
je mpoHaJIaXKeme TJI00AJTHOT ONTUMyMa X*. 3a jaTu mpodJeM MOXKe TIOCTOjaTh BUIIe TJI0-
OaJIHIX ONTUMAJHUX pellleiba, IIa ce 3a HeKe IpobseMe, Kao 3ajaTak, MoxKe JeUuHICaTH
U IpOHAJIaYKehe CBUX ITVIODATHUX ONTUMAJHAX PeIIeha.

Knacudukanuja ontuMuzanoHnx mpodiemMa MOXKe ce BPIIUTH Ha jOIII HEKOJIMKO Ha-
qnna. Cem Beh momenyTux koje 3aBuce oj ckyma X u Opoja Iu/beBa, KJjacudukaluja
ce MOKe BPIITH U Ha OCHOBY Opoja orpanumdema J + K. YKOJIUKO orpaHuyerma He IO-
croje, J = K = 0, Tajia ce pasmarpa onmumusayuja 6e3 ozpanuyersa (eHr. unconstrained
optimization). Ykomuko je K =0 u J > 0, Taza ce npobsiem onTUMU3allije Ha3uBa jeod-
HaKocho o2paruveru npobaem (enr. equality-constrained), MoK ce y ciaydajy gaje J =0 u
K > 0 upobiiem Ha3uBa nejednarocho ozpanuyvenu npobaem (eHr. inequality-constrained).
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Y smreparypu ce gecto cpehy nedununmje caMmo HejeJHAKOCHO ONPAHIIEHIX O THMU3AITH-
OHUX IpobJiema, MmoITo ce jeaHakoct h(x) = 0 Moxke 3amucaTi HOMONY JBe HEjeJHAKOCTH
h(x) <0 wu h(x) > 0.

[Ipema Tuny dyHIuja u/ba U OrpaHUYEHba, ONTUMHU3AIMOHU IIPOOJIEM MOXKe OUTH
AUREAPar WA HeAUuHeapar. JIMHeapHu ONTUMU3AIMOHN ITPOOJIEMUA Ce MOTY 3AITUCATH Y
00JIIKY:

min f(z) =c’ -z
(4.1.2)
A-x<b

ITO yKa3yje Ha TO Jia cy (yHKIHja IU/ba W OUpAHUYCHa JInHeapHe (QyHKIHje, 1a ce
MOTY TIPEJICTAaBUTH MaTpUIoM A u BeKTopuMa b 1 ¢. YKOJIUKO Cy e/leMeHTH MaTpuiie A u
BeKTOpa b 1 ¢ peasinu OPOjeBH, TOCMATPAHU OIITUMHU3AIMOHU ITPOOJIEM ce Ha3uBa, IpodJIeM
auneaproz npozpamuparsa (enr. Linear Programming, LP). Crenujaintno, ako cy eJileMeHTn
matpuiie A n BekTopa b u ¢ neau O6pojeBu, pasMaTpa ce mpobieM UeaobpojHoz AUuHeapHoe
npoepamuparea (eur. Integer Linear Programming, ILP), a y caydajy ja cy BpeaHOCTH
KOje ce I0jaBJ/byjy W peasiid U e/ OpOojeBU, Tajla ce TOBOPH O MPOOJIEMY MEUL08UMO2
uenobpojnoe auneaproe npozpamuparsa (eur. Mized Integer Linear Programming, MILP).
VKoaMKO QYHKIUja MUba U/UIi OrpaHiYeha HUCY JUHAPHE, TPOOJIeM ONTUMU3AIMje Ce

Ha3WBa HEAUHEAPHA ONMUMUSAULIA.

Jorir jeian HAYUH 110/1e/1e ONTUMHU3AIMOHUX IPODJIeMa je Ha demepMUHUCMUYKe U CMo-
Tacmuyke OIITUMHU3AIIMOHE ITPoOJIeMe. Y KOJIMKO Cy TapaMeTpH, KOjJIMa e ONTUMU3AITMOHN
Ipo0JIEM OTIHICYje, TAYHO IMO3HATH, TPOOJIEM je TeTePMUHUCTUYIKE TPUPOJIE, JIOK Y CIyYajy
Jla cy TOo3HaTe caMo TPUOJIMZKHE BPEJIHOCTHU IIapaMeTapa Wi IbUXOBa IIPOIEHa, podseM
je croxactuuke npupojie. OO03UpPOM Ha HEU3BECHOCT KOja je MPUCYTHA Yy CTOXACTUYKUM
npobJyieMuMa, BpeHOCT (DYHKIMje IU/ba HUje MOryhe TavHO OJIPEJINTU, HUTU ITPEIU3HO
IIPOBEPUTH JI& JIK Cy HEKa OJI OTPaHUYeha HapyIllleHa WA He, 11a ce OBU MPobJIeMHU Mo/ie-
JIIpajy y3 MOMOh JI0/IaTHUX TeXHUKa, Kao mTo cy MapKoB/beBU IpPOIEecH, BepOBATHOCHE
Jloruke u ha3u CKyIOBH.

4.2 Kinacudukammja MeToia

[Iponasrazkeme ONTUMAJIHOT pellierba, 38 MHOTE peajiHe ONTUMU3AIIMOHE TTPodeMe, je
JecTo HeMoryhe. VY Ipakcu je, yrjlaBHOM, JIOBOJBHO Jia ce IpoHale ,, 100po” perieme Kopu-
mhemeM XeyPUCTHIKNAX MJIM METaXeyPUCTHIKUX aJrOpuTaMa. XeyPUCTUUIKUA aJIrOPUTMEI
06e36elhyjy ,,IpUXBAT/BUBO” PeIlehe KOMILIEKCHOT IIpod/ieMa 3a peIaTUBHO KPATKO BpeMe.
3a pasauKy 01 er3akKTHHX MeTOJa, XeyPUCTUUKe METO/Ie He MapaHTyjy ONTUMAJHOCT JI0-
OUjeHor pererma, 1a 9aK HI OIEHY Y/Ia/beHOCTH NeHEPUCAHOT PEIlerha O] ONTUMAJIHOT.

Xeypucrudeke MeTojie Cy pasBHjaHe 3a PellaBambe KOHKPETHUX IpobseMa, JIOK je T10-
jam wmemazeypucmure yseo LoBep y cBoM pajy [29]. Meraxeypucrudke MeTose ce MOry
nedbuHrCcaTH Kao MeTojosoruje (1ab/IoH) BUIIEl HUBOA KOJH Ce MOI'Y KODHCTHTH KAao
ommrre crpareruje 3a JeUHUCAE XeYPUCTUKE 38 PENIaBame KOHKPETHOT ONTUMU3AINO-
Hor mpobsema [115].
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XeypucTrike METO/e ce MOTY HMOJIEJIUTH Y HEKOJIUKO Tpyma [15]:

(i) Koncmpyxmuene zeypucmure. OBa rpyna MeToja ce 3aCHUBA Ha IOCTEIIEHO] KOH-
TPYKIUju (M3rpajibu) pellierba, PU YeMy ce KOPHUCTe CIHeluduIHa 3Habha CBAKOD
110jeJIMTHAYHOT 3a/1aTKA.

(11) Xeypucmuke umepamuenoe nobovwasarwa. OBa rpylia ce Ha3uBa U Mmemode A0Ka-
An02 mpempadicusarea. [lpu pemaBamy mpobseMa, MMoOJIa3u ¢e 0J1 TPOU3BOJHHOT T10-
YeTHOT peleba, Koje ce MOCTEIeHO 000 bIIaBa MPeTPaKuBAbEM HeMy ,,0JTUCKUX
pemema. [Iporec ce monas/ba cBe J0K y ,,0u3uHn’ TeKyher perrerma MocToju 60/be
perierse oJ1 TeKyher.

(i1i) Xeypucmure mamemamuyroz npoepamuparsa. llocmarpanu npobiem ce dhopmy-
JIAIITE KAO 3a/IaTaK MaTeMaTHIKOr IIPOrPaMIpPaiba, a 3aTUM Ce PeIaBa IIPUOIMKHIM

MeTO/aMa.

(v) exomnosuyuone reypucmurke. [ogernu mpobiem ce jiesin Ha BUIe MambUX HOIIPO-
bs1eMa, Koju ce 3aceOHO perraBajy.

(v) Xeypucmuxe 6asupane na nodeau donycmueoe ckyna. JLOMyCTHBE CKYII pelliema ce
[IOJIeJIN HA BUIIIE IOJICKYIIOBA, Ia Ce MPEeTPaKUBAILEM DeIemha Y CBAKOM O] HbHUX
TpakKu HajOOIbE Pelllere. 3a XeyPUCTUYUKO Pellierbe pob/ieMa ce y3uMa OHO Pelllerhe
3a Koje (byHKIMja Ii/ba UMa HajMamby BPETHOCT.

(vi) Xeypucmuxe basupane na pecmpuryuju donycmueoe ckyna. PecTpuKIjoM 0ILy-
CTUBOI' CKYIIa PeIlemha Ce eJUMHUHUITY oJipel)eHn TOJICKyIoBU M TaKO ce CMarbyje
IIPOCTOP IIpeTpare.

(vit) Xeypucmurxe 6azupane na peaarcayuju. Peraxcanujor ce JOMYCTUBH CKYI PEIEHha
HPOIIUPYje, &Il TaKO Jia ce OMOryhU je/ITHOCTaBHUjE pelllaBarbe HOBOT MPODIEMA.

Y pemaBamy HEKOI' IIpoOJieMa, HapaBHO, MOT'Y Ce KOMOMHOBATH Pa3/IUIUTH THIIOBU
XCYPUCTUKA.

O63upoMm j1a je y mocje e JBe JeleHnje pa3BijeH BeJIUKH OPOj MeTaxeyPUCTUIKUX Me-
TOJa, IIOCTOje U MHOI'M JIPYTH HAUYMHH IHUX0oBe Kiaacudukamuje. Kao npumep pazanantux
KJlacudukanmja jgara je cauka 4.1 Koja caJpKu caMo peliep3eHTaTuBHE IIPUMepPe 3a CBaKy
KJIaCy MeTaxeypUCTUYKAX MeTOoJla W HEje MOTIIYHO IPeI3Ha IOIITO Cy KIacupUKaIyje
opojue u Mehycobno ce mperuhy.

Jenan HaunH Kacudukaluja MeTaxeypucTUuKa je Ha OCHOBY CcTpaTeruje mperpare. Je-
JIaH THII CTpaTeruja mperpare je IOoIpaB/baibe pellerha aarOpPUTMOM JIOKAJHE IIPeTpare.
MeraxeypucTike OBOI THIIA Cy CHMYJINPAHO Kasberbe (eHr. Simulated Annealing, SA) [56],
taby nperpazkuBame (enr. Tabu Search, TS) [29], urepaTuBHO JOKATHO MPETPAKUBAHE
(enr. [Iterated Local Search, ILS) [67], meroma mpomeH/buBHX OKosmHa (eHr. Variable
Neighborhood Search, VNS) [80], moxsien#a croxacTiHaKa IPUIANOI/BIBA IPOIEIypa IIpe-
tpaxkusama (enr. Greedy Randomized Adaptive Search Procedure, GRASP), [24]. dpyru
TUI CTPaTErnje IMpeTparkuBarba CaJpKU KOMIIOHEHTY y9erba MPUIUKOM IIPETParKuBaiba,
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Crnuka 4.1: Knacudukamnuja meraxeypucruka

KakBa ce cpelie Koy MeTaxeypucrtuka 6asupanux Ha kosonuju mpasa (enr. Ant Colony
Optimization, ACO) [21], remerckom asmropurmy (enr. Genetic Algorithm, T'A) [48] u
JIPYTUM €BOJIlyTHBHUM ajiroputmuMa (er. Fvolutionary Algorithm, EA).

Creneha Bpcta Kiaacudukalyje je mperpaxkKuBame Ha 0asy jeIHOI pelrera HaclpaMm
nperpara dasupanux Ha nomysianuju. [puctyn Koju ce 3acHrBa Ha KOPUIITNEILY jeTHOT pe-
mema 6a3upa ce Ha MOJUGMUKOBAILY U TOMPAB/HAILY jeIHOT KAHJIM/IATa 3& PEIIChe, TAKBe
meraxeypuctuke cy SA, ILS, VNS, Bohena siokanna nperpara (ear. Guided Local Search,
GLS) [3]. [Ipucryn 6a3upan Ha mOMyJIAIUjH pa3MaTpa U MONPAB/ba BUINE KAHIUIATA 34
pelere, Yecto Kopucrehn kapakTepucThke IMoIyalyje y nperpasu. TakBe MeTaxeypu-
cruke ¢y EA, GA, ontumusaiuja pojeBuma dectunia (enr. Particle Swarm Optimization,
PSO) [96]. Jomn jeana karepropuja je 6GasupaHa Ha MHTeJUreHIMju rpyme (eHr. Swarm
intelligence) Koje KOpHCTe KOJEKTUBHO MMOHAIIAKA CAMOOPTAHIM30BAHIX areHaTa Y IOIyJIa-
mju win pojy. Takse meraxeypucruke cy ACO, PSO, kosonuje muena (enr. Bee Colony
Optimization, BCO u enr. Bee Swarm Optimization, BSO) [51, 116].

Meraxeypuctuke ce MOTy KJIacu(pUKOBATH M Ha OCHOBY Kopwuiithema memopuje. Hekn
MeTaXeypUCTUIKU aJrOPUTMHU He KOpucTe mHMOpMaIuje 100ujeHe TOKOM IIpeTpare, Io-
nyT GRASP u SA meroma. Jlok jpyre meraxeypuctuke KOpUCTe MEMOPHU]Y KOja CapzKu
nHdopmarmje 1o06mjere TokoM mperpare, monyT T'S u pasnuantux EA.

Taxkobe, Mory ce pazMaTpaTi JeTEPMUHUCTHYKE HACIIPAM CTOXaCTUYKHX MeToja. Ko
JIETEPMUHUCTUIKIX METO/Ia IPOHJIEM Ce pelliaBa JOHOIIEHEeM JIeTePMIHICTUCTUIKUX OJIJIYKA.
TakBe Mmeraxeypucrtuke cy, na mnpumep, LS, TS u meroma npomensbusor ciycra (er.
Variable Neighborhood Descent, VND). Ko cToxacTHUKIX MeTaxeypuUCTHKa KOPHUCTE Ce
caydajHa TpaBuUja TOKOM IIpeTpare, KakBa ce jaBibajy Koj, Ha mpumep, SA, VNS, BCO
n EA. Kox geTepMuHHCTHCTHYIKIX METOJ/a KOPHUINNeme UCTOr WHUIMjATHOT pelema he
YBEK JOBECTH JI0 MUCTOI KOHAYHOI PEelIerba, JOK Ce KOJI CTOXAaCTUYKNX MEeTOo1a MOXKe Johun

JIO Pa3IMIUTUX KOHAYHUX PEIerha KOPUITNEHEeM UCTOr WHUIUjATHOT PENIeha.

Kao Jd0JaTaK IIOMEHYTUM aJI'OpUTMHUMA, HOCTOje XI/I6pI/I,HHe n IlapaJieJIHE MeTaxey-
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puctruke Meroje. XHOpHUJIHE MeTaXeypUCTHUKe Cy OHe KOJ| KOjUX Ce HeKa MeTaxeypu-
CTHKa KOMOUHYje ca JPyroM ONTHUMU3AIMOHOM METOJOM (IIOMyT JINHEAPHOT TPOTDAMI-
parba, MAIMHCKOT y9€iha U CJIMIHO) WM JPYTOM MeTaxeypucTudkom Metogom. Obe Ko-
MIIOHEHTE XUOPHU/IHE MeTaxeypPUCTUKE paJie KOHKYPETHO U pa3Merbyjy nHdopMalimje TOKOM
nperpare. [lapajesne xeypucTuke KOpUCTE TEXHUKE ITapaJjIeTHOT IIPOrpaMuparba 3a CTap-
TOBAIbE BUINE METAXCYPUCTUIKUX Iperpara napasenno. OBaKo cTapTOBAHU MapaJsie/iHn
mporiecu Mory jia capalyjy u pasmerbyjy undopMmaligje y IoTpasu 3a PenierheM.

NmiiemenTalnmja BeJMKOr Opoja MeTaxeypUCTUIKUX METOJla 3aCHOBAHA je Ha IOjMY
JIOIYCTUBOT pelierha U JeUHUII]e HheroBe OKorHe (y 1UJby MPUMEHE UTEePATHBHOL I10-
bosbriaBama). [a 6u ce meduHncaa OKOJIMHA HEKOD pelllelha, MOpa Ce YBECTH IojaM
pacrojama usmMely nBe tauke [2].

Hedbununuja 4.2.1. Hexa je X npouseowan ckyn mavaxa. Axo ce ceaxom ypehernom
napy (x,y) mavaxa us X npudpyorcu peanar 6poj d(z,y) Koju uma ocobune:

1. 0 < d(z,y) < +o0,

kaorce ce da je ckyn X cnabdesern mempurom d. Taxas cxyn X, mj. ypehen nap (X, d),
HA3UBA CE MEMPUHKUM TEPOCTOPOM. Bpednocm d(x,y) npedcmaswa pacmojarve u3-
mehy mavaxa T u Y.

Hedunummja 4.2.2. Cryn Ny(x) C X ceuxr mauaxa na pacmojarey d 00 nexe usabpare
mauke © € X nasusa ce d-okoauna mawke r. Eaemenmu cxyna Ny(x) nasusajy ce
d-cycedu mauxe x.

Ommruja pedbunuimja Moxke o0yxaBaTaT CBE Ta4Ke Ha PACTOjalby MarbeM WU jejTHa-
KOM d. YKOJIUKO je BPeJIHOCT d yHAIpeJ mo3HaTa u (huKCUpaHa, OHJIa Ce MOYKE TOBOPUTH
0 OKOJIMHM TadyKe T, He HaIJaIaBajyhu jga ce pajud o d-OKOJIUHHU.

Y onruM#u3aIuoOHUM IIPOOJIEMUMa, YECTO C¢e KOPUCTH Makhe (popMaJTHa JTepUHUIIja 0KO-
JmHe U cycesia Hexkor perterba = [95]. [Tox okosnmaOM pemmema x ce ogpasymea N (z) C X
KOjU je TPUJIPYKEH pelreby T 1o HeKoM mpaBuiiy. To je cKyIl periema JoOUjeHuX OJl &
npuMeHoM Heke Tpancdopmanuje. ledbunuimja tpancdopmaliuje 3aBucu oj MeTojie Koja
ce KOPHUCTHU, Kao M O] HheHe KOHKpeTHe nMminieMeHTaruje. OOUYHO ce mojpa3ymesa jia
pelliere T He npura/ia cBojoj okomuuu, tj. & & N (). Y oBom ciay4ajy ce, takobe, mory
nocMarpaTi d-OKOJIMHE HEKOT periema, npu deMy je d npupogan 6poj u Ny(z) npemcra-
BJ/ba CKYIl CBUX Delllera Koja ce jobujajy npumenom d myta (ucre) Tpancdopmaruje Ha
peleme x.
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Hedbununuja 4.2.3. Pewewe x € S Ha3usa ce AOKAAHU MUHUMYM HEKO2 ONMUMU-
sayuonoe npobaema yroaurxo we nocmoju ' € N'(x) C .S maxeo da saocu f(x') < f(x).

Jlokayun MuHEMYyMHE ce Ha3uBajy cybomnTumasHa periema. OO3UPOM Ha CJII02KEHOCT
ONITUMUBAIMOHUX TPODIEMa, CBe MeTaxeypPUCTUIKEe METOJIE Cy YCMepeHe Ka TPasKerby MITO
60/bMX CyOONTHMATHUX pellleiba y MTo KpaheM BpeMeHy.

4.3 Ilpersen meTaxeypuCTUIKNX METOIA

4.3.1 JlokaJHO mpeTpaxKuBambe

Metoia nTepaTuBHOT MOOOJBIIABAIbA KOJT KOj€ je MpeTparKuBarmbhe OrPaHnIeHO Ha YHa-
pe gedpuHUCaHy OKOJINHY pellerha y IHOTPa3u 3a JIOKAJTHIM MUHAMYMOM Ha3UBa, Ce JIO-
KaJIHO nperpaxkuBambe (enr. Local Search, LS) [15]. Tlpenusuuje, 3a csako =’ € N (z) y
OKOJIMHY HEKOTI' MOYETHOI pelllielha T, U3padyHasa ce BpeJHocT dyHKiuje muba f(z') u
yromKO je f(2') < fumin, 9yBa C€ HOBO Tyin = &' U fiim = f(2'), YKOIHUKO jeT,i, pa-
snmuanto o z. Kana ce ,,06uby” cBa pemema y okonunu N (x), HacTaB/ba ce mperpara
y okomuHU N (Zp,i,). VcnmTuBame CBUX Cycelia HEKOT PEIIeHha Ty, HA3UBA C€ MPeTPa-
JKuBatbe okojimue (enr. neighborhood exploration, NE). NE npescrasba jenny ureparmjy
JIOKAJTHOT TIpeTpazkKuBarma. [Iporiec JJOKaJTHOD MpeTpaKuBamba OBUja Ce Y UTepalyjamMa i
3aycTaB/ba ce Kaja y okosuHn N (Ti,) HE mocToju 60Jbe peremne.

[Tonekay je cysumie criopo, na 9ak u nemoryhe nperpaxuru neny okosuny N (Zomin)-
Crora 1mocToje pa3HU HAYMHU (XEyPUCTHKE) KaKO Jla ce ojipejie cycenn Koju ,obehasajy”
[OIIPaB/bAIbE BPETHOCTU (DYHKIHjE 1/ba, Tj. Ja Ce Ha HEKU HAYUH PEJyKYyje BeJNInHa
OKOJIMHE KOja ce TpeTpaKyje.

OcHOBHE HeZOCTATAK JIOKAJHOT ITPETPAXKUBAIba je IIITO Ce 3ayCTaB/ba IIPU TPOHATIACKY
[PBOr JIOKAJIHOI MUHUMYMa KOju He Mopa 6utu (u Hajuenilie Huje) TI00aHI MUHIMYM, a
TO YBEJIUKO 3aBHUCHU OJI IIOYETHOI' Pelieha.

HpI/IMeHa JIOKQJITHOT' IIpeTpaKMBaiba Yy HNCIIMTUBAby 3a0BOJbUBOCTU (l)OpMyJIa
BepoOBaTHOCHE JIOI'MKe

[IpoGsiem 3aJ10BOJBMBOCTU Yy BEPOBATHOCHHUM JIOTHKaMa ce decto o3H4yaBa ca PSAT.
Y pasy [52] je onmcana mporemypa 3acHOBaHa Ha LS aqropuTmy Koja je IpHMemeHa Ha
crenehn mpobmem: [ar je ckyn S = {C4,...,C,,} on m uckasHux Kiaysa (MCKa3HUX
JCjYHKIIAja), YV KOjUMa ce T0jaBjbyje n MCKa3HUX CJIOBa I1,...,T,. lakohe, mato je u
m BepoBarHoha 0 < py,...,p, < 1, Mo jenna 3a cBaky Kiay3sy. [locmarpa ce mpoctop
norabaja Koju caJip:ku cBuX 2" MCTHHUTOCHUX BaJlyaluja. BepoBaTHOCHA pacrojeria je
ckyn o 2" seposarnoha 7; > 0, 7 = 1,...,2" 4uja je cyma 1. BepoBaTHOCHA pacnoena
7 3aJI0BOJbaBa, JIATU CKYII KJIay3a M BepoBaTHONA aKO BayK! Jia je 3a CBaKO ¢ = 1,...,m
cyMa T; 3a CBe HCTHHUTOCHE BaJjlyaluje a; Koje 3aj10Bo/baBajy C; jennaka p;. OBo ce MoKe
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anrebapcku 3amcarn jieduHrcameM m X 2" marpuiie A TakBe ja je ejqeMenT (i, j) jeJHaK
1 ako a; 3azoBosbaBa C;, y cynpornom (. Onmcanu 3aXTeBH ce caJla MOTY 3allICaTH Kao:

Am = p. m > 0.

BaﬂaTaK je HCIINTaTHU Ja JIK OBaKBO 77 HOCTOjI/I.

Y pagy [52]| ce nonasu oj yumenute jga cy omucanu PSAT u MAXSAT ayasuu mpo-
oaemu ([28]), mpu wemy je omuc ommrer MAXSAT npobiiema uckasHe JIOTHKe JIAT Ca:

e Jlar je ckyn oJf m Kjay3a ca n HUCKa3HHUX CJoBa. 3a cBaky Kiaysdy C; mnara je
1es100pojHa TeXKMHA w; U JjiaTa je Bpeanoct W.

e Jla jii 1MoCTOjU UCTUHUTOCHA BaJIyalldja @ TaKBa Ja CyMa TeXKHWHa CBUX KJlay3a Koje
a 3a710B0spaBa Oyme bap W7

Y mpucryny onucanom y pajy [52] pemasa ce ogrosapajyhu MAXSAT. Jlatu ajnropuram
ce cactoju off Hu3a daza. Y cBakoj (a3u, UCHHUTYje ce HU3 O] HEKOJMKO MAJTUX JIOKATHIX
U3MeHa y TPEHYTHOj BaJIyalyju U 6upa ce MOoJHN3 ca HajOO/bUM JIOKAJTHUM ITOOOJbITAEM.
Cpaka JioKaJIHA U3MeHa y Hu3y ce Ha3uBa nojdasza. Paza uma Hajsuie n nojadasa (n je
Opoj MCKa3HUX CJIOBA).

Heka je Basyamnuja na moderky ase o3nadena ca a. Ha moderky i-Te mojdaze Bary-
anmja je a;, Ipu YeMy je OYHUIVIEJHO ) = G. 3a CBAKO MCKa3HO CJIOBO Ij, H3PadyHaBa Ce
ILEIOB IIOTEeHIjasl p;; 3a 1oiAdasy 4. OBaj noreHnuja IpeacTaB/ba PA3IuKy y IPOMEHI
Te’KUHe 3a/I0BO/BHBUX KJjlay3a y CJIydajy Ja &; IPOMEHU BDPEeTHOCT (p;; MOXKe HMaTH H
HeraTHBHY BpeJHOCT). Bupajy ce mckasHa cjioBa ca HajBehuM IOTEHIMjaioM KOja HUCY
n3abpaHa HHU y jeHOj o1 ¢ — 1 mperxoanux mojidasa TpenyTHe daze. Basyarnmja Ha 110-
qeTKy ciiesiehe daze je a;41 n g00uja ce Kaja ce y BaJyaluju a; IPOMEHU BPETHOCT U3a-
OpaHor UCKa3HOT cJioBa. TOKOM pajia aaropurma, Takohe, ce mpaTe MpoOMeHe Y TeyKUHaMa,
3aJI0BO/bUBHX Kjay3a. lIpomenspuBa A; mamMTu yKyIHY ITPOMEHY TexKuHe 10 mojdase i.
Wuannujanso je Ag = 0 u Ay = A;+p;j T1e je x; nCKa3HO ¢I0BO ca HajsehoM BpegHOMINy
pi; y noadasnu 1. Paza ce 3aBpiiabBa WK KaJla ce Ipohe Kpos csux n nojadasa, uim Kajia
HaKOH mojdase ¢ BpeaHocT A; mocrane Heno3nTtuBHa. Kaja ce dasa mpekuHe Oupajy ce
BpeiHOCTH U3 Tojdase i* 3a koju je A, Hajsehe. lckasna ciioBa ca MaKCUMAJHUM I10-
TEHIIMjaJIOM y TIPBOj ¢* nojiha3u Memajy BPeJHOCTH U MoUnihe HoBa (aza. Ajropuram ce
3aBpIIaBa aKo Cy y HeKO] a3y CBe BPeIHOCTH A; HEIIO3UTHUBHE.

Y pagy [52] cy upencraBbeHn pesyaTaTi J00MjeHN TECTHPAbeM JBe (haMuimje Ipu-
Mepa, Koje ce pas3iuKyjy 10 HadWHy reHepucama BepoBaTHOha. 3a mpBy damumimjy cy
reHepucaHu MpUMepH Koj Kojux mapamerap m (6poj Kasysa) pobuja Bpeasoctu g0 70,
JIOK 3a Jpyry daMmuamnjy mapamerap m gobuja Bpenmoctu g0 80, a mapamerap n (6poj
HCKa3HUX CJIOBA), y 00a ciaydaja, 1obuja Bpeanoctu 10 50. 3a mpuMepe Majux JUMEH3H]ja
Jjobuja ce, y oba cjydaja, BeJUKa YCIENTHOCT y pPelllaBaiby, 33 PEJIATUBHO MaJio BpEMeE,
JIOK ca TTIOPAcTOM BPETHOCTH MapaMeTpa yCIENTHOCT OMa ia 0 CUTyallje KaJja pelleme He
MOXKe Ja ce Habe.
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4.3.2 Talby nperpakuBame

Taby nperpaxkusame (eur. Tabu Search, TS) je meraxeypucruka JeTajbHO OIUCAHA
y kmwusn [nosepa u Jlaryne (enr. Fred Glover u Manuel Laguna)[30]. OcuoBre uueje
MeTOjle, Kao U aHa/m3a e(PUKACHOCTH W HeKHW IpuMepu npumene T'S meroje onucanu cy
y pagosuma [47, 95]. TS meroma 3acHuBa mpoliec IpeTpasKuBamba HA OKOJMHU TeKylier
MUHUMAJHOT periema. Kaa ce y Toky nperpakuparma Hanhe Ha JIOKAJTHI MUHUMYM, TIO-
TpebHO je JiepuHrcaT KPUTEPUjyM U3jiacka u3 mwera. Taj kpurepujym je xkox TS merose
3aCHOBAH Ha yIOTpeOW Memopuje. 3a pas3juKy OJ MeTOoJa KOje UyBajy caMoO TPEHYTHO
HajOosbe perterbe n oroapajyhy (TpeHyTHO MUHUMAJHY) BpenHocT dbyHKImje mba, T'S
MeTO/Ia MMaMTH KpeTame MPEKO pelema nmoceheHnx y HeKOJIMKO MPETXOJHUX HTepalja.
Te nndopmarnuje ce Kopucre 3a n3d60p HaAPETHOT pellemha Kao U 3a MoAuduKanmjy aedu-
HUIUje OKOJINHE Y CMUCIYy u30alliBamba HEeKuX ,3a0pamennx’ periema. O63upom HA TO
jacHo je ja okosmua N (x) pemiema 2 Bapupa o uTepanuje J10 urepamuje, re ce crora T'S
yOpaja y mporeaype Koje ce Ha3uBajy mexrnuke JuHaMu4ko2 npempartcusatvt OKOAUHE.
[Iperu3snuje, m3Bpimasame ocHoBHE Bepauje T'S merose ce cactoju y ciepehem:

® 0OBa METOJ[a CHCTEMATCKH MIPATHU MPOIEC MUHUME3aIje 3acHoBaH Ha LS mporesypu

CB€ JIOK HE JOCeTHE JIOKaJTHU MUHUMYM]

® 3aTUM Ce Ta] JJOKAJHU MUHUMYM MCKJby4yje U3 OKOJIMHE 3a IIpeTpaKuBambe U TPaxKu

MHUHUMAJTHO PEIIehe y TaKO MOJIN(MUKOBAHO] OKOJINHU;

e UICKJbyUeHa pellletba ce IlaMTe y JIUCTH HasBano] maby aucma (TL) Koja npescrasiba
3abpatbeHa pelemna y TOKY HEKOJIMKO HapeIHUX ureparuja (J1eduHucanux Iy >KuHOM

TL)

e 110 MCTeKy 3abpaHe, OBa pemema ce Bpahajy y OKoJIMHY, a HEKa Jpyra IOCTajy 3a-
OpameHa.

y»xuna taby Jmcre MOxKe OUTH IPOMEHJbUBA, ITPU YeMy OU ce y CBAKOj UTepalluju reHe-
pucao ciydajan 6poj Koju ou mpencraBbao myxuny TL 3a Ty ureparujy|15].

Kpurepujymn 3aycraB/barba MOTY OMTH: MaKCHMaJjaH OpOj UTeparmja, MaKCHMaJaH
O6poj nrepanuja namMehy aBe monpaBke HajOOBET pelierba, MAKCUMAJIHO JTO3BOJHEHO BpeMe
U3BPIIaBaba U CJIMIHO.

Cymrruna TS merosie je y Tome Jla c€ HAKOH JIOCTUTHYTOT JIOKAJIHOI MUHUMYMa, 10~
cehyjy pelema Koja He Bojie 1TOOOJbINAY BPEJIHOCTU (PYHKIIMjE IM/ba Ca UJIEjOM Ja ce
HAITYCTH OKOJIMHA TOT JIOKAJIHOI MUHHMYyMa M OoMOryhu mperpara 3a HoBuMm. Jla Oum ce
CIIPEYMJIO TIOHOBHO IOcehunBarbe HEKOr JIOKAJHOI MUHUMYMa, T3B. [UKJIUPAbe, KOPUCTH
ce Taby Jsincra (TL) y kojoj ce ayBajy 3abparena peremba.

CupedaBarbe MUKIUPaba HITje y TOTIIYHOCTU 3arapaHTOBaHO U 3aBUCH O] JTy2KUHE Tady
JiicTe. YKOJIMKO je JIy?KWHA JIUCTE TIPEBEJINKA, JUBepcuuKaIja peTpaKuBama je Beha
U MOXKe JIOBECTH JI0 T3B. CJydajHOr Kperamba (er. random walk). Ca npyre crpame,
yKOJIKO je mayzkuna TL ucysumie maJa, noBehasa ce MOryhHOCT MUKINpaiba.
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IIpumena TS metone na PSAT

Y panay [41] pasmarpa ce npumena T'S Meroje Ha permaBame mpobsema Koj Kora cy
moJia3He MPETIOCTaBKe MCTe Kao u Koj mpobsema permaBanor LS meromom: Ilocmarpa

ce CKyIl oJ m uckazuux gopmyna Si, ..., S, Y KOjuMa ce I0jaB/byje n UCKA3HUX CJIOBA
x1,...,%, ca yoouuajeaum Bynosum omeparopuma V, A u —. Beposarnoha ja je caka
0J1 TIocMaTpanux opmysia TadHa je mi,...,T,. llorpedno je mcnuratn ja Jim cy JaTe

BepoBaTHONE KOH3UCTEHTHE Ca JIATUM CKYIIOM (DOpMyJia.

Kao u npuwmikom npumene LS merose na oBakas mpo0OsieM, JieUHHINIE Ce CKYIT CBUX

HUCTUHUTOCHUX BaJsyalija w; 3a J = 1,...,2" u IOTpPeOHO je O/lpeJUTH BEPOBATHOCHY
pacioeny pi,...,Ppon TAKBY Jla je CyMa OBUX BepoBaTHONA 3a CBaKy BaJIyalldjy 3a KOjy je
dopmyita S; TatdHa, jeqHaKa T; 38 cBako ¢ = 1,...,m. OBge ce, Takohe, MOxKe JeduHnCcATH

MarTpuiia A = (aij) JuMeHsnje m X 2™ TakBa J1a je

1 ako je .S; TavHO 1IpU BaJIyaruju w
Q;: =
“ 0 y cynporHom

y KOM CJIydajy ce mpobJjieM 3ammucyje y 00Ky

1p = 1

Ap = 7

p =0
rjie je 1 jeJuHIYHN BEeKTOp BpCTe JuMen3uje 2", p U T BEKTOpU KojioHe (pi,...,pan)l u
(71, ..., 7m)T pecriekTHBHO. YKOMHMKO ce y cKyl cdbopmyiia jioja hopmyia Sy, 1 ca Hero-

3HATOM BEpOBATHONOM 7,41, IPOOJIEM ce MOXKe JIe(PUHUCATH Y TEPMUHUMA, OIITUMHU3aIlU-
oHux npobsema. Bpennocr 7,41 HUje jeIHHCTBEHA y CIydajy aa BeKTOP A1 = (Amt1j)
(@m+1,; = 1 yKOIUKO je Sp,41 TAYHO DU BALYALUJH W U Upytq,; = 0 Y CYHPOTHOM) IIPEJ-
CTaB/ba JIMHEAPHY KOMOMHAIM]Y BpcTa u3 Marpuiie A. Y CcympoTHOM, jgaTta AeduHHUII]a,
mpobJieMa UMILTATPa TpaHuie BepoBaTHohe 7, 1. Caja jgatn mpobiem Moke Jia ce 3a-
e y obJImKy
min /max A, 11p
y OJIHOCY Ha:

1Ip = 1
Ap = @
p =2 0

TS merona ce, kao u y ciydajy npumene LS merojie, mpuMmerbyje Ha JyajHU TPOOJIEM
MAXSAT. IlpemioxKenu ajaropuraM IpecTaB/ba I0jeTHOCTaB/BEHY Bep3ujy 1S meroze,
osnauer je ka0 SAMD (enr. Steepest Descent Mildest Ascent) n nar je nceymokogom 4.1

([41]).

Y pazy [40] je mocebro pasmarpan u360p napaMeTapa e, (6poj JOKaIHUX IPOMeHA) I
¢ (nyxuna Taby nucre). Vngekce j npeacTBiba MpaBiie IPOMEHe, a napaMeTap tj 0O3HadaBa
npeocTayim Opoj mTepalidja TOKOM KOjUX Cy IpoMeHe y TpaBily j 3abpameHe. Kaja ce
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Anropuram 4.1: TS anropuram 3a PSAT

CesiekTOBambe NHUAIMJAJTHOD PEIleha T;
fopt = f(xO)a Lopt = T0;
ti=0z3aj5=1,...,n;
Repeat
c/)pt = fopt;
1= 0;
Repeat
Nzabparu x), € N (xg) tako na &y = f(zx) — f(z0) = ntlino i
Lo = Tk; .
If f(zk) < fopr then fo = f(20); Topt = To; end if
If (Sk > 0 then ¢, = E;
tj:tj—lsatj >0,5=1,...,n;
1=1+1;
Until i = nyep;
Until f(gpt == fopt

Topt J€ AIIPOKCUMAIIUja ONTUMAJIHOI pellerha

HAIpABU IIPOMEHa y IpaBIly j, BpeJIHOCT napamerpa tp ce noctasu Ha (. [llto je Beha
BPEJIHOCT mapamerpa {, TO je Teke BPATUTH Ce Y OKOJIMHY JIOKAJTHOI MHUHHEMyMa. 3a
TeCTUparbe MeToJie KOpHUIITheHu cy MpuMepr y KojuMa je 6poj nckasuux cjaoa 100, a 6poj
kiay3a 500. 3a oBe IpuMepe BapHpaHe Cy BPEIHOCTU NapaMeTapa M., (y3UMaHe Ccy
speauoctu 100, 200, 500, 1000 u 2000) u ¢ (ca Bpeanoctuma 10, 15, 20,.. ., 40). Haj6oseu
pe3ysaTH Ccy IOCTH3aHU 3a BPEIHOCTH HapaMerpa N, = 1000 m ¢ = 15, npu demy je
MOKA3aHO J1a OBa MeTojla Jaje 6osbe pesymare o SA (enr. Simulated Annealing) merose.

4.3.3 Meto/ia IpOMEH/bUBUX OKOJIMHA

Metomy npomensbuBux okosmta (enr. Variable Neighborhood Search, VNS) mpejio-
xun cy Muagenosuh n Xancen (enr. Pierre Hansen) y csom pagy [80]. OcroBHa uzeja
METOJIE je CHCTeMATCKa IIPOMEHa OKOJIMHA YHyTap JIOKAJTHOT IpeTpazkuBama. Heonmxoamo
je yBecTH BHIIEe OKOJIMHA, OMJIO Jla Ce Memha MEeTPHKa y OJHOCY Ha KOjy ce meduHuie
OKOJIMHA, OUI0 Ja ce moseliaBa pacrojame y OIHOCY Ha MCTY METPHKY. IIpeioxKeHo je
1 HEKOJIMKO MOJudUKaImja, yIIaBHOM HAMEHeHUX pelllaBaiby IpobjieMa BeJIMKUX JIUMeH-
suja [42, 43, 44, 45, 46]. VNS meraxeypucTrka je 3aCHOBaHA HA TPH jeTHOCTABHE INEHEHUTIE
[46]:

1. JloKaJTHU MUHYMYM Yy OJIHOCY Ha jeJIHY OKOJIMHY He MOpa OUTHU U JIOKAJIHU MUHUMYM
y OJIHOCY Ha HEKY JIpyr'y OKOJIMHY;

2. TyI00AJTH MUHUMYM je JIOKQJTHH MUHUMYM y OJHOCY Ha CBE OKOJIMHE;

3. 3a Behuny mpobJsiemMa JIOKaTHU MUHUMYMHI y OJTHOCY Ha pa3He OKoJnHe cy MelycoOHo
OJIMCKU.
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[IpBa unmwennma onpasgaBa yBoheme BuIlle oKoanHa. JIpyra dnmeHnIia He TapanTyje
Jla pelere Koje je JIOKAJTHU MUHYMYM y OJIHOCY Ha CBaKy OJI M3a0paHUX OKOJIMHA IIPeJI-
CTaB/ba IJI00ATHI MUHUMYM, Beh J1a aKO HEKO peIlehe HUje JIOKAJTHI MUHIUMYM Y OJHOCY
Ha HEKY OKOJIMHY, OHJIa CUTYPHO HEje Tyiobasinn munumyM. llocienuna Tpehe unmenuiie
je morpeba Ja ce jeTajbHUje UCTparKyje HajOmMzKa OKOJIMHA JIOKAJTHOI MUHUMYyMa jep ce
Ty OueKyje mompasbatbe Tekyher Hajéosber perermallb.

Hedbununmja 4.3.1. Hexa je x € X npoussonno donycmuso pewere u nexa je Ny,
(k =1,..., knae ) Hexa Konauna xosexyuja yranped degpunucanur okoruna. Tada je Ni(x)
ckyn pewera y k-moj okosunu 00 xT, mj. CKYn pewera Koja ce Yy 00HOCY MG YCBojENYy
mempuky (6poj mpancopmayuja) nanade na pacmojary k 00 pewerva .

Ny

Cruka 4.2: Ynorpeba BHUIlle OKOJIMHA Y JIOKAJTHOM TPETPAXKIUBAGY

Cnuka 4.2 wiyctpyje ynorpedy BUIE OKOJUHA y PellaBarby ONTUMUBAIMOHUX ITPO-
osrema. MHOre MeTaxeypucTuikKe MeTo/le OasupaHe Ha JIOKATHOM IIPETPaKUBAY KOPUCTE
jeJIHy, HaJBUIIIE JIBe OKOJIMHE.

ITpumena VNS asiropurMa Ha npobGiieM 3aJ0BosbuBOCTH y Jjoruiu L P P§*

Y pagy [23] je nokasana nporieypa csobema PSAT npobsiema Ha mpobieM JimHeapHOTD
nporpaMupara, oK je y pasay [50] mar gerasban npukas npumene VNS ajropurma Ha
perraBame J1001jeHor cucreMma Hejegrakoctr. Onmcana mporerypa moJiasu o popmyste A,
KOja IpeJIcTaB/ba KOHjyHKImjy L rexunckux dbopmyia jgoruke LP P y kojoj yuectByje
n MCKa3HUX CJIOBa, O0JINKa

A= /\a{P*(a{) +-+ aiP*(ozi) p s
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Ba dopmyny A ce rerepuriie ogrosapajyhu cucreM HejeITHAKOCTH YUjU je KOMIIAKTAH 0OJINK

Z?il a’;i - 17
5> 0,i={1,....27},
S iz p & je{l,....L}

rjie Ce 3a CBaKy TEXKUHCKY (POpMYyJTy a{P*(a{) + -+ a{;P*(ai) p s Koja ce jasmba y
A Koedumujentu c¢;; 1o6ujajy rpynmucameM 10 BepoBaTHOhaMa aToMa ¢;; = Zlmi elod] a{ .
[Ipema pesynraruma JaTuM y pajgosuma [23, 52| y BeKTOpy periieba cucreMa (aKo perernhe
nocroju) uMa Hajsuie L + 1 wernysa speaaoctu. To suaqu na tpeba nponahu L + 1 arom
u3 ckyna csux aroma At(A) uwmje he BepoBarnohe 6uru Behe ox 0, nmpu demy 36up THX
BepoBaTHoha mopa 6utu 1. Ilceymoko koju je KopuiitheHn je garT y HACTABKY.

Anropuram 4.2: VNS anropuram 3a PSAT

x = initialSolution(); improve(x, heuristics)
while (not done())do
k=1
while (k < kpar) do
x’ = shake(z, k); improve(z’, heuristics); x” = localSearch(z’)
if (2" je 6oswe on1 ) then
x = 2”; improve(zx, heuristics); k + 1

else
k=k+1
end if
end while
improve(z, nelder-mead)
end while

SHadema KOPHUIINeHnX pyTuHa Cy ciejeha:

e initalSolution() rerepuriie HHUIIjATHO PEIEHE TAKO MITO OJ] CJIYIajHO N3aOPAHIX
10 x (L + 1) aroma ca gomessenum BeposarHohama 1/(L + 1), 6upa L + 1 atom 3a
KOj€e je TIPOIEHeHO J1a HajBUIlle YTUIYy Ha 33/0BOJHUBOCT HEjETHAKOCTH.

e improve(z,heuristics) kopuihemem XeypucTuIKUX METOJA ,[I0OIPaBba’ BPEIHO-
CTH JIOJIe/bEHUX BepoBaTHONA, Y TMJ/bY ITPOHAJIAXKEHa 0O/bEr pelerba.

e shake(z,k) nma 3a mwb J1a y k-10j OKOJIMHE n3abepe HOBH ATOM Y YHjOj OKOJIMHU

he HallpaBUTHU HOBO JIOKAJIHO IIPETPazKUBalIbE.

e localSearch(z) nperpaxyje okomuny Nj TpenyTHOr pemierma Tpaxkehu Gosbe pe-
meme. 300T BeJIMYMHE IIPOCTOpa, BepoBaTHoNe aToMa ocTajy puKcupane, a IporeHa
HOBUX DeIlleiba Ce BPIIMU CaMO HA OCHOBY (DYHKIHMje IUba, KOja je Yy OBOM CJIydajy

nedunmncana GopmyJIoM:
L

2(p) = di(p) + g(p)

i=1
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r7e je
L+1 j 2 . .
d.(p) = Yool CijDi — S aKO KOJIOHA ] HUje 3a/I0BOJbUBA
j

0 y CYIIPOTHOM
JoK dyHKImMja g(p) Mepu oJcTynamke BepoBaTHONA 01 OrpaHuverba.

e improve(z,nelder-mead) nomnpasssa BpegHOCTH BepoBaTHOha Koprctehn Hemmep-

Muy meron (enr. Nelder-Mead method) auju je jnerajban omuc JaT y MOLJIABIBY
A.2.

[Ipemioxkena mMeroja j1asta je go0pe pesysrare IPUINKOM TeCTUPatba CIyIajHO TeHe-
pucaHux 3aJI0BO/bUBUX (DOpMyJia, 9aK M y CIydajeBUMa Ca BEJUKUM OpOjeM TEeXKHHCKUX
dopMyIa U UCKA3HUX CJIOBA.

4.3.4 Tenercku ajJiropuram

lenercku anropuram (enr. Genetic Algorithm, GA) npejcras/ba MeTaxeypUCTUKY KOja
kopuctu Behin 6poj periersa (nomyanujy) u 6asupana je Ha IPUHIUIIIMA IIPHPOJIHE €BO-
ayrmuje. Merony je npsu npemioxkuno Xomang (enr. John H. Holland) y xwusu [48], a
JerajbaH OIUC MeTojie Jar je y Kibusu [32]. 3a pasiuky oJ1 JOKATHOD IMpeTpaykuBamba,
GA Bpum MoauduKanyjy peliema 10 HeKUM, YHAIIPEI 3aJaTUM, IIPABUIMMAa, UJIH KOMOU-
HOBaIbeM JIBa, WJIM BUILE pPelleiba y IM/by IeHepucaiba HOBHUX pemremha. OBakaB IIPOIEC
Tpeda, J1a CUMY/INpa PEIPOAYKIIN]Y *KUBUX OpranusamMa y npupoan. Perema, Koja cy dia-
HOBU HEKe NONYAauuje MeIajy ce U MPpOu3BOjIe nomomke Koju Ou TpebaJio j1a 3a1prKaBajy
J100pe ocobmHe cBojux npedaxa. OCHOBHA HJeja METOJIE je Jia ce n3abepe WHUIMjaHa, 0-
myJIamyja 1 Ja ce 3aTHM KPO3 HU3 MeHepaliija eBOJIyUpaiba Te MMOIYJ/Ialllje BPIIK IIOIPaBKa,
TPEHYTHO HajOOJ/ber pelllermha NPpUMeHOM oreparopa. OCHOBHHU OLEPATOPU Cy yKpuimarse,
mymayujae u cesexyuja [15]. Omrru agropuram oBe MeTOJE je JaT MCeYI0KOI0M 4.3.

Anropuram 4.3: Onmru GA ajropurtam
PopulationInit(N);
Repeat
for(i =0; i < N; i++) f; = ObjectiveFunction();
// Kpeupame HOBe renepaiuje
Selection();
Crossover();
Mutation();
Until (3a10Bo/beH KpUTEPHjyM 3ayCTAB/bAA);

YV 3aBuCHOCTH 071 TTPOOJIEMa KOjH e peliaBa, cBaka 0Ji KOPUITheHuX (pyHKIIFja ce MOXKe
UMILJIEMEHTHPATU Ha BHUIe HAaUYWHA. BpJo 9ecTo ce HaBeJIEeHU OIEPATOPHU He IMPUMEY]y
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Ha caM IIPOCTOD pelllera, Beh ce pelrema KoAupajy HU30BHMa CHMOOJIa HEKOI KOHAY-
wor ajabera. Hajjennocrasuuje je 6unapuo xopupame (0 — 1 cumbosinma), Maja cy y
yHnoTpebu u CJIOXKeHUja KoJupama. 300r jeJHOCTaBHOCTH, HaBeJeHU orepaTopu Ouhe 00-
jarnmmenn Ha npuMmepy OwHapHOT Kojupama. OBakBa perpe3eHTallja pPellemha HA3UBa Ce
jedurka TOyJIaIje WA TPOMO3OM, JTOK Ce CBAKH O] CUMOOJIa HABUBA 2€H.

PopulationInit(/N) npejcrasiba n360p HHAUIMjATHE TOMyIaIje Koja cagp:xku N je-
JuHKU. YecTo ce oBaj CKyIl MHUIMJAJTHUX pelieiba Oupa Ha CaydajaH HaduH.

ObjectiveFunction() ce medunurie na 6u ce 3a CBAKO pelliembe y MOCMATPAHO] MOILY-
JIATUAJU OJIPEJINO KBajuTeT  u3padyHaBambeM (byHKIHje isba (9ecTo ce KOPUCTU M HA3UB
fitness). OBa dyukimja Tpeba 1a IpecTaB/ba HOPMAJIN30BAHO PACTOjalbe KOHKPETHE je-
JINHKe 0] HajOo/be jeJIMHKE Y TOMYJIAlujU UM OJ] TPEHYTHO HajOOJ/ber pellerba.

Selection() mnpejcrasiba puMeny oneparopa cejieknuje. Ha ocuoy BpeasocTn (byHK-
yje [U/ba PA3JIUIUTUM MeXaHU3MUMa (pyJier, TYPHUD, YHU(MOPMHO, eJIUTUCTHIKY) Ou-
pajy ce jeanHke koje he pobutn mrancy ja upely y ciemehy renepariujy, 6uao Helpome-
IbeHe, OUJI0 KPO3 CBOje IMOTOMKE.

Crossover() je mpuMeHa orepaTopa YKpIITamba KOju ce MoxKe jeduHHcATH Ha pa-
3ananTe HaunHe. Pernema n3adpaHa OmepaTopoM CeJIeKIrje, MOTY Ja ce TPYIHUIILY Y Ia-
poBe umjuM he ce yKpIITameM JOOUTH JiBa HOBA MOTOMKA, MEDYTHM, YKPIITae MOXKe
Jla YKJBYUHU U BUINE JeJIMHKUA YUMe ce J00uja U BUIEe IOTOMaKa. YobudajeHa mporeypa
YVKpIIITalba je Jga ce m3abepy JBe jeJMHKe U Jla ce Ha cilydajaH HaduH mn3abepe MO3UIN)ja
y KOsy of Koje he ce m3BpmmTH 3aMmeHa. Ha mpumep, ako je KOJ my:KnHe 8 OMHAPHUX
cuMbosIa U 3 je MOo3WIMja 3aMeHe TaJla ce YKPIITame MOXKe U3BeCTH Ha cjenehn HavuuH:

1 01

0010_>10101111
0 1 111 0001O0O0T1O0

O =

VKpInTame jeJuHKr MoxKe OuTr u Ha Buiie nosutja. [locTroju Besmku 6poj MoryhHocTn
HadyuHa n300pa JiBe jeIMHKe 3a IIPUMEHY ollepaTopa YKpIITama. decTo ce jeinHKe Oupajy
Ha OCHOBY PeJIocJie/ia Y TOIyJIalnju, a Takohe je Moryhe yBectu n u360ope Ha OCHOBY IIPU-
MeHe olepaTopa BepoBaTHONE, KOJUM ce TPoIewmyje Jia he jJaTu nap je JMHKN TPOU3BECTH
HOBO Haj00/be Pelllernhe.

Mutation() je onepaTop KoMe ce TOABpraBajy CBe jejInHKe JI0OUjeHe HAKOH IPUMEHE
orepaTopa ykpinTama. [lub npumene oBor omeparopa je ,lpoMeHa’ T'€HETCKOT MaTepu-
jaja Koja Tpeba Jla ycMepH MOTpary Ka HEeHCTpayKeHUM permoHuMa. HajjesHocraBHuju
o0OJIMK MyTallfje je Jia ce Ha CJIydajHO n3abpaHo] IMO3UIUjH TPEHYTHU CUMOOJI 3aMEeHHU HO-
BuUM cuMmbosiom. Ha mpumep, myTanuja Ha MO3UIMAjU D Yy OMHAPHOM KOy JIyKUHE 8 OU
naja cienehn pesysarar:

10110010 — 10111010

Hakon 3aBpierka oBux oneparnuja 1ooduja ce HOBuX N jeJIMHKN Koje 3ajeJTHO ca jeInH-
KaMa TeKyhe momyramyje KOHKYPHITY 3a yla3ak y ciejiehy reneparmjy.
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I''TABA 4. METAXEYPUCTHUYKE METO/IE

Kpurepujym 3a 3aycraBparme MOKe OUTH MaKcuMaJsiaH Opoj reHepalinja, Opoj renepa-
1uja 6e3 monpaBKe TPEHYTHO HajOOJber pelllermha, MaKCHMAJIHO JT03BOJHEHO BpEMe U3BPIa-
Barba U CJIMIHO.

ITpumena GA merone na PSAT y sioruru LPP§*

Y pagosuma [85, 86| je meraspro objamtmen noctynak npumene GA merone na PSAT.
Kao n npuaukom npumene VNS merome Ha oBaj mpobisiem, mocMaTpana je dopmyriaa A
on L Texxkunckux Qopmysia y KojuMa ce jaBba k mcKaszHux cjioBa. Tpancdopmaryja Ha
ojiroBapajyhu cucreM ce Bpmu Ha uctu HadwH. [Ipu permasamy mpoOsiema, jeduHuUIe
ce MOIyJIAIMja jeIMHKH, [IPU YeMy ce CBaKa jeJMHKa cacToju o1 L maposa obJHKa (aToM,
BepoBaTHONA) YKMe ce OIKCYje BEPOBATHOCHU MOJIEJI. 3a OlehIBabe jeIMHKI KOpHIIieHe
cy nBe pasyimunte dynkiyje. [IpBa dynknuja ¢ npejcraBba yKynan Opoj TeKUHCKUX
dbopmyna u3z A koje cy taune 3a jeaunky M, mro 3Haun Ja ako je t(M) jennako L tana je
M pememe. [Ipyra dpynxiuja d npejcraB/ba Mepy HE3a0BO/BUBOCTH jejuake M u mma
00K

2

L 2k
d(M) = Z Z CijTq — s
i=1

j=1
[usb je dbyskiujy d ceectu Ha BpejaHocT 0.

[Tomynamnuja y omucanom MeToy ce cactoju o 10 je TuHKH, cesIeKInja ce BPIITU PaHT1-
pameM, YKPIITame je y jeJHO0j MO3UIIjU U NIPUMemheHa je jeJIHOCTaBHA MeToJia MyTalluja
ca BepoBatnohom 0.03. ¥V merojy je jojaTa U jeJITHOCTaBHA XEYPUCTUKA KOja HAKOH, Ce-
JIeKIInje, 3a jeJMHKe IOoNpaB/ba TPEHYTHE BEPOBaTHONE aToMa.

Y pajy [86] cy mpukasaHU pe3yaTaTH TeCTHpama KOju Cy obyxBaTwin (popMmyse pa-
3/IMYUTUAX BeJIMYUHA, IpeIu3Hnje, Opoj nckasHux cjiosa je Bapupan oj 50 jo 200, a 6poj
texxunckux dopmyna o 50 o 1000. 3a uzabpane mpumepe KopuiheHe Cy pPas3ImdIuTe
BapujanTe GA MeToze KO KOJUX Cy Ce Pa3/IMKOBaJU OIEPTOPH MyTalldje, BepoBaTHOhE
MyTallje, a HeKe Cy YKJ/by4YMBaJie U IMPOIE/ype JIOKaIHe mperpare. ¥ pe3yJiTaTuMa je
MIPUKA3aHO JIa YCIIEITHOCT y PelllaBaiby pacTe ca rmoBehameM BepoBaTHOhe My Taluje, Mehy-
TUM KOJ| MaJIUX IPUMepPa YCIENTHOCT, HAKOH oj[pehene BPeHOCTH BepoBaTHONEe MyTalyje,
MOYMIbE JIa OIaJla, IOIITO IMPOIE/lypa TOUNhe JIa ce MOHAIla Kao IPOIEIypa CaydajHe
nperpare. Takobe je Koj Behux mpumepa IOKa3aHO Jla MyTalldja aToMa MMa Behu yTu-
1aj ojl MyTtaluje BepoBarHohe aToma. /logaBame mporie/rype JTOKAJIHOT ITPETPaKuBatba y
aJIrOpuTaM je ToBehaso yCIentHocT y MpoHaJIaKemy pellemnha.

4.3.5 KombOmHOBame MeToda, XNOpUan3alija
Beh je peueno j1a HujeHA MeTaAXeyPUCTUYUKA METO/IA HE TAPAHTYje ONTUMAJHOCT 100U~

jeHor perema. Jax je u polieHa KBaJuTeTa pPellemha N3y3eTHO TellKa. Pa3sHuM MeTojiamMa
nopehema, oKa3aHo je Ja He MOCTOjU XEYPUCTHUKA KOja je jeTHAKO YCIICITHA, 38 PEIaBarhe
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I''TABA 4. METAXEYPUCTHUYKE METO/IE

cBakKor mpob/ieMa, 1a JakK 1 3a pa3jnduTe BapujaHTe UCTOI IIPOOJIeMa MOYXKE ce TTOKa3aTh
Jla Cy HeKe XeyPUCTUKE YCIIENTHUje O JIPYTHUX.

Jla 6u ce nmoehasia epuKacHOCT MeTaxXeypPUCTUIKUX METo/la, CBe delrhe ce mpubdberaBa
KOMOWHOBaIbY, XUOPUIN3AII)U, JBE WK YaK W BUIIE METaXeypPUCTUIKUX METOHa. ¥ JIU-
reparypu ce decro Mory Hahum kombunarnuje GA u TS, wain GA u LS, wim VNS u TS u
canano. Ocum Tora Mory ce Hahn 1 KOMOMHAII]e MeTaXey PUCTUIKIX M er3aKTHIX MEeTO/1a,

[15].

Y pany [87] mpukaszana je kombunamja GA u VND (ckpaheno oz Variable Neighborhood
Descent) 3a pemasambe npobiema 3ag0BospuBoctu opmymna LPPs™ noruke. Tecrupama
KOja Cy IIPHUKa3aHa y pajly CaJprKe Mepy YCIENIHOCTH y JIOKA3UBakby 3a/I0BOJUBOCTU U
BpEMeHa, M3BPIIaBarba IPorpaMa 1o/, UCTUM yeJIoBuMa. Jlobujeru pesysaTu ¢y MoKasaJn
Besinky cynepuopuoct xuopuga GA-VND y ognocy na npumeny camo GA meroje.

4.4 Metoaa onTuMMB3aIje KOJOHNjOM ITIeJia

Onrumuzanuja KosouujoM muesna (Bee Colony Optimization, BCO) npezcrasba HO-
BUjY MeTaXeypPUCTUIKY METOJIy HWHCIIUPUCAHY TPUPOJIOM, ITIPEII3HI]je TOHAITAbEeM TIesa y
norpasu 3a xpanoM ([17, 72, 73, 74, 118]). Osa mMeraxeypucrudka MeTojia MpHUIaa KJIacu
MeTO0/Ia HHCIIUPUCAHUX MHTEJIMIeHIjoM rpyIe (poja, Kojouuje, enr. Swarm Intelligence).
OBoj Kstacu MeTo/ia Takohe MpUIaajy u ajroputmu nHcenupucanu MpasumMa (Ant Colony
Optimization), 6akrepujama (Bacterial Colony Optimization), cusum BykoBuma (Grey
Wolf Optimizer), ciaenum wmumesnma (Bat Algorithm), nmysnm cucremom (Artificial
Immune Systems), ceernehum npsuma ( Glowworm Swarm Optimization) m MHOTU IDYTH
[11, 121, 122, 123|. Ocnosra uzneja BCO merosne je ja ce MCKOPUCTH CAMIHOCT n3Mmely
HAaYMHA Ha KOjU IMdesie y MpUpoan Tpayke xpady [10] m HaumHa Ha KOjU ONTHMU3AI-
OHM aJIFOPUTMH TPayKe ONTHMAJIHO DeIllerme ONTHMu3aIonor npobiaema [116]. Ocum
ocuosre koucrpykimorne BCO merosie, passujena je Bapujanta ca nonpaskom BCOi (BCO
improvement) Koja yMeCTO KOHCTPYHCAba PEIllerha, BPIIH TOMPABKY 1I0CTOjehnX peremna
[16]. Ocum npu permaBaby pasHux KombuHaropaux rnpobsiaema, BCO meroja ce nokasasa
BPJIO TIOY3/IAHOM TIPH PEIIaBaby Pa3InIuTUX HECTAHIAP/IHAX IPoOIeMa, MOy T Ipobiema
KOjU caJip:Ke HemperusHe mojarke |78, 117] win yK/bydyjy BuUille ONTUMU3AIAOHUX KPUTE-
pujyma [120]. Nnak ona panuje Huje KopuiilieHa 3a pelnaBamme npobjiema 3a/10B0J/bUBOCTH.
VY nacraBky he OuTH OmMCaHO MOHAIIAE TTUesIa Y IIPUPOJIH, KOje je MTOCTYZKIIO KAO WHCITH-
paruja 3a pa3Boj Metose, kao u omnmtu BCO ajnropuraM Koju je KopuiiiheH 3a perraBarmbe
IIIPOKE KJrace mpoodsieMa.

4.4.1 IlIvene y npupoan

[Tgene y npupogu Tpaxke XpaHy HIpeTpaxKyjyhu 1mo/ba y OKOJUHHM HHUXOBE KOIIHUIIE.
OHe cakyIbajy U CKIAIUINTE XpPaHy KOjy KacHHje Kopucre u apyre mdeie. Hajuemrhe,
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I''TABA 4. METAXEYPUCTHUYKE METO/IE

y HOYETHOM KOpaKy CakKyIll/baiba XpaHe, ITdeje-ICTPaXKUBadu MPETPazkyjy OKOJIUHY KO-
maue. Hakxon 3aBpiieHe mperpare mdese-NCTpaKuBadu ce Bpahajy y KOIIHUILY U HH-
dopmurry ocrase myese y KOIIHUIU O JOKAIM]U, KOJUIUHA U KBAJUTETY DPACIOJJIOKIBE
XpaHe y 00JIacTu KOjy Cy HpeTpazkKuje. ¥y Caydajy jJa cy IPOHAIlIe HEKTap Y UCTPayKeHO)]
00J1aCcTH, ITYese-UCTPaXKUBAdN LIy Y KOIIHUIIM U TUME ,peKJIaMUpajy’ JIOKaIujy ca
xparoM oxpabpyjyhu ocrase wianune Kosonuje na ux npate ([10]).

YKOMKO TT4esie oJIyde ja HaIycTe KOITHUILY U CaKyILbajy HEKTap, oHe he MmpaTuTu
myesie-uCTpaykupade Koje cy ,Iuiecase’; 10 OTKpUBEHe JIoKaluje ca XxpaHoMm. Hakon ca-
KyIlJbalba HEKTapa, 1maese ce Bpahajy y KOIIHUILY U CMEIITajy cakylubeHny xpany. Hakon
Tora je Moryhe HEKOJIMKO CIleHApHja:

1. muema MoXKe J1a HAIYCTH JIOKAIIA]y Ca XPAHOM ¥ ITOHOBO IIOCTaje HeOIpee/baHn
cJ1eI0EHIK;

2. myesa MO¥Ke Jla HACTABU ca MPUKYI/babeM XpaHe ca MIPETX0/IHe JIOKAIje, TTPU 9eMy
nehe ,perypyroBaTn’ ocTaTak KOJOHH]E;

3. muejia MOXKe ,,IIJIecoM’ Jia perpyryje Jpyre Idejie U3 KOITHUIE IIpe Hero INTO ce
BPaTHU IIPUKYIL/balby XpaHe.

[Tuesa ycBaja jeany o HaBeJIeHUX MOTYNHOCTH, a YKOJIMKO BHIIE ITYesia MOKYIIaBa UCTO-
BPEMEHO Jla perpyTyje mdejie n3 KOITHUIE CBOJUM ILIECOM, TaJla HHUje jJaCHO KaKO IT4esie
oIy uyjy Kojy he ,uremyhy” maeny ja mpare, MaJja ce MOXKe 3aK/byIUTH Ja 300D 3aBUCH
on1 kBasmrera u3Bopa xpane [10]. Onucanu mporec ce HacTBajba CBe JOK Ce Y KOIIHUIIN
CaKkyI/ba HEKTap U JIOK Ce MCTPaKyjy HOBEe 00JIACTU ca MOTEHIHjaJHUM HU3BOPOM XPaHe.
OBo cy k/byunu apymentu 3a paspoj BCO anropurma.

4.4.2 BCO aaropuram

Jlyauh u Teomoposuh cy y cBojum pagosuma |72, 73, 74] npBu Koju cy KOpHCTHIN
IPUHITAIIE KOJCKTHBHE MHTEIUTCHIINje ITUesia 3a pelaBambe KOMOMHATOPHUX OITHMUI3a-
moHnx npobsema. OCHOBHa Wj€ja je Jla ce HApPABU CHCTEM MYJITH-areHara (KOJOHHja
sewmavkur nueaa) Koju he tpaxkuTu J0OpO pelleme 1pobiema, Kopucrehn mnpuniuie
KOje KOPHUCTE IT9eJie MPUJINKOM CaKyIl/balba HeKTapa. Kojionuja BemTadkux miesia je Je-
cro Beoma MaJia (Ha mpumep 5 10 10 myena). Tokom morpare 3a periemem maese capalyjy
1 pasMemyjy nHdopMaliije y 1u/by IpoHajazKkema 0osber perea. KopuirhemeM KoJiek-
TUBHOT 3Harba U padMeHoM nH(pOpMaIlija, mdeje ce KOHIEHTPUIIY Ha 00JIaCTH KOoje BUIIIe
obeharajy. Kopak 1o kopak maesie rpaJie u/uiu momnpas/bajy cBoja pemewma. BCO morpara
ce obaBJba 110 UTEpalujamMa JOK ce He UCIIYHU HEeKHU OJ1 yHaupes JedUHICAHIX YCI0Ba 32
3ayCTaB/barbe, KOju €y Beh MOMEeHyTH MPUINKOM OINCA JPTUX METAXeyPUCTUIKIX METO/IA.

[Tonynanuja BemTaykux myesia ce cacToju oj B mHAuBHIya KOje y capajiibl TparKe
ONTUMAJTHO perrerbe. CBaka BellTadka IT9e/1a je OJArOBOPHA 3a jeHO pellleme MmpobJemMa.
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Autropuram ce cacroju of jBe dasze Koje ce CMemyjy JIeT yHaIpej/ser yHasaJ (eHr.
forward pass/backward pass) bopmupajyhu jegan kopak aiaropurma. Tokom Jsieta yHarmpe
mvesia UCTPaXKyje MpPOCTOp pellieiba U IpUMEIbyje YHAIpe JeduHrucane Kopake KojuMa
IpaJii u/Win HoIpaBba periembe. Jler yHazas je dasa TOKOM Koje ce obaBjba pa3MeHa
nndopmanmja Mehy muerama. Jler yHarpesm u Jiler yHazaj[ ce TOKOM jeJHE UTepalinje
cMmerbyjy NC nyrta, a Bpemnoct mapamerpa NC' 3aBucu oJ KapaKTEepUCTHKa ITPodJeMa.
Vkoauko je Bpeanoct mapamerpa NC' maja, mdesie perko KomyHunmpajy. Ca moseha-
weM BpegHocTu napamerpa NC' muese ydecrasuje pa3Memyjy nHdopMaIyje 0 KBAJIUTETy
perremna.

YKOJUKO y U3rpaJitbu periema ydecTByje B muena o3nadennx ca: [luema 1, [Tuena
2, no Iluena B, koje rpajie pememe o1 n KOMIOHeHTH u ako je NC' = n, Tajga oHe y
CBaKOM JIETY YHAIIPE/I MOTY CBOM peIIerby Jia J0/1ajy 1o jeHy Komronenty. Ha ciaunm 4.3
je mpuKazaHa je/iHa oJ MOTYNUX M3rPa/iibl THX pellerha HAKOH 3 JieTa YHAIpe, YKOJIUKO
He JI0JIa3U JI0 perpyraiyje Mehy TuM maesama.

[Tuena 1

[Tuena 2

>

_—

ITyena B *

W i
10 EBEOO

4

L
4
A

Ciuka 4.3: Usrpajma periema HAKOH 3 JieTa yHAIPe/T

Hakon mobujarba HOBOT (HApIHUjasHOT) pelllerba, MUesie pasMemyjy uadopmaiumje -
daza Jser ynazaj. ¥ npupoju mdesie ce Bpahajy y KOIIHHUILy W PUTYaJOM ILieca oda-
BEIlITaBajy OCTajle O XpaHU KOjy Cy Haluie. Y aJropuTMmy, JeT yHa3a/ [MOYUEE OIEHOM
KBaJIUTeTa pellleiba CBaKe Ivdejie, Tj. padyHa ce BPEJIHOCT (DYHKIMje IU/ba 38 TPEHYTHO
pememe. Hakon Tora, cBaka mdesa ojjydyje, ca ojapeheHom BepoBaTHOhOM, Jjia i he
ocTaTu BepHa (JIojaJiHa) CBOM pelliery uin He. [Ipu oBoM ojyrydnBaby, mdesie ca 60/buM
periereM nMajy Behy MIaHCy Ja OCTaHy BepHe CBOM pelierby. Hacympor muenama y npu-
pO/iu, BeITavKe Iiesie Koje Cy OCTajie BEpHE CBOM PeIllelby, YjeIHO BPIe U ,perpyTanujy’,
Tj. BBUXOBO PeIlebe pa3zMarpajy u apyre mdaejie. Kaja mae/a HAIyCTH CBOj€e pellierhe, OHa
[I0CTaje Heolpeie/beHa U Mopa Jia ojabepe jeJIHO O/ peKIaMupanux permemna. OBe omyke
ce, Takobhe, jloHOCE ca ojpeheHoM BepoBaTHOhOM, Tpu YeMy 0O0Jba pelierma uMajy Behy
mancy ja Oymy msabpana. OBuMe ce y CBAKOM JIeTy yHa3aJl I4ese Jiejie Ha JiBe IpyIle,
Kao I1ITO je ToKa3zaHno Ha cjury 4.4, rje je R mdesia ocTajgo BEPHO CBOM DPEINIebYy U BPITH
perpyranujy, a B — R mdena je Heonpejembeno. Bpeanoctu R u B — R ce Mory memaTn
OJ1 jeJTHOT JieTa YHa3a/l J0 JAPYTOT.
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Cnuka 4.4: Perpyraruja Heompeie/beHUX T9es1a

Hakon miro neompejie/bena mdesia mpey3Me pellerhe JApyre mdese, y ciejiehem Jery
yHAIpeJl OHA HACTaB/ba Jla IPaJi IPEY3EeTO PENIeHhe, HE3aBUCHO O] ITYeJjie Yhje je PeIemhe
npeysero. Ako y curyannju ca cauke 4.3, [Tuena 2 npeysme pememse [Tuene B, y cienehem
JIETY yHaIpeJl HacTaB/ba I'PaJiiby TOT pellerha u JIoduja ce cuTyalnja Kao Ha caund 4.5.

ITuena 1

N s

Cinuka 4.5: HacraBak m3rpajiibe pelerma HaKOH [IPEY3UMarba, PeIierha JIpyTe maesie

JIBe daze ayropuTMa mperpare, JieT YHAIIPE | JIeT YHa3a/l, Ce CMembY]y y UJbYy 1001~
jama perema (110 jeJIHO perrerbe 3a cBaky mueny). Hakon NC' cmena oapelyje ce Haj6obe
perere u THMe ce 3aBpiiasa jenna urepaiuja BCO (BCOI) asropurma. Hakon oBora csa
periema ce 6pury u nouutbe HoBa urepanuja. BCO (BCOi) anropuram ce u3Bpiiasa ure-
parujy 1o uTeparyjy J0K ce He UCIIyHe KPUTEPHjyMU 3a 3ayCcTaBjbarbe (MakcuMasan Opoj
uTeparnyja, MakcuMaJjiaH Opoj ureparuja 6e3 MONpaB/bamba Pellebha, MAKCUMAJTHO JTI03BO-
JHEHO BpeMe mM3BpIaBama 1 candHo). Ha kpajy ce Hajbosbe pereme Bpalia Kao KOHAYaH
pe3yaTaT aJaropuTMa.

[nagua npegroct BCO (BCO1) anropurma je Masu 6poj mapameTrapa KOju ce ToJera-
Bajy Ipe MOKpeTamba ajiropuTMa;

e [ - bpoj muesa Koje y4ecTByjy y peniaBamby npobsema;
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e NC' - Bpoj sieroBa yHanpes (yHa3al) y jeJIHO] UTepaIuju.

Jennocrasrocr niceynokoga BCO (BCOi) anropurma je takolhe Besmka mpeaoct. Tlce-
VJI0KO/T, je TIpuKa3aH aJroputmom 4.4.

Anropuram 4.4: BCO ajropuram
Do

Uunnpmjanusanmja (IpasHOr) Pellema 3a CBaKy Y€y,
For (s =0;s < NC;s++)
//Jler yuarpes,
For (b=0;b < B;b+ +)
NzpauynasBame Mmoryhux Kopaka;
Cuyuajan u36op U nNpuMeHa jeJHOT KOpakKa;
//Jler yHazan
For (b=0;b< B;b++)
Otena (JIeTMMIYHOT /KOMILJIETHOT' ) pellierba 3a 1maeity b;
For (b=0;b < B;b+ +)
O yKa 0 JI0jaJTHOCTH IT49ejie b TPeHYTHOM pellemny;
For (b=0;b< B;b+ +)
If (b je meompenesbena) ciaydajan u360p perpyrepa;
OrieHa CBUX pellieha 1 MPOHAJIaXKehe Hajoo ber;
While (kpurepujym 3a 3aycraB/bambe HUje UCIYHEH);

Heraman onuc npumene BCOI anropurma 3a JgoKasuBarbe 3aJI0BOJBUBOCTU (hOPMYIIa
sgoruke LPC P 6uhe nat y mnoryiasiby 5, 10K je qudOJITHO 3aK/byINBaHE ITPUMEHOM OBOT
aJTOpUTMa JIaTO Y TOIJIaBJbYy 6.
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I'taBa 5

IIpumena meTojie onTIMU3AIIN]e
KOJIOHIJOM MYeJjia Y BepOBATHOCHUM
JIOTIKaMa

Y oBom moryaBsby he 6utu meraspbHO ommcaH HaunH nmieMenTannje BCO1 meToe 3a
perraBame mpobsema 3a,,10BosbuBoCTH (hopmyiia jjoruke LPC P, 1j. 3a npobiaem CPSAT-¢.
[Topes Tora, buhe mpukazanu pe3yaTaTu J00UjeHH TeCTUPHEM, Kao u ropeherbe 100ujeHnx
pesyiTara ca pesyiararuMa jgobujeHuM npumeHom Pypuje-Monkuu meroje Ha mpodIemM

CPSAT-e.

5.1 IIpumena BCOi aaropurma uHa npobgem CPSAT-¢

Y nemy 2.3 je onucaH MexaHU3aM 3a CBOhere mpobJieMa 3aJ0BOJLUBOCTH JTaTe KOH]YHK-
1je BepoBaTHOCHUX (hopmysia A Ha cucreMm JmHApHUX HejeaHakoctu. OBUM ce mpobiem
CPSAT-¢ cBoir Ha T1pobIeM JIMHEAPHOT IIporpaMuparma Hal BepoBarHohama. Ha ocnoBy
pesyiTara, objaB/beHUX y pagoBuMa [23, 28, 50|, 6poj aTtoma ca BepoBaTHOhama Belimm
oz 0 moTpebHUX Jla TapaHTyjy pelleme j1obujeHor cucreMa (YKOJIUKO PeIlere MOCToju) je
L+ 1, rne je L 6poj nejerHakocT y JT0OUjEHOM CUCTEMY HejeHAKOCTH. Y JTOOUjEHOM CHU-
CTEeMy Ce He HaJa3u yCJIOB Jla je cyMa BepoBaTHOha cBUX aToma 1, ajiu ce OH oJIpa3yMeBa,
I1a je U3 TOr pasJjora ImoTpedHO Ja ce BeKTopy peniewma Hahe L + 1 atom, a He L. /laxie,
pelrene CUcTeMa ce MOXKe MPeJICTaBUTH BeKTopoM of L + 1 atoma

a = [CLl, ag, . .. ,CLL+1]
riaejea;, ¢ = 1,..., L+1 arom u3 ckyna cBux aroma At(A), ca noge/reHnM BepoBaTHOhama
T = [1’1,272, c. ,ZL’LJrl] .

Beposarnohe atoma koju ce He Hamase y Bektopy a cy 0. AKo je mosHar BEKTOp a4 =
[a1,as,...,ap 1] KOju mpejcTaB/ba PeIlemhe CUCTeMa, Taja Ce CHCTeM MOXKe 3aIliCaTH Y
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ckpahenoMm 06JIMKY

L+1
> cyripi 0, i=1,...L (5.1.1)
j=1
rae cy ¢i; (1 =1,...,L,7 =1,...L + 1) roedunujenrn 100HjeHN IPYINUCAILEM Y3 BEPO-
BaTHONy x; aroma a; u p; € {<,<,>,>} (i=1,...,L).

Nnvmemerntupann BCOi anropuram ce cacroju o derupu ¢dasze. Ilpea dasa je na
[IOYETKY CBaKe UTepallije U OHa IIPEeJICTaB/ba N'eHEPHUCAIbe NHUIIN]AJHOT PEIleiba CHCTEMA.
Toxkom jgpyre dasze Bpiu ce momudukanuja pemiema. Paze Tpu U IETUPU UUHE JIET
yHa3aJ, [Ipu deMy ce y (pa3u Tpu BpIIK Hopeherme pelrema, JI0K ce y ha3u deTupu 00aB/ba
perpyraruja. Y HacTaBKy he cBaka of daza OUTH jeTa/bHO ODjallmheHa.

5.1.1 HWMuunmjajaHo penieme

Craka nreparuja BCOi ajropurma 1movnibe reHepucameM U OIeHOM HHUIHjAJTHOT Pe-
mema 3a CBaky mdesy. Hajmpe, cBaka mdesia Ha ciaydajaH HaduH reHepuie 5 X (L + 1)
pazmmanTux atroma. CBakoM aToMy ce jaojesbyje ucrta BeposarnHoha 1/(L + 1) n omena
aToMma Koja IIpeJicTaB/ba MePy yTHUIlaja TOI' aTOMa Ha 3a/I0BOJbUBOCT HejeIHAKOCTH.

Aromy ay, (k € {1,...L + 1}) oarosapa KoJOHa ¢ = [Cik, Cok, - - - ,ch]T cucrema
(5.1.1). Ako je KoeduIHjeHT ¢;;, TOZUTUBAH U HAJIA3U CE Y HEjeIHAKOCTH Y KOjO] je cuMOOoJI
pesanuje > Wind >, OH Ce MOyKe UCKOPUCTUTH Jia ,,1IoTypa ~’ Ka 3aJ0BO/bUBOCTH T€ HEje/I-
HaKOCTHU. Y OBOM CJIYYajy ce BPEJHOCT TOTI KoedHInjeHTa JIo/aje Ha OIleHy ojroBapajyher
aToMa. ¥ ciaydajy jJa je cuMm00JI pesannje < Win < aToM He JOIUPUHOCH 3a/I0BOJbUBOCTHU
Te HejeJHAKOCTH, T1a Ce BPEIHOCT KoedulnjeHTa ony3uMa o ornene. CinanHa cutyarmja je
1 KaJia je KoeduimjenT Heratupan. Ha ocHOBY oBora, oleHa aToMa @y Ce MOYKe padyHaTH

1o popmyJin
L

grade(ay,) = Z it - sen(i),

=1

rje je sgn(i) 3HaK i-Te Heje[HAKOCTH CHCTeMa

sgn(i) = 1, ako je p € {=,>},
g = —1, akojepe€ {<, <}

3a cBaky muesty (opMupa ce MHUIUJATHO PEIlerhe Tako MTo ce o1 5 X (L+ 1) renepucanmx
aroma 6upa (L + 1) aroma ca HajOoO/bMM OIEHAMA.

5.1.2 Momudukanuja periema

Ocnosuu kopak BCOi metojie je momudukamja pereba Koja ce BPIIA y CBAKOM O/1
NC' nerosa yHampes y OKBADY jeJiHe UTepaIije. 3a OIeHy BEPOBATHOCHE PACIIOJesie Ko-
puctu ce byHKIMja usba. CyHKIU]ja IU/ba Ce y OBOM CJIyuajy JeduHuiie Kao pacrojarmbe
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JIeBe U JiecHe cTpaHe HejeqHakocTn cucteMa b.1.1. Heka je a TpenyTHO pereme, byHKIHja
uba 2z ce jgeduHUIIe Kao

2(z) = Zdi(x), (5.1.2)

rie je d;, pacrojame usMelly seBe u jecHe (BPeJHOCTH JECHUX CTpaHA HEjeTHAKOCTH Y
cucremy cy 0) i-Te HejeHakocTH, JedUHUCAHO Ca

L+1 2 . . .
(22,21 cijry)?  aKo i-Ta HejejHAKOCT HUje 3a/10B0JbeHa,

0 y CYIPOTHOM.

di(z) = (5.1.3)

Bpemnoct dynkmnuje mmba je HeHeraTUBHA U Wb je Jia rmoctane (), y3 ycJiOB orpa-
HUYera BepoBaTHONa (BpeJHOCTH x; Cy HeHeraTHBHE W muxoBa cyma je 1). Wnak, Huje
JIOBOJbHO J1a BpeJHOCT (byHKIHje Iuba j100mje BpegHocT 0, 300T HejeHAKOCTH Y KOjuMa
je 3HaK pejaluje < WiId >, a BPEJHOCT JieBe cTpane je 0, na Te HejeJTHAKOCTH HUCY 3a/10-
BOJbEHE.

VKOJIMKO pelierbe Huje MpoHa)eHo KOPUCTHU e XCYPUCTUUKN ITPUCTYI 3 TONPAB/bAHE
BepoBaTHOla n3abpaHux aToMa, CIUTHO Kao y pasy [50]. OBa xeypucruika ontumusanija
Cce CacTOoju OJ1 JiBe He3aBUCHe XeyPUCTHKE Ha3BaHe HAjropa HE3aI0BOJbIBA IIPOjeKInja, (€HT.
Worst Unsatisfied Projection, WUP) u moxsienno npebanusambe (enr. Greedy Giveaway,

GG).

Hajropa He3zagoBo/buBa Mpojekiija

Osga xeypucTHKa MOKYIIaBa Jia molpasn Hejeqrakoctu cucrema (5.1.1) koje cy Hajpuie
He3aJI0Bo/beHe. 3 cucreMa ce Oupa IeT HejeJHAKOCTH KOje MMajy HajBehy BpegHoCT
d;(x). OBUM HejeHAKOCTHUMA OJINOBapa XUIEP-PaBaH Koja OrpaHUYaBa IPOCTOP Pelllerba.
VY 1nokyiiajy Ja ce JOCTUI'HE IIPOCTOP peleba, ojpehyjy ce mpojekiuje BepoaTHoha Ha
OBy XWIIEp-paBaH HaKOH dera ce JobujeHe BpeaHocTu HopMasuzyjy. lIpojekmuja ratuke
xr = [x1,Z9,...,T 1] HA XUlep-paBaH KOjy JieUHHUIIE (-Ta HEJeTHAKOCT, a KOja e OIICYje

jeTHaINHOM
L+1

E Cijxj =0
=1

ce jjobuja hopmysIoM
L+1
| Dok CikTE

.= 2.
o i (cn)?

Kopumhemem oe hopmyiie, BepoBaTHohe ce 3a cBaKy n3adpaHy HejeJHAKOCT IToMepajy Ka
3a/I0BOJBUBOCTH Y IIPABILYy HOPMAaJTHOM Ha Xuiep-paBan. OBaj MOCTYIIAK ce TOHAB/bA, HAa-
jBuIIe 5 IIyTa, a CBe JIOK Ce Pelllerhe MOMPaB/ba, IIPU YeMy ce CBaKH IIyT bupa 5 ,Hajropux’

HejeITaHKOCTH.
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IloxsaenHo npebarnuBame

Cucrem (5.1.1) je Bpisio ,penak’, Tj. BeJMKHU IIPOIEHAT KOeUIIjeHATA Y CUCTEMY je
HyJIa, TIITO OMOT'yhaBa periaBambe CUCTEMA ,,pPYIHO .

Bpiu ce n360p Hajrope He3a0BOJbEHE HejeTHAKOCTH (O3HaUYeHe ca i) U Hajoosbe 3a,10-
BOJbEHE HejeJIHAKOCTH (O3HadueHe ca j). Y OBUM HejeJIHAKOCTHMa Ce MOCMATpajy MapoBU
kKoeduIinjeHara y3 ucTe aToMe, TakBe Ja je y jeJH0] HejeJHAKOCTU KOoepUIrjeHT Koju uMa,
BPETHOCT HYJIa, a y JPyroj KoeuInjeHT KOju uMa He-Hys1a BpeJHocT u oopuyTo. Ha mpu-
Mep ki u ko cy mapoBu TaKBUX KoedwuIldjeHaTa y JiBe nsabpaHe HejeIHAKOCTH KOje MMajy

00JIHK
e+ Cily - Ty + ...+ 0 Xk, + ... opi O

.+ 0 C X, ot oo+ Gk Tk, +o..op; O

Cajyia ce BepoBaTHONA Pk, Y 1-TOj BPCTU MOXKE IIPOMEHUTH TAKO JIa JOMPUHECe 33/ 10BOJbH-
BOCTH OBE BPCTe, JIOK Cce BepoBaTHONA Py, MOXKe IIPOMEHNTH y CYIPOTHOM CMepy, ITO he
CMAIUTH 38JI0BOJBUBOCT j-Te BpcTe. OBO mnpebarnuBame BepoBaTHONA ce MOXKe TOHOBUTU
3a CBe OBaKBe IapoBe y onabpanum HejegHakocTuma. O03MpOM J1a je cucTteM pejiak, oBe
mpoMene BepoBaTHoha He Ou Tpebaso Jla MHOIO TOpeMeTe 33/I0BOJbUBOCT OCTAIUX HEje/I-

HaKOCTH.

Penocaen n3BpniaBama pyrnHa y okBupy BCOi anropurma

Kombunarnuja ose jBe xeypuctuke, Hajupe npumena WUP, a zatum GG, moBogau 110
3HAYAJHOI TIONpaB/batba BpejHocT dyHKImje nusba (5.1.2). OHe ce npuMeryjy MpBu Iy T
HEIIOCPETHO HAKOH MeHepUcarba WHUIIM]AJHOT PEIleha, a 3aTUM Y CBAKOM JIETY yHAITPEs.
Ceaku JierT yHaIpe/| oYnbe JiojaBambeM HoBuX L /5 aroma, ca J10/1e/beHOM BepoBaTHONOM
1/(L+1), y ckym aToMa KOju YrHE TPEHYTHO PEIetbe, a TIOTOM ce 3a/Ip:KaBa y perey L+ 1
ca Hajobo/boM oreHoM. Ha Kpajy ce mpumemyjy JiBe OlMCaHe XeyPUCTUKE 3a TOIPaB/hathe
perema.

5.1.3 llopebheme pemema

Ouena u nopeheme pemema I0Je/LEHIX MUeaamMa ce 0baB/ba HAKOH MOAUMUKaIM]e
pelrema 1 TO IIpeJCTaB/ba rmodeTak pasze JeT yHasal. Perrema ce Olemyjy Ha OCHOBY
dbyukmje mupa (5.1.2).

Heka je ca z,(b = 1,2,..., B) o3nadena BpeHOCT (DyHKIM]je usba 3a mdeay b. Hopma-
JM30BaHe BpeaHocTn (byHKIMje Iuba 2, bulie osnadene ca Oy, IpH 9eMy ce HOpMAaIH3aIluja
obaBba 10 (hopMyJin

Op=—maz =% 0,e[0,1, b=1,2,....B (5.1.4)

Zmax — Fmin

T/ CY Zmin U Zmar HajMamba u HajBeha BpemHOCT (DyHKIHMjE MMU/ba, PECHEKTUBHO, Mely
BpeiHOCTIMA (DYHKIIHje 1IN/ba Pelllerha Koje TEHEPHIIly CBe ITIerIe.
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Beposarnoha na hie muesia b (Ha moUeTKy HOBOT JieTa yHAINpeJ[) OCTATH BEPHA CBOM
IIPETXO/THOM Pellierby He 3aBUcHu o1 pobJieMa Koju ce pemrasa. OBa BepoBaTHOhA ce ojipe-
hyje ma ncru Haunn Kao u 'y pajy [16], mo dopaysin

pp = e Omac=Oo)/u—1 9 B, (5.1.5)

rje je u pegnu 6poj Jera yuanpes (mobuja spegaaoctu 1,2, ... . NC) u Oy, je HajBeha
BpeaHocT Mehy cBum O, Bpegnoctuma. CBaka maesa, kopucrehu pesanujy (5.1.5) u rene-
paTop ciydajHuX OpojeBa, JIOHOCH OJIYKY Jia Jin e HACTABUTH Ca Pa3BOjeM JIOCA/IAIIHET
pelema Wik he IocTaTh Heollpeae/beHn CJIe/I0eHNK.

5.1.4 Perpyramnuja

Beposatnoha j1a he pereme maese perpyrepa b 6utu nuzadpano oj cTpaHe HEKe ITdeJe
KOja je HeolpesesbeHn CIeJ0eHNK, ce n3padyHasa 1o dopmyrm [16]:

O
= =R b ) Sy
k=1 Ok

rje je O HOpMaJM30BaHa BPeJHOCT (PYHKIUjE IMUba k-TOT PEKJIaMUPAHOr pellemna, 10K

D R (5.1.6)

R osznadaBa ykynan 6poj perpyrepa. CBaku Heolpele/beHU CIeI0eHUK OHpa jeJHOr pe-
rpyTepa, Ha ocHoBy penarmje (5.1.6) u remeparopa ciaydajaux 6pojeBa. OBo 3ampaBo
3HAYN JIa Ce PeIlerhe perpyTepa Konupa y perieme ciegoernka. OJ1 0BOI TpeHyTKa Ia Ha
Jlasbe, obe Imdesie, He3aBUCHO, IIPETParKyjy IPOCTOP pelieiba U UCTO Peliehe MOJuMUKYjy
Ha pa3/nvduTe HATUHE.

Jenna urepanuja ce 3aycrabiba Kaja ce poHalje permeme (Tj. Kaja cy cBe HejeTHAKO-
CTH CHCTeMa 3aJI0BOJbeHe) WK KaJjla ce (base JjieT yHarpes /et yrasas usspire NC myra.
VKOJIUKO periere HEje MpoHaheHo, CTpyKType Iojaraka ca peremhuMa ce OPHUINy U I1o-
qntbe HoBa ureparuja. BCOi ajropuram ce n3BpIaBa nTepainjy 3a HTepaIujoM J0K ce He
CTEKHE yCJIOB 3a 3ayCTaBJbaibe, IITO Y OBOM CJIy4ajy 3HaYH Jia WU je MpoHalheHo perreme
cUcTeMa WU je JOCTUTHYT MakcuMmasiaH 0poj mrepanuja. [lceymokom BCOi anmropurMma,
Jar y rnoraasby 4.4, ce caja MoyKe 3alucaTh JieTa/bHuje TIceyT0K0I0M 5. 1.

Y HacraBKy he OuTH NpUKa3aHu pe3y/aTaTh JOOUjeHU IIPUMEHOM OIUCAHOT aJrOPUTMA
Ha CJIyYajHO MeHepucaHe 3aJ0Bo/buBe (hopMyJIe.

5.2 Anpa;m3a u nopelheme pesysirara JOOMjeHUX TECTU-

pameM

3a morpebe TecTuparma FeHepHCaH je CKYII 071 57 3a10Bo/bUBIX (bopMyIta (CBe TaToTeke
ca TecTupaHuM (omyaama ce Mory Hahu Ha ajpecu
http://imi.pmf.kg.ac.rs/tstojanovic/publications). Osmake N u M cy xopumihiene 3a
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Anropuram 5.1: BCOi airopuram 3a CPSAT-¢

BCOi(B, NC)
Iter = 1; found = true;
Do

// Tenepucame KoJioHMje
For (b=0;b< B;b++)
Cayuajuo renepucame 5 X (L + 1) aroma ca BepoBataohama 1/(L + 1);
Ornena cBux aroma un u36op L + 1 HajdéosbuX;
[Topasmate perema Kopurthetbem WUP u GG xeypucrtuka;
If (pememe nponaheno) return found;
For (s =0;s < NC;s++)
//Jler ymampes
For (b=0;b< B;b++)
Honasame HOBEX L/5 aroma ca BepoBataohama 1/(L + 1);
Omnena cBux aroma n u3bop L + 1 HajbomuX;
[Tonrpasspatbe pemniemsa Kopuiihetbem WUP 1 GG xeypucrtuka;
If (pememe nponaleno) return found;
//Jler yHnazag
For (b=0;0< B;b+ +)
Omuena perera 3a myeny b kopuiihiemeM (5.1.4);
For (b=0;b < B;b++)
Omtyka o JiojajiHOCTH perery 3a maesty b kopurhemem (5.1.5);
For (b=0;0< B;b+ +)
If (b je meonpenesbena) ciaydajan u3bop perpyrepa kKopuiihemem (5.1.6);
Iter + +;
While (Iter < Iteru.);
return not(found);

O3HavaBare YKyIHOr Opoja mckaszuux cjaoa u opoja CP dhopwmyita, pecriektuBHO, y Hop-
MYJIU 9HjU je OOJIUK JIaT y TOIJIaB/by 2.3, & Koja ce MOXKe 3aIllUcaTh U 'y OOJTUKY

Q[g] N [Oa 1]7 Pi € {27 >, <, <}
i:/l,\]w CP, iti(ai75i)7 t; € { Q[(]’ 1]’ oy =~ (521)

Csaka mcka3Ha GpopMmya Koja ce mojaBibyje Kao moadopmyna CP dopmye je y mucjyHK-
THUBHO] HOPMaJIHOj (POPMH U CACTOju ce oj Hajsuie M KOHjyHKIIHja, IIPU YeMy ce CBaKa
KOHjYHKIIHja cacroju ox Hajpurne N/3 murepana. [lox jmrepanom ce cmarpa HCKa3HO
CJIOBO WJIM H-eT'OBa HeTallnja.

Ba morpebe mopehema pesyiarara TecTUpama Pa3BUjEH je W ayTOMATCKU JTOKA3UBad
3a CPSAT-¢ 6asupan na Oypuje-Morkun merogn enumunaiianje (FME). Cam meroq je
nerasbHO objammen y seny A.l. Jla 6u nopeherwe BCOi u FME merone 3a pemaBarme
CPSAT-¢ npobiema 6uo moryhe, remepucanu cy IpUMEPHU Ca MaJUM OpOjeM MCKA3HUX
cioBa 1 MasuM 6pojem CP dopmysa. [lpumepu cy renepucanu 3a caenehe (N, M) kom-
ounarje: (3,3), (3,4), (4,3), (4,4), (4,5), (5,5), npu demy cy 3a CBaKy KOMOHHAII]Y

70



I'JIABA 5. IIPUMEHA BCOi METO/IE Y BEPOBATHOCHHUM JIOTTUKAMA

reHepucaHa 10 3 pa3JInduTa ITpUMepa.

Cge Beposarnohe u koncrante y cucremy (5.1.1) cy u3 Xapanjesor mosa Q[e]. To
3HA4H Ja Cy 3a HOoTpebe OBOI TeCTHpamba IIPEICTaB/HEHN Kao HOIHHOMHE (QYHKIHje Koje
3aBUCE OJI € Ca PEATHUM KOoeHIIjeHTUMa JIBOCTPYKE HPEIU3HOCTH, Tj.

k
n:h0+zhj5j

j=1

OBakaB Ha4MH IPEJICTAB/barba JOBEO je J0 TpodseMa Jesberba HYJIOM TPUIUKOM TPHU-
mene FME merose. U3 Tor passora, 3a norpebe npumene FME merosie kopurniheno je u
IIpe/ICTaB/bakbe pallOHAJHOM (PYHKIIMJOM KOja 3aBUCH O] £, Ca PEAJTHUM KOeUIINjeHTUMa
JIBOCTPYKE Ta4YHOCTH, Tj.

_ Z?:—k hjel
1+ Z?:l hjgj

Kon oba naumna mpejicraB/bamba MAKCUMaJIHA BPEJIHOCT TapaMerpa k je orpannyena Ha 4

n

(kopucrehn ucry uzejy kao u y paay [93]). Ilpu Tome cy koedunujenTn Koju ce jaBbajy
y3 e®, €5, ... urmopucanu u HECY 3a/IprKaBaHyl y 3aIHCY, Kao IPEBHIIe MaJH Ja 61 yTHIAIT
Ha pesysrar. [Ipuwmkom npumerne BCO1 MeTosie yBeK je KopuInheHo IpeICcTaB/babe OJIH-
HOMHOM (PYHKIIM]OM, IIOIITO Ce Ty HPOOJIeM Je/beiba HYJIOM jaBjba PETKO U U3 APyradujer
paszJiora, a periaBa ce 3aycTaB/baimheM Tekylie nreparyje u MpejackoM Ha HOBY UTEpPaIlnjy.

Cse uMILIeMeHTallje TecTUpaHe Cy Ha KjacTepy KOjU Ce CaCTOji OJ YBOpOBa ca 2
AMD Opteron 2.1GHz 6272 nporecopa ca 48 GB RAM ca kepueiom Bepsuje 2.6.32 x64,
gce KoMmtajaepoM Bep3uje 4.4.3.

Y tabenm 5.1 mpuKazaHu cy pe3yaTaTH TECTUPAlba MaJUuX CIydajHO TeHEPUCAHUX 3a-
JIOBOJBUBUX (hopMyJIa.

Kosone Ilosmmuom u Paruonan y tabemu 5.1 cajpke BpeMeHa JI0OMjeHA TTPUMEHOM
FME wmerone ca mOJMHOMHUM M pPaIMOHAJHUM, PECIIEKTUBHO, IPEICTaB/baibeM OpojeBa
u3 Xapaujesor nosba Qle]. Komona BCOI caapxku npocedne Bpejgnoctu jgobujere y 10
HezaBucHux usppinasama BCO1 meTosie ca Bpepnoctuma napamerapa NC' =30 u B = 10
u ca MakcuMmasHo 50 mreparmja. 3a ca mosba y Koaoru BCOi y kojuma cy mara Bpe-
MeHa, 3Ha4uM Ja je cBako oj 10 m3BpiraBama Outo ycmemnHo. [losba Koja cajgapxke cuMmb0I
,— ozHadaBajy jga BCOi merosa Huje ycresa jga Hahe pereme nmpobiieMa 3a geduHncane
napamerpe. Ilpuiukom npumene FME merone 6poj HejeqnakocTn y cucreMy eKCIOHEH-
IjajIHO pacTe TOKOM eJIMMUuHalnje Hemo3Hatux u3 cucrema. Jla 6u FME merom morao
KODEKTHO Jla ce npuMenn 3a ¢opmysy koja uma N uckazuux cioa u M CP dopwmyira,
cucreM Mopa Ja cagpxu 2V + 2 Heje HaKOCTH KOjuMa, ce OrpaHIYaBajy BPEJHOCTH BEpO-
BaTHoha u 3a cBaky CP dhopmyiy 110 2 nin 3 Heje JTHAKOCTH Y 3aBUCHOCTH JI& JIU j€ CHMOOJT
penanuje ~ win He. 1o 3uaquu ja ce popmyra koja cagapxku H CP dbopmyna u 4 uckasna
cioBa TpaHncdopmuiie y cucreM Koju uma 44 1o 49 nejennakoctu n 16 HemosHaTux. Y
npumepy N = 4, M = 5, IIpumep = 1 nakon enuMuHalmje 9 HEO3HATUX U3 CHCTEMa,
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Tabema 5.1: Pesynrarn tectupama mamux gopmysa npumenom FME u BCOi mertosne

IIporekso Bpeme(s)

N, M, Tlpunep Ilomuuom | Panmonast. BCOi
3,3, 0 0.0000 0.0000 | 0.0010
3,3, 1 DIV 0 1.7600 -
3,3, 2 0.0000 0.0000 | 0.0010
3,4, 0 0.0600 0.5600 | 0.0000
3,4, 1 0.0000 0.0300 | 0.0010
3,4, 2 DIV 0 683.580 -
4,3, 0 0.2800 1.1100 | 0.0020
4,3, 1 26.1900 88.7700 | 0.0010
4,3, 2 166.5300 2116.7100 | 0.0020
4,4, 0 0.0000 0.0000 | 0.0020
4,4, 1 DIV 0 0.3400 -
4,4, 2 0.1700 0.6800 | 0.0020
4,5, 0 MEM MEM | 0.0020
4,5, 1 MEM MEM | 0.0020
4,5, 2 MEM MEM | 0.0040
55, 0 MEM MEM | 0.0280
5,5, 1 0.0200 0.0000 | 0.0030
5,5, 2 MEM MEM | 0.0050

no6uja ce cucTeM Koju mMa Buime ox 1.5 - 108 HejeqmaxkocTn, MITO 3aXTeBa BUIIE MEMO-
PHUjCKOT TIPOCTOPa Hero mro je pacrnosoxknuo y RAM memopuju, ma Tako MeToj] He MOXKe
Jla 3aBpIM U3padyHaBame. ¥ Tabesm 5.1 mpobiem nemoBosbHOr RAMa je obesrexken ca
MEM, noxk je mpobisiem Jiesberba HysaoM obestexken ca DIV 0.

Ha ocnoBy pesynrara npukasanux y Tabesn 5.1, Moxke ce 3aK/byIUTH JIa Ce TTPOMEHOM
HaYMHA TpeJjcTaBbaba 6pojeBa u3 Xapaujesor nosba (Qle] 6urno nosehasa Bpeme U3Bp-
mapama npumenom FME merome. Hapabao, mpomena HaunHa IIpejcTaBibaiba OpojeBa
perraBa mpobJIeM J1e/berba HYJIOM, aJii MPo0JIeM ca HEeJIOCTATKOM MEMOpHUje 0CTaje TPUCY-
tan. Ca jgpyre crpane, BpeMe m3ppimaBaba BCO1 metose, ko Behure mpumepa, OUTHO
je mame Hero koji FME merosie n He nmosehasa ce 6utHo ca nosehamem napamerapa N
u M. IlpumerHo je ma mpuMepH KOJ KOJUX Ce jaBHO HPOOJIEM Jejberha HYJIOM He MOry
na ce perie Hu BCOi MeTomoM, momTo ce pajin 0 MaJiuM IIPUMEPUMa KOJI KOJUX Ce CKYII
aToMa KOjU Ce HaJjla3e y Pelley MaJjio Memba, I1a Ce TPayKeme pPellerha CUCTeMa CBOIU Ha
MOoIUKAIIN]y BPETHOCTH BepoBaTHONA. Y 0BOM C/Iy4ajy, CAMIHO Kao Ko npumerne FME
MeTOJIe TJIe ce TIPODJIEM JIe/berba HYJIOM jaBsba 300T OJIMCKUX BPEJHOCTH KoeduIlmjeHara y
HejeHakocTuMa, 1 Koj npuMmene WUP xeypucruke jrako Moxke J1ohu 1o ucror mpobJemMa,
7o OHeMoryhaBa IMpOHAIAKEE PeIleHha.

[Ipunukom modeTHUX TecTuparma Bapupanu cy napamerpu xeypuctuka WUP u GG,
IpU YeMy ce IOILIO OJ BpeaHocTu Kopuiihenux y pajy [50], a Ha Kpajy cy ycBojene
BPEJIHOCTH JIaTe y OIHUCY CAMHUX XEyPUCTHUKA y IMIPETXOIHOM ToriaBby. [Ipummkom mpBux
TecTUpama, Takohe, je yOueHO Jia MPUJINKOM CBAKOI' CTapTOBarbha y KOME je pellleihe ITpo-
nalerno, 6poj u3BpIeHnx urTeparnuja je outno mamu o H0, n ga gasbe noseharme Opoja
urepalnja He JOIPUHOCH ycuerrHocTu. VI3 Tor passora je MakcumaJsian Opoj mrepaluja
orpannder Ha 50. [la 6u ce ompenmia Hajycuenranja KoMOunamuja napamerapa B u NC'
za BCOi metosty, n3 cKymia ¢BUX T€HEPUCAHUX IPUMepPa, W3/IBOjeH je Mambl Opoj mpuMepa
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Pa3IMYIUTUX JUMEH3Mja. 3a OBaj CKYI IIPUMepa, BapupaHe Cy BPEJIHOCTH Napamerapa B
u NC, nok cy napamerpu xeypuctuka WUP 1 GG u makcumasan 6poj urepalinja ocraan
durcupanu.

Craku ipumep je Tectupad 1o 10 myTa ca ucTuM BpeJHOCTHMA MapamMerapa. Vzabpan
je mo jemam mpumep 3a ciegehe (N, M) xombunarmje: (3,3), (5,5), (10,30), (10,50),
(10,100), (20,20), (20,50), (20,100), (20,250), (30,30), (30,60), (30,100), (30,250),
(40, 40), (50,50). ITpuaukom TecTHpara MEpPEeHH Cy: HpocedaH OpOj YCHENIHUX CTapTO-
Barba, IIPOCEYHO BPEMe U3BPINaBaba YCIEeNTHUX UTepaliija, pocedal Opoj n3padyHaBamba
dbyHKIMje 1I/ba U IPOCEK YKYITHOI BPEMEHA U3BPIIABaba CBAKOD CTAPTOBaba (yCIEITHOD
u Heycnertsor). Jlobujenu pesyiraru cy npukasaHu Ha ciaukama 5.1, 5.2, 5.3, 5.4 uy
Tabenn 5.2.

Tabemna 5.2: Pesynratn nobujerun Bapupamem mapamerapa B u NC

NC | B | Ilpoceuan 6poj TIpoceuno Bpeme IIpocegan 6poj IIpocek ykymHOr
YCIEMIHUX CTapTOBaha | U3BPIIABAIbA U3padyHaBaba BpEMeHa M3BDIIaBamba
y 10 nokymaja ycnemse nrepamyje ()s | dyHknuje nuspa CBaKOr cTparoBamal(s)
1 5.73 26.43 243.65 578.18
10 5 7.40 99.65 845.43 1945.60
10 7.53 221.79 1480.60 2584.07
15 7.67 295.08 2115.50 2782.54
1 6.87 45.21 399.99 1016.47
2 5 7.53 157.55 1464.60 2330.01
10 8.20 277.37 2289.20 3059.75
15 8.13 336.80 3489.20 3716.28
1 7.27 51.30 553.74 1359.42
30 5 7.93 170.41 1883.7 2226.07
10 8.27 364.15 3198.40 2678.38
15 8.27 430.42 4776.6 4852.21

Bpoj ucrnemnyx u3BpiiaBama

bpoj nmuena

Crmuka 5.1: IIpoceuan 6poj ycIienHux cTapTroBama y 3aBucHOCTH o1 mapamerapa B u NC'

[Ipoceuan Opoj ycrenHux cTapToBamba, OYUIJIETHO, pacTe ca IoBehameM BPEIHOCTH
napamerapa B u NC, nok He gocturte oxpeheru Hupo. I[Ipocedno Bpeme ycrenHux
uTepalja u mpocedan Opoj u3padyHaBamba (DyHKIMje Iu/ba, TaKohe, pacTy ca IopacToM
BpeHocTu napamerapa B u NC', mro je n ogekuBano. Hajsehu mpocedan 6poj ycrentanx

craproBamba, Mehy csum (B, NC') kombunarmjama, nMajy kombunarmje (10,20), (10,30),
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500

400

—=—NC =10
------ 4= NC =20
<<% - -NC =30

Tpajame ycrielHe ureparyje

bpoj nuena

Cimka 5.2: IIpocedno BpeMe u3BpIIaBama ycCIenine uTepaluje y 3aBUCHOCTH OJI llapaMe-
tapa B u NC

6,000

5,000 v

4,000

3,000

—=—NC =10
------ 4+ NC =20
- ¥ - -NC =30

2,000

1,000

1 5 10 15

Bpoj n3pauyHaBawa QyHKLH]je Li/ba

bpoj nuena

Chauka 5.3: Ilpoceuan 6poj n3padayHaBama (DyHKINje [IHba Yy 3aBUCHOCTH OJI IapaMeTapa
Bu NC

(15,20), (15,30), a mehy mwuMa HajMambe IPOCETHO BpeMe U3BPIaBama MMa KOMOMHAI]A
(10,30). U3 naBeseHnx pasJora, 3a TeCTHParhe CBUX IeHeprcaHux (opmysia uzabpaHe cy
Bpesinoctu NC' =30 u B = 10.

Pezysitaru no0ujern TectupameM CBUX IeHeprcaHuX (hopMy/ia MPUKA3aHU Cy y Ta-
6esm 5.3. Kosona Pemmeno canp:kn ycrmenHocT y gokasuBamwy TecTupane dpopmyste y 10
HE3aBUCHUX CTAPTOBaiba I0JI UCTUM ycjoBuMa. Tpeha KojoHa cajpKu mpocedan OPoj
n3padyHaBamba BpeJHOCTH pyHKIMje uba y cBux 10 nmoHoBHux craprosama. llociema
KOJIOHA CaJIPXKU ITPOCEYHO BPEME M3BPINaBarba CBAKOD CTAPTOBamba, YK/by4dyjyhu u Hey-
CIIEIITHA, CTaPTOBAhA.

Kao mro ce moxke BuaeTn u3 pesyarara npukasanmx y tabemm 5.3, BCOi meroma
mokasyje Beoma crabuiae mepdopmance. O 39 Tectupannx gopmysia 3a 8 Hije ycresa jia
JIOKaYKe 33JI0BOJbUBOCT. &Y BelimHM ocTasmx caydajeBa CBa CTapTOBamba Cy OWJIa YCIIEelTHa,
1j. v 10 ox 10 craproBama jgoka3ana je 3a/10BosbuBOCT hopMmysia. Ko mpumepa rje Hucy
CBa CTpaToBarba OmJa yCIelHa, BpeMe nu3BpliaBamba ce OnTHO noehasa, 3601 HEyCIENTHUX
MOKYyIaja y Kojuma je m3Bpinero ceux H0 mrepanuja. Takobe, Bpeme m3BpIaBama HIUje
IPEBUINE BEJUKO y ciaydajeBuMa ca 100% ycrenrHocTu, mro uje y IPUJIor 3aK/byUKY Y
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—=—NC =10
------ +--NC =20
<% -NC =30

YKyIHO BpeMe KU3BpIllaBakba

bpoj nuena

Comka 5.4: IIpocek yKyIHOr BpeMeHa M3BPIIaBamba CBAKOI' CTAPTOBAIbA Y 3aBUCHOCTHU O]
napamerapa B u NC

Tabena 5.3: BCOi pesyaraTu 3a cBe reHepucane hopmyiie

N, L, Ilpumep | Pemeno | Bp. uspau. d-ja muma | CPU Bpeme
10, 30, 0 10/10 10 7.768
10, 30, 1 10/10 10 8.000
10, 30, 2 4/10 11946 1819.987
10, 50, 0 10/10 34 82.972
10, 50, 1 10/10 178 378.609
10, 50, 2 10/10 19 41.336
10, 100, O 0/10 15000 -
10, 100, 1 10/10 20 208.448
10, 100, 2 10/10 10 14.491
20, 20, 0 10/10 17 3.856
20, 20, 1 10/10 51 16.585
20, 20, 2 10/10 138 59.054
20, 50, 0 10/10 32 44.816
20, 50, 1 10/10 10 19.229
20, 50, 2 9/10 6651 10771.538
20, 100, O 10/10 120 128.694
20, 100, 1 10/10 56 541.613
20, 100, 2 10/10 10 75.885
20,250, O 10/10 360 7571.212
20, 250, 1 0/10 15000 -
20, 250, 2 0/10 15000 -
30, 30, 0 0/10 15000 -
30, 30, 1 10/10 40 18.167
30, 30, 2 10/10 83 53.004
30, 60, 0 10/10 59 153.523
30, 60, 1 10/10 150 408.450
30, 60, 2 10/10 24 74.316
30, 100, O 0/10 15000 -
30, 100, 1 10/10 1260 4497.525
30, 100, 2 10/10 480 3793.997
30,250, O 10/10 10 442.865
30, 250, 1 10/10 62 3369.639
30, 250, 2 0/10 15000 -
40, 40, 0 0/10 15000 -
40, 40, 1 10/10 14 8.922
40, 40, 2 10/10 360 412.283
50, 50, 0 0/10 15000 -
50, 50, 1 10/10 3420 4118.458
50, 50, 2 3/10 11517 23622.824
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pay [76] na je mexanuszam moauduKalmje pemema Kibydan 3a edukacaocr BCOi merose.

5.3 llapageam3amuja BCOi aaropmrma

Ommru maynn paga BCOi anropurMa je BpJIO HMOBOJbAH 38 KOHCTPYKIIH]Y JTUCTPHU-
OyupaHOr J0Ka3uBada. 3a HAjIpUXBAT/HBUBHUjU METOM, 300r cBoje (bJIeKCHOMIHOCTH, je
nporemena MPI merona napasermmsamuje!. O63upoM ja ce duTaB aJIropuTaM OJBHja MO
urepaljamMa Koje ce u3BpIliaBajy He3aBUCHO, HAJIPUPOIHU]E je OUJIO TTapaJIeTHIM ITPOIIe-
cuMa, JIoJIesIuTH ojpehen 6poj urepanuja koje Tpedba m3ppiuTu. Jla je mapasenusaiuja
BPIIIEHA 110 BEIITAYKUM IIUejiaMa, Idesie-1npoiecu Ou MopaJie jia HAKOH CBAKOI' JieTa yHa-
peJi pa3MeHe MojaTKe O BPEIHOCTU (BYHKIIMjE IUJba, JOHECY OJJIYKY O BEPHOCTH JT0CA-
JTaITEReM PeIerby U YKOJIUKO je TIOTPEeOHO Ipey3My pellermke o maese perpyrepa. OBakas
HAYMH OpraHu3aluje Ou OMTHO yCIIopaBao pajl, jep O y TOM cjydajy OW/IO HEOIIXOJIHO
CUHXPOHU30BATH IPOIIECEe U 33 CBAKYy pa3sMeHy IMOpyKa OMJI0 OM HEOIXOJIHO UeKATH JIa CBE
miesie 3aspiie Jet yuaiped. Takohe, 6poj napaJsesaux rporeca 6u 610 orpanumder Opo-
jeM Iyesia, a CeKBEHIIMjaJHA aJIrOpuTaM je IoKas3ao Jia BeJIUKO Ioehame Opoja myesa He
JIONPUHOCU e(PUKACHOCTH.

[TapaJsieuzarujom 1o ureparujamMa Huje OUIO IIOTPEOHO OCTBAPUBATU OMJIO KAKBY KO-
MYHUKAIUjy Mehy mpoliecuma, HE Pa3sMembUBATH MOJATKEe TOKOM paJia, IITO 3HATHO YOp-
3aBa U3BpIIaBame. JlomaTHo, Kaja HEKU O] IIpolleca TOKOM HU3BpIaBama IpoHahe pe-
IIerhe, OH Ilajbe CUTHAJ U CBU OCTaJIU IMPOIECU MPEKUJIajy paji. 3a mnorpedbe TecTuparba
n3abpaH je MCTH CKYyIl IIpUMepa Ha KOjuMa je TecTupaHa u HajeUKaCHUja CTpaTeruja
CEeKBEHIIMjaJIHOD IMIPHUCTYyIa, a 3a napamerpe cy m3abpane ucre speanoctu NC' = 30 u
B =10. V¥ oBowm cayuajy je, Takohe, 6poj nrepamuja orpannden Ha H0. lobujern pesy-
JITATU Cy IIpUKa3aHU Ha CJIULHU H.D.

3000
2500 l\
2000
1500

1000 \\-\.

O T T
1 5) 25 50

Bpeme usBpiiaBamba

500

Bbpoj npoueca

Cauka 5.5: TIpocedno Bpeme M3BpIaBamba y 3aBHCHOCTH O Opoja MmapaJjeHux Iporeca

Tectupama cy BpIlleHa Ha KJacTepy KOju caJp:Ku 22 cepBepa, cBaku ca 1o jiBa Intel

'Kparax onmuc MPI nmapanenusanuje maT je y moriaasmy A.3
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Xeon Eb5 - 2670 mporecopa ca 8 jesrapa u 64GB memopuje (4GB RAM 1o jesrpy) mnox
ortepaTuBHUM cuctemoM Scientific Linux 6.5 64-bit ca Bep3ujom komirajiepa gee ver. 4.4.

[IpunukoMm TecTupara je MEpeHO caMO IPOCEYHO BpeMe U3BpIIaBaiba 3a Pa3JTHIuT
6poj mapaJsiesiaux 1poreca y 10 He3aBUCHUX IOKpeTamha CBAKOI MpuMepa. YKynaH O0poj
nTepalja HUje TPOMeheH y OJTHOCY Ha CEKBEHIjaJHO U3BpINaBaibe, 11a HUje OUeKUBAHO
HI Ja ce mpoMeHn ycremHocT. O63upoM Ha Opoj jesrapa 1o IpOIEecopy W yKyHmaH Opoj
urepalja Koje Tpeda mojie/;IMT paBHOMEPHO, 3a OPoj MmapaJjeHux mporeca je y3eto 1, 5,
25 u 50. Kao mrro je u oueknBaHo, ca rnopehamem Opoja mapaJsie/IHIX MIpoleca Jo0uja ce
BeJIMKO yop3ambe. JIuneapHa 3aBucHocT usMely 6poja mporiecopa u BpeMeHa U3BpIllaBaiba
n30CTaje, MITO je U OYeKMBAHO, IOIITO Ce U IMPUJIUKOM CEKBEHIINjaJIHOT U3BPIIaBabha He
u3BpIH cBaku cBux H(0 ureparmja, Beh ce u3BpIaBame MpeKuia Kaja ce mporahe peremne.
[Tosehame ca 25 na 50 mapaJieJiHEX IpoIeca He JOHOCH BEJIMKO MOOOJbIIAIbLE, IITO je Yy
CKJIaJly W ca IPOIEHOM JIa je IMPUJINKOM CEeKBEHIIMJjaJTHOT MPUCTYTa je orpanmderne Ha H()
urepalnja cacBuM J1oBo/bHO. O63MpoM Ha J00HjeHe pe3y/irare, MOXKe ce 3aKJ/byUuTH Jia
ce mapaJiesin3alujomM Ha 25 mporieca J100ujajy Hajoo/bu pe3yaTaTH.
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I'maBa 6

BCO1 npucryn y andojTHOM
pPEe30HOBaIby

Y neny 3.3 je merasbHO OIMCaH METOJI 3a JI0OUjarhe CHCTEeMa Heje THAKOCTH 3a, JTATU IIPO-
6s1eM 1nhOJITHOT PE30HOBaba. 3a IPOHAJIAXKEILE Pellleha JJOOUjeHOT CUCTeMa KOPHUITheHe
Cy pas3juduTe cTpareruje u ynopehenn odbujeHn pesyaraTi.

6.1 Peanuzammja BCOi aaropmrma 3a npuMeHy y Iu-
doaTHOM pEe30HOBAILY
Kao u Y IPpEeTXO/JHOM IIOIVIaBJBY Yy3UMa Ce Jla BEKTOpP peEllleiba, aKO HOCTOjI/I, nMa Ha-

jutie L + 1 BpeanocT Behy o myse, rae je L 6poj HejeIHAKOCTH y JIOOUJEHOM CUCTEMY
([23, 28, 50]). Pememe je, nakie, Huz Koju caapxu L + 1 arom

a = [al, ag, . .. ,CLL+1]
rje cy a;, ¢ = 1,..., L+ 1 atomu u3 ckyna cBux atoma At, KojuMa Cy J10/ie/beHe BepoBaT-
Hohe

T = [9017$27 e ,57CL+1] .

Beposarnohe aroma koju He npunajiajy Husy a umajy speaaoct . AKo je mo3HATO periemne

a = [al, as, ... ,CLL+1] Ta/a Cce cucTreM MO2KE 3alluCaTu y O6JH/IKy
L+1
E Cij X5 Pg O, Z:L,L (611)
j=1

rnecyc; (i=1,...,L,j=1,...,L+1) koedummjentunu p; € {<, <, >, >} (i =1,...,L).

Nmmtementupanu BCO1 meTon ce cacroju u3 detupu dasze. IIpsa dasa npeacrasiba
reHepUCcarhe NHUIUjATHOT Pellleba Ha TOYEeTKY CBake ureparyje. ¥ JIpyroj (asu ce BpIm
MouduKaruja periea. Tpeha daza je 3a nmopeheme pererma, a 9eTBpTa 3a PerpyTalujy.
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Tpeha u geTBpra aza ce npuMerbyjy Ha HOTIIYHO UCTH HAYWH, KA0 U Y CAydajy IpUMeHe
BCOi merosie Ha ucnuTuBame 3a/0BOJHUBOCTH BEPOBATHOCHUX (hopMyJia, a oBje Hehe
OUTHU MOHOBO OOjalbaBaHe.

6.1.1 HuuimmjajiHO pelrnemne

Craka nreparmja BCOi1 anmroputma mounibe reHeprcarmeM WHUIUjATHOT Pelrema 3a
ceaky mueny. Cbaka muesa ciydajno 6upa M = min{2", L + 1} atoma kojuma ke jose-
JIUTH He-HyJa BpenHocTu BepoBarHoha. Hajsume E = M /2 ciydajuo ogabpaHux atoma

he umaru BepoBaruohy €, a npeocrasmx M — E aroma he mmatn BepoBaTHohy 1]\7[?5 . Ona-
KBO TeHepHCamke NHUIN]aTHOT PeIerha ce JlelllaBa Ha MOYeTKY CBaKe UTepalfje y caydajy
Jla ce M3 MPEeTXOJHe UTepalyje He MpeHoce Heka periema. O03upoM Ja je TecTUpaHa u
cTpaTeruja MpeHolleha Jejia pellemha U3 jejiHe UTeparujy y JApyry, Mexanusam ojadbupa
perierba he Outn HaKHAHO ObjarnbeH. [T4uesie Koje HUCY TIpey3esie pelemhe u3 MPEeTXO/HE

nTepalyje U y OBOM CJIy4ajy, CBOje pelllermhe TeHEePUITy Ha OITUcaH HavduH.

6.1.2 Moaudukaiuja perniema

Momudukanuja periema TokoM cakor ox NC' jeToBa yHaIpe/l je TJIABHU KOPaK Y
BCOi anropurmy. @yHKIHja MU/ba Ce, UCTO KAa0 U Yy MPETXOIHOM IIOIJIaBJby, Jedunuiie
Kao CyMa pacrojarba JieBe cTpaHe cBake Hejepnakoctu cucreMa (6.1.1) o mysne. Heka je
T TPEHYTHO pelleme, (DyHKI]ja In/ba 2 ce AedUHUIIe Kao

2(z) =) di(w), (6.1.2)
rje je d; pacTojame JieBe cTpaHe HejeIHAKOCTH ¢ OJ HyJie, 1epUHUCAHO IOMONY pesalje

7=l 6.1.3
0 y CYIIPOTHOM, ( )

(M eijx;)?  ako HejeHAKOCT @ HEje 33,10BOJbEHA,

Ha noverky cBakor Jieta yHaIpes, YKOJIHUKO je 6poj aroma M y TPEHYTHOM pellerby
Marbl 01 YKYIHOT 6poja atoma 2V y cxym aToma permema ce 1o/1aje nosux L/5 atoma ca
noesbernM BepoBatHohama 1/(L 4+ 1). V peremy ce 3aap:kaBa M aroma ca Hajbo/bOM
ormeroM. Oriena aroMa, Kao W y HPETXOJHOM IIOIVIABJBY, NMPEJCTBIba MEPy 3HAYAjHOCTH

aToMa y cucremy (6.1.1) u ogpebyje ce na ucru naunn. laxie, atomy a; (j € {1,...M})
O/iroBapa KOJIOHA C; = [C1j, C2j, - - . ,CL]']T cucrema (6.1.1) u mwerosa orena ce ozpeljyje 1o
dopmyu

L
grade(a;) = ZCU -sgn (i),
i=1
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e je sgn(i) 3HaK i-Te HEjeTHAKOCTU CHCTMA, Tj.

N if pe{>,>},
sen(i) = { ~1, ifpe{<, <)

Bpemnoct dyunkiuje nuba je HeHeraTwuBHaA, a Wb je Jia rnoctane 0, y3 orpaHuyena
Jla, cCBaKa OJ BepoBaTHOha z; Mopa OMTH HeHeraTWBHA W Ja je 30up cBUX BepoBaTHoha 1.
MebhyTum, HEje 10BOJBHO IpoHahuU perreme 3a Koje he BpemHocT dyHKIMje nuba outn 0,
Beh 1 cBaka o1 HejeJHAKOCTH Y CUCTEMY MOpa OUTH 3a/I0BOJbeHA, 0O3UPOM J1a C€ Y CUCTEMY
HaJjIa3e u HejeIHaKOCTH y KOjuMa ce Kao cHMOOJIN pesialiije Hajgasze < u >. YKOJIUKO JIeBa
cTpaHa OBHX HejeJIHaKOCTH UMa BpeaHocT 0, HejeITHaKOCT HUje 3a0BOJHEHA.

YKOJIMKO pellieibe Hje IpoHaheHo, Kao n y npeTxo HOM TorjiaB/by, buhe kopuiihene
xeypuctuke WUP u GG, koje cy panmje objarmmene, y3 mogarak Hemmep-Mua merone
HesTMHeapHOT porpamupata (enr. Nelder-Mead nonlinear programming method), xoja je
JleTa/bHO Objalmena y morsiasby A.2. 3a npoHasaxkeme Hajbosbe cTpareruje 3a pera-
Barbe cucrema Ouhe rpaB/beHe pa3aInduTe KOMOMHAIje HaBeIeHuX MeTojia. bes o63upa Ha
KOMOUMHAIIN]y MeTo/Ia, IOIIPaB/bathe pellemha Ouhe BpIIeHo ojiMax HaKOH NeHepUCcarha NHU-
IIjaTHOT pPelemha, a 3aTUM y CBaKoM JieTy yHamnpel. Hemmep-Mum meTona je Kopuniherna
CaMOCTAJTHO WJIM Y KOMOWHAIIU]U ca jeJTHOM Wi o0e HaBe/leHe XeyPUCTUKE, YKOJIUKO (DYyHK-
nuja muba (6.1.2) Huje monpasibena y P ysacronnux Jieroa yaanpen (P € {1,5,10}).
Hennep-Mun merosa je ceaku myT nokperana 10 myra.

Hakon cBake moudukarimje BepoBaTHoha aTroMa HEOIIXOIHO je HOPMAJIU30BaTH J100U-
jeHe BPEJIHOCTH IIpe Hero IITO ce HACTaBU Ca aJITOPUTMOM.

6.1.3 Crpareruje KopuiirheHe 3a HpoHaJakKeibe HajeduKacHUje
MeTo/Ie peliaBama mpoodjema

Urepanuja ce 3aycraB/ba YKOJUKO ce poHahe peleme (CBe HEjeJIHAKOCTH CUTEMa CY
3a/10BOJbEHE ) WK YKOJIHMKO je u3BprineHo N C' jileToBa yHAIPE U yHA3a1. Y KOJIUKO DEIIeHe
Huje mponaheHo KopuniheHe cy JiBe cTpaTeruje 3a reHepucarhe NHUTI)AJTHOT Pelleha, y Ha-
peanoj urepanuju. IlpBa crpareruja je j1a ce cBa TpeHyTHa pelliehba OOPHIILY U Jla Hape/iHa
uTepalnja movIHe TeHePUCcaheM MMOTIIYHO HOBUX PeIllerba, Ha MPETXOIHO 00jallbeH HATIH.
Y Jpyroj crparteruju ce cBe BpeMe UyBa HajOoJbe MpoHal)eHO pelrerse, Tj. peleme ca
HajMamboOM BpeHomny (yHKIHje 1u/ba. ¥ CBAKOM JIeTy VHAIIPeJ, ce IpoBepaBa jia Jiu je
HeKa 0/I ITJesia IpoHaliia 00/be pellemhe Koje IocTaje TPeHYTHO Hajoosbe pemreme. Kaja
ce WTeparyja 3aBpIld, 0/ CBUX TPEHYTHUX PeIieha, YK/by4dyjyhn u Hajoosbe, CaydajHo ce
6upa Hajsuie B/3 pelema 1 Ta pellemna ce KOPUCTe KAao MHUIUJaTHA PEIleha Y HaPeIHO]
urepanyju. Mnunujaana periema 3a peocraJie maeie y HapeHoj UTePAIUji Ce TeHEPUIILy

Ha OIIMCaHM HAa4YMH.

Ca jgpyre crpane, TPUJIUKOM MOJMUKAIINAje pelletha, KOpuiheHa cy JBa Pa3InanTa
npuctyna. ¥y IPBOM IIPUCTYILY, YKOJIMKO Ce JIOOUje JIOIINje Pelllehe Y OJIHOCY Ha TPEHYTHO,
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Tj. gobhe 10 moBehama BpeHOCTH (DYHKITU]E TH/ba, 33/IpKaBa ce CTapo peleme. ¥ JIPyrom
IPUCTYILY ce He IIpoBepaBa Ha KOjU HAYUMUH Ce IPOMEHU/Ia BpeIHOCT (DYHKIUje Ii/ba, Beh
ce y HACTaBKy YBEK KOPUCTH pelIeibe JT00MjeHO MOTU(PUKAIIA]OM.

BCOi urepanuje ce 3aycraBibajy Kaja ce UCIYHH KPUTEPUjYM 3a 3ayCTaBJ/baIbe, IITO
je y oBOM ciiy4ajy IpoHal)eHO pelleme cucreMa Win JOCTUTHYT MaKCHMaJaH IIpeIBul)eH
6poj urepanuja. Pesynratu mobujeHn TecTUpameM Cy JaThH Yy HaCTABKY.

6.2 Anpaym3a u nopelheme pe3ysrara JOOHjeHUX TECTU-

pameM

3a morpebe Tectupaba, 3 gureparype (|5, 9, 59]) je uznsojeno 18 mpumepa maudosr-
HOT 3aK/bydHBaiba, Ha OCHOBY dera je moomjeno 60 pazmuuantux dopmyna LPCP noruke
qmja ce 3a/0BO/bUBOCT TeCTUpa. Y M3abpaHuM IPUMEPHMAa, [IOCTOje JBa TUIA: IPUMEpPU
KO/ KojuxX A o — [ m orm kojt Kojux A foa— fu A foa— —f.

Cge BepoBaTnohe u KoHCTaHTe y J0OUjEHOM CUCTEMY HejeIHAKOCTH Cy U3 Xap/IujeBor
nosba Q(e, K). OBe BpeaHOCTH Cy IpejiCTaB/beHe Kao paruoHasHe (DyHKIMje Koje 3aBuce
o ¢ u K ca peaqnum KoedUIUjeHTHMa JTBOCTPYKE TAIHOCTH, Tj.

e l; ;

ijo <Zk:0 hijk) &’
n= , ,
L+ (Zfrg:o hijk) &l

Y 0BaKBOM MpeJICTaB/balby MaKCUMyM Tapamerpa e je 4 (kopucrehu ucry ujejy Kao
u y pazay [93]). TIpsum Tecrupamuma ce mokasano ja npumena WUP xeypucruke 3a
MoAnMUKAII]y pellema y CBaKOM KopaKy moBehaBa MaKCHMAaJIHU CTEIeH [; II0JIMHOMA
Zij:o hjr K* koju ce nmamasu y3 €. Osu mosmnomn seli HakoH npee MouduKamje pe-
mema MOCTajy jaKo BEJUKH W 3ay3WMajy JI0CTa MeMOpHje W CBaKa MaHWITyJalldja HhUIMa
noctaje nemoryha. Y mormasiby 3.3 el je peueno ga je K* - e =~ 0, na xopucrehn To
OBU MOJIMHOMH, 3a j > (), cy anpokcumupanu Bpeanorhy fij, K 0. Ha osaj nauun je us-
OErHyT eKCIIOHEHIIMjaJIHi PACT OBUX HOJMHOMA, IPH deMy U HojuHoM y3 €0 3ajprkasa
Mas MakcumasHn crened lo. [losehame crenena [ y3 €7, j > 0 ce He JemaBa NIPUINKOM
npumene xeypucruke GG n Henmep-Mu metosne, a Huje 6m10 morpede 3a OMI0 KaKBIM

MoudUKaIjaMa J00UjeHIX BPEIHOCTH.

Hakon cBake mpomene BepoBaTHOha aToma, HEOIXOJHO je HOPMAJIU30BATHU JOOUjCHE
BpegHocTu. IIpmimkoM HOpMasm3aliuje, BpeaHocTu Koje cy osucke 0 mim 1, moBoje 10
nosehama Koedunujenara hjj, Ipu 4eMy OBe BPEJIHOCTH HAKOH HEKOJHMKO HTepalyja U3-
Jla3e W3 oIcera peajHuX OpojeBa JIBOCTPYKe pernu3HocTu. V3 oBOT pazjora, MPUITKOM
HOpMaJII3aIije, BPeJHOCTH OBUX KoedunujeHaTa cy orpanmdene na +10'°, ocium Bpemno-
ctr KoecpunmjeHTa hoy.
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CBe nMILIeMeralije Cy TeCTHpaHe Ha KJIacTepy KOju cajp:Ku 22 cepBepa, CBaK! ca 1o
nsa Intel 2.6GHz npornecopa ca 8 jesrapa u 64GB memopuje (4GB RAM 10 jesrpy) mox
ortepatuBHUM cuctemoM Scientific Linux 6.5 64-bit ca Bep3ujom komirajiepa gee ver. 4.4.

Kao mro je Beh pedeno, 3a momudukarujy periema KOpUIIheHe Cy Pa3InduTe KOM-
ounaruje momenytux Meroga. Kopwurrhene cy camocrasmo WUP xeypucruka, GG xeypu-
cruka, Henmep-Mug meroga (NM), n komOuHaImje JBe Wim cBe TpU MeToje. Y CHTya-
nmujama Kajga je Hemmep-Mug merosia kKoMOMHOBaHA ca HEKOM XEYPUCTUKOM, OBa METOJIa
HUje IPUMeUBaHa y CBAKOM JieTy Hanpej, Beh ykoimko BpejgHoct dyHKiuje muba (6.1.2)
HUje ToNpaB/beHa y P y3acTOIHNX KOopaKa, IIPU YeMy je BapupaHa BPEJHOCT IapaMerpa
P (P = {1,5,10}). 3a nopeleme oBux crparermja u3 ckyma cBux (HopMmysa CIydajHO
je m3abpano 24 3ajoBosbuBe (OpMyJIe U MEpPEH IpocevdaH mpolieHaT ycuerHoct y 30
He3aBUCHUX W3BPIIaBamba U [IPOCEYHO BpEMe Tpajarba OBUX H3BPINABaba (yCHENHUX 1
neycrentaux). Tobujenu pesynraru cy npukasanu y tabesn 6.1 u za ciunm 6.1 (Ha coumnm
6.1 jemquuuuano Bpeme je 100 cexymmau). Ha ocmoBy pesymara npumene BCOi merome Ha
dbopmyne LPCP moruke [111], 3a norpebe oBor nopehema ysere cy cienehe BpennocTn
napamerapa NC = 30, B = 10, makcumasian 6poj nreparmja 50, y ¢BaKoj ureparuju ce
reHepuIle HOBO MHUIIMJAJIHO Pelllerhe, ITPU CBaKO] MOMMMUKAIN]H Pelleha 3a/IprKaBa ce pe-
ieme ca MamoM BpejHoInihy dyunkimje nuba. 3a xeypucruke WUP u GG cy kopunihenun
napaMeTpu JIaTH Y MOrJIaBmy o.1.

Tabena 6.1: Tlopeheme pazimauTux Meroja MojauduKaIje peremna

ITpoceuyan IIpoceuno Bpeme
[poLeHaT n3BpmaBama (s)
ycnemsoctu (%)

NM 22.22 3978.00
GG 23.97 6718.00
GG, P =1 23.19 4001.00
GG, P=5 24.12 6715.00
GG, P =10 22.50 6830.00
WUP 67.64 592.00
WUP, P =1 34.31 4861.00
WUP, P =5 67.78 609.00
WUP, P =10 70.28 583.00
WUP, GG 90.00 2524.00
WUP, GG, P =1 34.44 5258.00
WUP, GG, P =5 90.00 2397.00
WUP, GG, P = 10 90.00 2296.00

Kao mrro ce Bujau uz tabesne 6.1 xeypucrtuka WUP naje najsehu jponpunoc y npona-
JlazKemy perierba. Hajoosbu pesynratu ce j100mjajy Kajia ce KOMOMHYjy CBe TPU MeETO/IE,
mehyTum, yrommuko ce Hemmep-Mu merona kopucru mnpesuiie decro (P = 1), pesynararn
n3octajy. AKo ce Kao Mepa e(UKACHOCTH KOPHCTH OJHOC BPEMEHA M3BPIIABAHA U IIPO-
IeHAT YCIENTHOCTH, TaJia je HajepuKacHuje KOPUCTUTH KOMOWHAIU]y CBEe TPU METOe ca
napamerpom P = 10. Mebhyrum, 3a norpebe masber TectTuparma KOpHUITheHa je crpare-
ruja Koja je jiajia HajMarbe BpeMe U3BpllaBarba, Tj. xeypuctuka WUP komOmHoBana ca
Hemnnep-Mun merojiom 3a P = 10, y odyekuBamwy ja he 6osbu u3dop napamerapa B u
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Ciuka 6.1: ITopeheme pazmuanrux MeToa MOIUMPUKAIN]E PEIekha

NC', npyraduju NpucTyil y reHepucary WHUIKA]ATHOT PEIleha U MOIUMUKAIIU Pelieha
nosehaTu epUKaCHOCT.

8a m300p HajObO/be CTpaTeruje pemaBarmba MIpodeMa, MakKCuMaJjaH Opoj urepaimja je
orpannden Ha 50. Mepen je ojiHOC BpeMeHa U3BpIIaBaiba W MPOIEHTA YCIEITHOCTH Yy
caydajy KaJa ce Yy CBaKO] WTepaliju TeHEPUITy HOBa WHUIMjAJHA Pellemha, HACYIPOT
BapUjaHTH Kajia ce Hajsuine B /3 ciaydajuo nzabpanux perretba (0 B nocrojehux pemniemna
ca JI0JIATKOM TPEHYTHO Haj0OJber Pellierha) IPEHOCH Kao WHUIM]aTHO PEIehe 3a HaPeHY
nrepanujy. Pa3marpane cy BapujanTe Kajla ce MPUJIUKOM MOJIU(MUKAIN]E pPeIlerba YBEK
3ajpKaBa 00Jbe pellerbe, HaCylpOT BapUjaHTU Y KOjO] je JI03BOJHEHO KBaperme (PyHKITHje
mba. OBO je JaJio 9eTupu crpareruje Koje cy KOMOWHOBaHe ca BaphUparbeM BPEIHOCTH
napamerapa B u NC. Jlobujenu pesynaratu cy npukasanu y tabenama 6.2 u 6.3 u Ha
cymkaMa 6.2 u 6.3.

Ha ocnoBy natux pesysirara, BUIU ce Ja YKOJIUKO Ce He JI03BoJH 1oBeharmke BpeIHOCTI
dykiuje 1mupba NpuIMKOM MojuduKaluje peliema, moBehame napamerpa B 10Boau 110
noBehara BpeMeHa U3BpIaBarba u Ojaror nosehasarba ycrnenrHocTu, JIok roseharse ma-
pamerpa NC' moBojn 10 oBeharma yCIenHocTd 1 TOM IPOJIMKOM JIOJIA31 710 CMAbeha WIn
osraror nosehama BpemeHa u3BpinaBama. [IpeHorieme jesra pemema U3 jejiHe uTeparyje
y JIpYTY, Yy OBOM CJIy4ajy, JIOBOJIU JIO BeJMKOI moBehama edukacunoctu. Ca Japyre crpate,
aKo ce J103B0Ji1 IoBehare BpeHocTu (byKInje Miba, J00uja ce MOTIYHO JIpyTravdnja CUTya-
muja. Y OBOM CJIyUajy MPOCEYHa YCIEIHOCT 3a Behnny KombuHarmja mapaverapa B u NC'
je 100% nm 6Jin3y TOME M U3 TOI PA3JIora je OJBOJEHO MOCMATPAHO CAMO IIPOCEIHO BPeMe
U3BpIIaBama. YKOJIUKO CBaKa WTepalldja MOYWibe Ca HOBUM WHHIIMJAJHUM pellerhuMa,
ca nopehameMm napamerpa NC' 10 ojpehene BpeiHOCTH, CMalbyje ce BpeMe U3BpIIaBaiba,
HAKOH 4era II0CTaje TOTOBO KOHCTAHTHO. ¥ CJIydajy Ja ce JIe0 pellema IIpeHece U3 IpeT-
XOJHe uTepanuje, ca nosehamem mapamerpa NC' moBehaBa ce BpeMe U3BpIaBamba, OCUM
y cutyanuju B = 1 KaJia IpeHoInemne pelema He moctoju. Ha ocHoBy cBera peueHor, Haj-
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Tabena 6.2: Pesynraru nobujenu Bapupaibem napamerapa B u NC'y ciyuajy Kaja Huje
JI03BOJbEHO TI0Beharbe BpeHOCTH (DYHKITUjEe 1TN/ba

FeHepI/ICa}be HOBHUX I/IHI/II_II/IJ&I[HH perema HpeHOH_IeH:e AeJia permiema U3 IIpeTX. UTEP.
B | NC
IIpoceuna IIpoceuno IIpoceuna IIpoceuyno
yenemuoct (%) BpeMe (s) yenemmnoct (%) BpeMe (s)
10 26.39 25.08 26.39 25.08
20 41.94 41.10 41.94 41.10
30 50.14 52.31 50.14 52.31
1 40 54.31 64.34 54.31 64.34
50 62.08 72.94 62.08 72.94
60 66.11 82.52 66.11 82.52
70 72.78 85.17 72.78 85.17
10 31.25 121.70 62.64 69.56
20 49.31 187.27 89.44 43.48
30 60.28 234.77 94.86 41.48
5 40 65.83 291.63 99.03 18.60
50 74.03 306.42 98.75 42.61
60 80.56 333.61 99.72 30.58
70 89.03 314.68 99.86 36.95
10 35.00 230.35 74.44 94.01
20 55.07 335.70 98.61 22.45
30 63.33 445.47 99.17 26.39
10 40 74.53 485.30 98.61 51.22
50 81.53 504.76 99.86 33.21
60 89.17 484.83 100.00 43.08
70 94.20 445.85 99.86 55.31
10 35.83 335.88 86.39 83.83
20 52.53 528.45 99.31 26.69
30 68.33 631.93 99.58 34.02
15 40 77.08 685.42 99.44 50.97
50 88.19 631.23 99.86 45.69
60 90.93 677.28 100.00 45.78
70 97.36 526.23 100.00 54.10
10 37.50 432.92 82.22 134.46
20 54.72 659.20 95.28 90.23
30 71.11 748.89 100.00 27.81
20 40 79.58 833.66 99.86 38.49
50 90.42 701.83 100.00 44.33
60 95.69 632.13 100.00 45.14
70 97.92 547.45 100.00 55.93

eduKacHuja cTpaTeruja je jia ce JI03Boju nopehame BpeHOoCTH (DYKIHje TU/ba ITPUIUKOM
Mo UKaIje pPellemha U Ja ce Je0 Pellemha IIPEeHOCH U3 IIPEeTXOIHe uTepaliije, Ipu 9emy
ce y3uMmajy BpemHocTu napamerapa B =5 u NC' = 20. Osa koMmOuHalmja crparermja u
IapaMeTapa je KopuiliheHa 3a TecTUpame Ipeoctrannx (gpopmyra. Pazsor jga ce He Kopu-
ctu BpegrocT mapamerapa NC' = 10 je Taj mTo je mpocedHa yCIIENTHOCT Y TOM CJIydajy
nemro Mama ox 100%. Ha ocnoBy oBora, Haj6o/ba cTpareruja 3a pemapame HoCMaTPaHOr
pobJsieMa je jara rnceyaokonom 6.1.

Ba cBaku mpuMep je, Takohe, TecTupaHa 3aJ0BO/BUBOCT jobujene dopmyne LPCP
JIOTHKE, Tj. 3aJ0BOJHBUBOCT J0OUjeHOr cucTeMa HejeanakocTu, npumenom FME merome. ¥V
tabesn 6.4 cy MpUKa3aHU PE3yJITaTh TeCTUpamba IpuMepa Koj Kojux Apv oo — 3, 10K ¢y y
tabesiama 6.5 1 6.6 IpUKa3aHW pe3ysITaTh TeCTHparba 3a IpuMepe Ko Kojux A f a — [

ulA pfoa— —f.

3a cBaku mpuMep je Tecrupana 3a;10B0/buBOCT Tpu opmyie (A, & = AU{a — [} u
Oy = AU{—~(a — f)}) xopumhiemem BCOIi meroze (Bpcre BCOi) u FME meroze (Bpere
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Tabena 6.3: Pesynratu nobujenu BapuparmeMm napamerapa B u NC'y ciay4ajy Kajga je
JI03BOJbEHO TI0Beharbe BpeHOCTH (DYHKITUjEe 1TN/ba

FeHepI/ICa}be HOBHUX I/IHI/II_II/IJ&I[HH perema HpeHOH_IeH:e AeJia permiema U3 IIpeTX. UTEP.
B | NC
IIpoceuna IIpoceuno IIpoceuna IIpoceuyno
yenemuoct (%) BpeMe (s) yenemmnoct (%) BpeMe (s)
10 57.64 45.68 57.64 45.68
20 80.97 53.47 80.97 53.47
30 91.81 48.53 91.81 48.53
1 40 99.03 29.38 99.03 29.38
50 100.00 21.65 100.00 21.65
60 100.00 20.15 100.00 20.15
70 100.00 20.67 100.00 20.67
10 73.75 164.55 99.58 9.64
20 95.14 125.73 100.00 10.49
30 100.00 69.96 100.00 12.07
5 40 100.00 48.44 100.00 19.83
50 100.00 42.19 100.00 29.88
60 100.00 40.99 100.00 38.62
70 100.00 47.97 100.00 45.24
10 81.39 282.05 99.86 10.06
20 98.47 147.70 100.00 13.23
30 100.00 78.59 100.00 19.53
10 40 100.00 42.87 100.00 22.76
50 100.00 40.50 100.00 31.39
60 100.00 41.85 100.00 47.06
70 100.00 42.42 100.00 45.62
10 86.11 347.80 99.86 15.02
20 100.00 142.71 100.00 18.24
30 100.00 83.20 100.00 20.70
15 40 100.00 56.84 100.00 25.29
50 100.00 48.19 100.00 36.94
60 100.00 45.79 100.00 42.34
70 100.00 47.05 100.00 47.01
10 90.28 407.93 100.00 18.33
20 100.00 162.07 100.00 19.79
30 100.00 89.53 100.00 23.05
20 40 100.00 60.40 100.00 33.76
50 100.00 51.61 100.00 40.43
60 100.00 53.88 100.00 53.34
70 100.00 52.56 100.00 51.51

FME). IIpea kosiona 3a cBaky dopmyny 3a BCOi npencrasiba yenemtocr y 30 He3aBu-
CHUX M3BPIIABamba, JIpyra KOJIOHA je MPOCeTHO BpeMe m3BpIiaBama (y cekyHmama). [Ipsa
KOJIOHA 3a cBaKy dopmyity 3a FME meromny cazaprxku urdopmaniujy ja Jid je 3a/10BOJbUBOCT
nokazana win He ("sat" wim "un-sat") wiam Hema moBosbHO Memopuje ("MEM"), y apyroj
KOJIOHW Ce HaJla3d Bpeme m3BplnaBama (y cekyHaama). Kao mro ce moxe Bujgern, FME
MeTojia y Behunu cirydajeBa He MOXKe Jia 3aBpIy u3padynasaibe, 10K BCOi nma Besmmkn
nporeHar ycremuoctu (ocuM Ko, dopmyrna Py v Tabesm 6.4 Koje HUCY 3aJI0BOJBUBE) Ca

3HATHO MabUM BPEMEHOM HU3BpIIaBalba.

Pazsior 3a neyciex FME metojie je ekcrionennujasinu pact Opoja HejeHAKOCTA TOKOM
eJIMMUHAIIje Helo3HaTuX U3 cucreMa. Ha mpumep, 3a TecTHpambe 3aJJ0BO/bUBOCTH CKYIIa
dopmymna {bird — fly, penguin — bird, penguin — = fly, fly — —penguin}, dopmupa
ce cucteM Koju cajpxku 30 Hejenakoctu. HakoH eJlmMuHaIje IIPBE HEITO3HATE, Y CUCTEMY
ocTaje 26 HejeITHAKOCTH, HAKOH eJIMMUHAIIAje JApyre Helo3HaTe cucTeM uMa 29 HejeqHa-
KocTH, a 3aTuM 38, 63, 229, 5494 nejennakoctun. HakoH enmMuHaluje cejme HElo3HATE
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Chauka 6.2: OgHOC YCIIEITHOCTH U BPeMeHa M3BPINaBamba y 3aBUCHOCTH OJI ITapameTrapa B

n NC

cucreM uMa oko 2 - 108 mejesmaxocTn. Jom apactuuHmja cuTyammja ce 1061ja HPUITKOM
TeCTUPamba 33I0BOJBMBOCTH cKymna dhopmyna {6 — ¢, 0 »— 1} Kaja y MoJa3HOM CUCTEMY
nMa 24 HejeHAKOCTH, & 3aTUM HAKOH eJIUMUHAIUje CBakKe cJiejiehe Hero3HaTe CUCTEM UMa,
21, 30, 39, 118, 444, 37014, na 6u HAKOH eJIMMUHAIAje CeIMe HEeIO3HATe CUCTEM IOCTUIa0
pesmauny o7, 6 - 108 mejemmakocTn. Y OBaKBHM CHTYalljaMa ce H3BPIIABAbE aJrOPHTMA
zaycTaBsba 300r HemoBosbHe RAM Mmemopuje.

Qopmyiie Py u3 Tabese 6.4 cy HajunrepecanTHuje. Ilo3naro je j1a oBe dopmyse HuCy
3a/I0BOJbUBE, I1ITO Tojtary gobujern npumernom BCOi metose norsphyjy. MehyTtum, yko-
JINKO Ce OBaj METOJ KOPUCTH 3a HCIUTHBAE 33 0BOJBUBOCTU HEKe CydajHe (hopMmyJre,
nojatak jia BCOi metoj ne Moxke J1a Hahe perere cucreMa Jiaje BeJIUKY IIAHCY TBPhemby
na dopMmyia Huje JoKasuBa, Mehyrum u jgasbe mocroju moryhunoct jga BCOi meroma He
Moxke J1a Hahe pememe nako je ¢gopmyra 3amoBosbuBa. ClamdHa cuTyammja ce 100mja u
ako ce FME merona npumenn Ha oBy opMysly, MpHU YeMy ce HEKH aTOMU ITPOIJIalla-
Bajy HeOMTHUM, Kao y npumepy 3.3.1 y noryaspy 3.3. OBo 3Haun ja he mosasnu cucrem
HEjeIHAKOCTH OWTU Marbu, 003UPOM Jia HEeKe Helo3HaTe Jo0ujajy Bpeanoct 0 u TuMme ce
eJIMMUHUIITY U3 cuctema. Mebhyrum, 063upom 1a ce He UCHUTY]je 3aI0BOJbUBOCT YUTABOT
cucrema, JOOMjeHH IOJaTaK Jia je CUCTeM He3aJ0BOJHUB je caMO CMEPHHIA Y JIOHOIIEHY
3ak/bydaka. Hajoo/pu pesyiararu jgodbujenu mpumenom FME metojie Ha oBaj HadYwH 1pu-
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Csaka nurepaliija 3al0Inbe Hexka pemema ce mpenoce u3
HOBHMM HHUIIAJAJTHIM PEIICHEM [IPETXOIHE UTEpaIln]je
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Cnuka 6.3: Bpeme uzBpmaBamma y 3aBucaocTn o napamerpa N C' 3a pa3inanre BPeIHOCTH
napamerpa B

KazaHu cy y Tabeun 6.7.

Kao u y nperxognum tabesama, y tabeau 6.7 y mpBOj U UE€TBPTO] KOJIOHU JATHU CY
TeCTHPaHU IIPUMEPH, V APYTOj U MeTOj KOJOHU JOOMjeHN pe3ysITaTh, a y Tpehoj u mecToj
KOJIOHU Haj00/ba BpeMeHa u3Bpiinasama. OO3UPoOM Ja ¢y y OBOM CJIydajy 3a CBAKU IIPUMED
TecTupaHe cBe Moryhe KoMOWHAIMje aToOMa KOjHU Ce IPOoIJIallaBajy HeOUTHUM, 3a CBaKU
npuMep j100ujeHo je 1o Buie pe3yararta. Y Tabenau cy npukazana Hajoosba j100ujeHa
BpEMEHA, a YaK M y OBaKBOM IPUCTYIY MMa mpuMepa kKoj kojux FME anropuram nuje
MOTa0 JIa 3aBPIIN U3padyHaBame 300T HeIOCTATKa MeMOpPHje.

Ha ocnoBy mobujennx yKymHUX pe3yaraTa, MoxKe ce 3akbyautn ja ce BCOi merToma
MOK€ KOPHUCTHUTH Kao MOYy3JiaH ajaT y HCIUTHBAY 3a/I0BOJBUBOCTU CKyTa audoara. Yn-
IbEHUIIE KOje MLy TOME Yy IPHUJIOr CY BEJMKH IIPOIEHAT YCIEITHOCTH Y JOKA3UBaby 3a10-
JBUBOCTH CKyTa JAudojTa U pelaTUBHO KPTAaKo Bpeme u3BpinaBamba. (Ca apyre crpame,
y u3Bohemy 3aK/bydKa Jia je HekKu JaudoIT mnocseauiia base jaudosra, nHGopMmalmja Ja
BCOi meroma e Moxke ma gokaxke 3a70Bo/bUBOCT hopMmyste Py, 3ajenno mga mHpOPMAIT-
jom ja ce npumeHom FME merose na pegykoBan cucTeM, J100MjeH Ha OCHOBY hopMmyie
®,, mokazyje He3aJJ0BOJBUBOCT CHCTEMA, Ce MOYXKE MCKOPUCTUTH Kao MOy3/1aHa CMEePHHIIA.
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Aaropuram 6.1: BCOi anropuram 3a 3a/10BO/bUBOCT Y JIU(OJITHO] JTOTUIIH

BCOi(B, NC)
Iter = 1; found = true;
keep =0; NM = 0;
Do
/) Tenepucame KojoHH]je
For (b=0;b< B;b++)
If (b > keep — 1) Ciyuajuo renepucame M aroma u jojesa BepoBaTHONA;
[Topaspatbe periema Kopurthetbem WUP xeypuctuke;
If (permeme mponaheno) return found;
For (s =0;s < NC;s++)
//Jlet ynampen
For (b=0;b < B;b+ +)
Honasame HoBux L/5 aroma ca BepoBaraohama 1/(L + 1);
Ornena cBux aroma un u3bop L + 1 Hajdbosmux;
[Tonrpasibaibe pemniema Kopuiiherbem WUP xeypucrtuke;
If (NM = P) npumena Hemnep-Mu merose;
If (pememe nonpasweno) NM = 0 else NM + +;
If (pememe nponaleno) return found;
/ /et ynazag
For (b=0;0< B;b+ +)
Omuena perera 3a myeny b kopuiihiemeM (5.1.4);
For (b=0;b < B;b++)
Omtyka o JiojaiiHOCTH perery 3a maesty b kopurthemem (5.1.5);
For (b=0;0< B;b+ +)
If (b je meonpenesbena) ciaydajan u3bop perpyrepa kKopuiihemem (5.1.6);
N360p najoosber periema;
Cayuajuo renepucame Bpeasoctu keep € [0, B/3];
Cayuajan uzbop keep pererna;
Iter + +;
While (Iter < Iteru.);
return not( found);
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Tabesa 6.4: Pesynararu Tectupama npumepa KoJ Kojux A a — 3

IIpume Mer A ! &2
p p erona Craryc Bpeme Craryc Bpeme Craryc Bpeme
bird — fly Bcoi || 30/30| 6.34 30/30 | 4.44 0/30 -
penguin — bird
penguin — —Jly FME || sat | 79957.29|| sat | 124076.15 | un- | 626.75
bird N penguin — —fly cat
bird — fly Bcoi || 30/30| 6.34 30/30| 16.89 0/30 -
penguin — bird
penguin — ~fly FME || sat | 79957.29|| MEM - MEM | -
fly — —penguin
bird — fly Bcoi || 30/30| 6.34 || 30/30| 6.08 0/30 -
penguin — bird
penguin — ~Jly FME || sat | 79957.29|| MEM - MEM | -
bird — —penguin
bird — fly Bcoi || 30/30| 6.34 30/30| 12.89 0/30 -
penguin — bird
penguin — —fly : FME || sat | 79957.29|| MEM - MEM| -
bird V penguin — —penguin
bird — fly Bcoi || 30/30| 6.34 30/30| 10.74 0/30 -
penguin — bird
penguin — —/ly FME || sat | 79957.29| MEM - MEM| -
bird V penguin — fly
9— o BCOi || 30/30| 0.80 30/30 | 0.46 0/30 -
0 —

=AY FME MEM - MEM - MEM -
00— ¢ BCOi || 30/30| 0.48 30/30 | 0.32 0/30 -
¢ —
oV é— o FME MEM - MEM - MEM -
60— BCOi 30/30 0.80 30/30 0.26 0/30 —
00— ¢

On— D FME MEM - MEM - MEM -
60— ¢ BCOi 30/30 0.18 30/30 0.61 0/30 —
ONG—
00— ¢ FME sat 115.77 MEM — MEM —
60— ¢ BCOi 30/30 0.18 30/30 0.83 0/30 -
ONP —

=0 FME sat 115.77 MEM - MEM -
00— ¢ BCoi || 30/30| 1.85 30/30 |  1.95 0/30 -
¢—0
0 — 1 FME || MEM - MEM - MEM -
@ =
0— ¢p— BCOi 30/30 0.22 30/30 0.76 0/30 —
60— ¢

=9 FME MEM - MEM - MEM -
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Tabesa 6.5: Pesynraru Tectuparba 3a npumepe kKoj kojux A frar— fu A foa— —f

A [if} (o)
Craryc Bpeme Craryc Bpewme Craryc| Bpeme

HpI/IMep Merona

bird — fly

penguin — bird BCOi 30/30 | 29.52 28/30 148.14 30/30 | 26.91

penguin — — fly

metalWings — fly

yogi — fly

bird A penguin A metalWings
— ~yogi V fly

bird — fly

penguin — bird BCOi 30/30 | 29.52 29/30 91.01 30/30 | 43.58

penguin — —fly

metalWings — fly

yogi — fly

bird A penguin A metalWings
— yogi A = fly

FME MEM - MEM - MEM -

FME MEM - MEM - MEM -

penguin — feathAnim V bird

feathAnim — bird BCoi || 30/30| 16.76 || 30/30| 32.67 30/30| 8.83

bird — feathAnim

penguin — —fly

bird — fly

penguin A feathAnim A bird
— fly

FME MEM - MEM - MEM -

penguin — feathAnim V bird

feathAnim — bird BCOi 30/30 16.76 30/30 43.73 30/30 | 16.27

bird — feathAnim

penguin — - fly

bird — fly

penguin A feathAnim A bird
— fly

FME MEM - MEM - MEM -
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Tabesa 6.6: Pesynraru Tectuparsa 3a npumepe kKoj kojux A frar— fu A foa— —f

A P, Do
HpI/IMep Merona
Craryc Bpeme Cratyc Bpeme Craryc Bpeme

quaker — pacifist BCOi 30/30 2.24 30/30 0.83 30/30 1.99
republican — —paci fist
quaker A republican FME sat 9866.65 sat 10620.05 sat 25394.76

— pact fist
quaker — pacifist BCOi 30/30 2.24 30/30 0.62 30/30 1.50
republican — —paci fist
quaker A republican FME sat | 9866.65 sat | 29637.52 sat | 10675.40

— —wpaci fist
quaker — pacifist Bcoi || 30/30| 12.02 || 30/30| 11.92 30/30|  9.08

republican — —pacifist
ecologist — pacifist

quaker N ecologist FME MEM _ MEM _ MEM _
A republican — paci fist

quaker — paci fist
republican — —paci fist
ecologist — pacifist

quaker A ecologist FME MEM _ MEM _ MEM _
A republican — —paci fist

BCOi 30/30 12.02 30/30 11.13 30/30 9.46

teenAger — poor BCOi || 30/30| 18.04 30/30 | 23.64 30/30 | 11.98
teenAger — student

poor — employed
student — —employed

FME MEM - MEM - MEM -
teenAger — employed
teenAger — poor BCOi 30/30| 18.04 30/30 18.23 30/30 20.24
teenAger — student
poor — employed
student — —employed FME MEM _ MEM _ MEM —
teenAger — —employed
young — lawAbiding BCOi || 30/30| 1277 || 30/30| 14.62 30/30|  4.02

joyRiders — —lawAbiding
joyRiders — young

joung A joyRiders FME sat | 84695.65|| MEM - MEM -
— lawAbiding

young — lawAbiding Bcoi || 30/30| 1277 || 30/30| 17.47 30/30|  6.56
joyRiders — —lawAbiding

joyRiders — young

joung A joyRiders FME || sat | 84695.65|| MEM - MEM -
— alawAbiding
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Tabena 6.7: Pesyararu nobujenn npumenom FME merose 3a npumepe kajga A o — 3

[ ITpumep [ Cratyc [ Bpewme H ITpumep [ Cratyc [ Bpewme l

bird — fly bird — fly
penguin — bird penguin — bird

un-sat 626.75 un-sat 0.01

penguin — - fly penguin — - fly

bird A penguin — —fly fly — —penguin

bird — fly bird — fly

penguin — bird penguin — bird

penguin — — fly un-sat 0.01 penguin — —fly un-sat 0.01
bird — —penguin bird V penguin — —penguin

bird — fly 00— o

penguin — bird un-sat 0.01 00— MEM -
penguin — - fly ' T YXE

bird V penguin — fly

00— ¢ 00—

¢ — Y un-sat 0.01 0— ¢ MEM -
OV ¢r— OND—

00— ¢ 00— ¢

OND— un-sat 0.01 OND— un-sat 0.01
o 66— v

Z): b un-sat 0.01 0— ¢ MEM -
6 oo
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I'maBa 7

3akJbyuHa pa3MaTrpaiba

[naBHU j1e0 IpeCcTaB/BEH y OBOM PAJIy Ce OJHOCU Ha Pa3BOj U TECTUPAHE XEYPUCTUKE
zacuosane Ha, BCOi meromu 3a pemasame CPSAT-¢ npobiema n npobiema audosrTHor
zak/pyunBamba. 3a CPSAT-£ mpobsieM 3a BepoBaTHOCHY JIOTHKY, HPEJACTAB/LEHY Y DALy
[101], Huje mocTojao ayroMarcku jokazuBad reopema. Mako ce oBaj mpobyieM MOXKe Tpe/i-
CcTaBUTHU y 00OJIUKY IpobJieMa JIMHeapHOT IIporpaMuparba, Opoj Hemo3HaTux u Opoj Heje-
HaAKOCTU y J00MjeHOM CHCTEMY pacTe eKCIIOHEHIIMjaJTHO ca mnoBehameMm Opoja MCKa3HUX
csioBa y nocmarpano] dpopmyu. JlogaTHo, IpUMEHOM er3akTHe (JIUPEKTHE) MEeTo/Ie 3a pe-
maBambe J00ujeHor cucreMa Hejeanakoctn, nonyt FME metose, Behuna rnpobsema rocraje
PAKTUIHO HepelnBa, 300r HOBOI' ropacta Opoja HejeHAKOCTH Y CHCTeMY HAKOH CBaKe
emuMuHanyje vHeriozHare. OBakBa CUTyaIfja Cyrepuile HEOIXOIHOCT XEYPUCTHIKOT MTPU-
cTyma pelnaBamy mmpobjema. ¥ oBoM pajy msabpana je BCO merona, mpenusnuje, meHa
BapujanTa ca nonpaBkom BCOI, koja je /10 caja, yriiaBHOM, KOpHUITNeHa 3a pelraBarbe
KOMOMHATOPHUX MPObOJIeMa KOJ KOJUX IMOCTOjU HEKO pellleibe, a Iib je OO TO pellermhe
ornrumuzoBatu. [Ipenioxkenu npuctyn npejcrasba npBy npumeny BCOi 3acHoBane xe-
ypuCTHUKe Ha mpo0JieM KOju, He CaMoO Jla 3aXTeBa IPOHAJIAaXKehe pellerma, Beh u morsprLy
[IOCTOjama pellema. Pasior 3a m300p 0Be MeTOJIe je Taj IITO Ce y Pa3HIM HCTPaKNBabIMa,
MOKAa3aJI0 Jia MEeTOJIe 3aCHOBaHe Ha IOMYyJIalldji, YIJIABHOM, Jajy 0oJbe pe3yJrare O] Me-
TOJIa 3aCHOBAHUX Ha JIOKAJTHOM TIpeTpakuBamby. Ha ocroBy npupojie CPSAT-e mpobiiema,
CBaKa I19ejia je y CBOM JIeTy YHAIIPeJ UMaJjia TPU BarKHaA KOPAKa:

(i) ma nponalje 6ospu ckynm aroMa Koju MMajy BepoBarHolie Belie o1 Hya;

(ii) ma mompasu BepoBaTHOLE KOje CY J0/Ie/beHE aTOMIMA Ja O ce MPUOJIMZKIIIA TPazKe-
HOM DpeIley;

(iii) ma mpoBepu Jia Jin je perere npoHaleHo.
[IpencrBamenn pesynatn nokaldyjy Benuky xagmoh BCOi merose mas mpucrymnom 6a3u-

panom Ha FME meromu. JlokazuBadm Teopema KOju Cy TOCTOjaJId JIO CaJia, PEIIaBaIl
cy PSAT mnpobisieme y Kojuma cy ¢urypucaam ornepaTopy alCcoyTHe BepoBaTHohe, 3a

93



I'VTABA 7. BAKJbYYHA PABMATPAHA

Pa3JINKy 07 OllepaTOpa YCJIOBHE BepoBATHONE KOjU je OBJe pasMarTpaH, U IOoCMaTpaHe Be-
poBaTHohe cy nmaJie peasiHe BPEJIHOCTH, JIOK Ce cajla IPBU IIyT pa3Marpajy BepoBaTHohe
u3 Xapujesor mojba opojea. OO3UPOM J1a OBO MpEICTaB/ba MIPBU XEYPUCTUIKH TTPUCTYII
peraBamy OBor mpobJiema, Huje 6ua0 Moryhe u3BpiuTu rnopeherme 100ujeHnX pe3yJirara
HI Ca 9UM JPYTUM J0 ca aupeKTHuM npuctyrnoM. Ca Japyre cTpaHe, OCHM IITO je 00e3-
6ehen npeu npakTudan ajgar 3a pemaBame CPSAT-¢ mpobsiema, Ttakohe je mar m ckyn
IpuMepa KOju ce MOT'y KOPUCTUTHU Y OleHu Oyayhux mpucryra.

Nwmajyhu y Bujy naunn paga ommrer BCOi anropurma, 6mio je moryhe HampabBuTu
JICTPpUOYMpPaHU JOKa3uBad KOjuUM ce j00uja 3HaTHO yop3ame. (CBaka mreparuja BCOi
AJITOPUTMa C€ OJIBUja HE3aBUCHO, I1a HUXOBO TApaJeIHO W3BPIIaBarhe OUTHO CMAarbyje
oTpebHO BpeMe, MITO je OUI0 U OUEeKUBAHO.

[Ipencrasben npuctyn 3a pemasambe CPSAT-¢ npobsiema orBopuo je moryhnoct 3a
MPUMEHY OBe MeTojie Y JudOJITHOM 3aK/byduBamby. udoaTan mpuctyn y npeacraB/baiby
3Haa 1 3aK/byIMBalby MPEJICTaB/ba BPJIO OUTaH MeTO I, 003UPOM JIa TOIpXKaBa 3aK/by TH-
Bambe ca HenoTmyHuM uHdopmarmjama. HeMOHOTOHO 3aK/bydunBarme ce MOYKE KOPUCTUTU
Ha MHOI'EM MeCTHUMAa. JeJIaH OJ] HAjOUUTJIeHUjUX IIPUMepa je MEJIUIUHCKA JTUjarHOCTUKA,
rjle pe3y/ITaTh HOBUX aHaJMU3a MOTY OMTU y KOHTPJIUKIUjH Ca YCBOJEHUM 3aKJBYIKOM.
Cnuara cuTyanyja je U y 3aKk/bydnBalby y OJHOCY Ha IIPaBHE PeryjaTuBe W IMPOIHUCe, y
cuenuduKalju cucreMa n codrBepa u Tako jasbe. Judoarna soruka je, moryhe, Ha-
JUOIYJIApHUjU METO/, HEMOHOTOHOT PE30HOBarba, IIpe CBera 300T jeTHOCTABHOCTH 3aInCa
nudoJita.

YV audoaTHOM pe30HOBaIbY, JI0 Cajla HEje KOPHUIIheH XeypucTuiku npuctyi. O63upom
Ha Be3y judosrhe joruke u LPC P jnoruke, u ojie je 6uio Moryhe mocMaTpasu mpobdsiem
HpeACTaBUTH Y OOJIMKY IIpobjieMa JIMHeapHOT IporpaMupama. Kao u y ciaydajy peraBama
CPSAT-¢ npobsiema, nupekran npuctyn kopumiihemem FME mertone nHuje morao ma j1a 3a-
JoBoJbaBajyhe pesynrare. ako je Ha IpBU TOTJIET JI€JIOBAJIO Ja he je/IHocTaBHa IIPpUMeHa
Beh passujenor jokasupada 3a CPSAT-e npobiem jmatu 3aj0B0osbaBajyhe pesynrare, 1mo-
Ka3aJIo ce Jia CIemuUIHOCTH JoOujeHnX (bopMyJia 3aXTeBajy J0/IaTHa I0/IelIaBambha, KaKo
y KopuimheHnM cTpaTernjaMa MpUJInKoM MoAuUKAIje Periemnha, TAaKO U Y HATHHY TIPe/l-
CTaBJbakha BPEIHOCTH W3 Xap/njeBor mojba OpojeBa. OmImTm ajropuraM je 0CTa0 MCTU
kao npu pemapaiby CPSAT-¢ mpobiiema, anm je mopen XeypUCTHIKOI IPHUCTYIA y MO-
mudukanujn perierma, gogara u Hemmep-Mug meroma u ypahena je meraspbHuja aHAIH3a
pe3yJitara JIo0ujeHnx KOMOMHOBaIeM OBUX MeTojia. Takohe, nmopehenu cy npucrynm kajia
ce 3a CBaKy ITUejIy TeHepHuIlle HOBO WMHUIMJAJTHO peIllerhe Ha TMOYeTKY CBaKe WTepaluje n
cuTyalyja KaJjia ce IpeHoCH JIe0 Pellerba U3 IMPETX0/IHE UTepalifje, MTo ce IoKa3aJ/I0 J0CTa
edukacuujum npuctynoM. Edukacuocer je momarHo nopehana u Kaja je J03BOJHEHO & ¢
BpeIHOCT (DYHKIIMje II/ba IOKBAPU TOKOM MO UKaIije pelieiba, a He j1a ¢e yBEK 3a-
JIpzKaBa 00Jbe pelremne, Kako je To buo ciaydaj npuamkoM permapamba CPSAT-e nmpobiiema.
Nako pasBujena Meroja HEUje KOMILIETHA, BUCOK IPOIEHAT YCIEITHOCTH W KOMOWHAIIN]a
ca FME merojoMm nmpuMemeHoM Ha JIeJI0Be J00UjeHNX CUCTeMa HejeJHAKOCTH, Jaje 100pe
CMEpHHIIE 3a n3Boheme 3aK/bydaka y AUQOITHOM PE30HOBAILY.
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[Tonyhen meron orBapa moryhuoct 3a pemaBarbe PSAT mpobiema 3a npyre candHe
Joruke (IOILyT JIOPUKa IpeJICTaB/beHnX y pajgosuma |23, 84, 88, 100]). TomarHum TecTupa-
IbUIMa, PA3JIMIUTUX CTPATErHja MOTJIU OU ce J00UTH 0OJ/bU Pe3ysiaTh IPUJIUKOM pPelliaBaiba
CPSAT-¢ npobiiema, Kao mITO je TO yIU€HO KOJ, quoTHOr 3aK/pyunBama. Ca jnpyre
cTpane, 6e3 003upa Ha IPEHOIIEIHE JieIa Pellleha U3 jeJlHe UTepaluje y JApyry IMPUINKOM
JIUPOITHOT PE30HOBaIba, U Y TAKBOM IPHUCTYITY OM Cce MOra0 PasBUTH JUCTUOYUPAHH JTO-
Ka3nBad TeopeMa y /by nopehamma epukacuoct. OO3UpOM J1a je OBO MPBU XEYPUCTUIKHI
HPUCTYII Y PelliaBarby OBUX IIPOO/IeMa, oJ1 HTepeca Ou OUJI0 PA3BUTHU U JIPyTe XeyPUCTUUKE
MeTOojIe 1 U3BpIUTH ropeherme pesynrara 100NjeHNX MPUMEHOM PA3/JININTHX XeYPUCTHKA.
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A.1 ®Pypuje-MonknH MeToga eJIMMUIHAIN]jE

JeHa o1 IMPEKTHUX METO/Ia 3a PelllaBaibe CUCTeMa JUHeapHUX HejeiHakocTh je Pypuje-
Monkun metosa emumuHanuje. OBa MeTo/a je pa3BHjeHa 3a pelnaBame y EykimmoBoMm,
PEaTHOBPEIHOCHOM TIPOCTOPY, & 3a MoTpede OBOT pajia pelieiba CUCTEMa ce TpaxKe y He-
ApxmmenoBoM, xureppeaJiHoM rpoctopy. Ilocmarpa ce cucrem oJ1 m JIMHEAPDHUX Heje/I-
HAKOCTH y N-IAUMEH3HOHOM IIpocTopy. IlocmaTpanu cucteM ce MoKe 3alnucaT y OOJTUKY

Az <b (A.1.1)
rie je A marpuna koedunujenara us R™ " x = (x1,...,2,)T € R" BexTop HemoznaTux
u b komona BekTop n3 R". Heka je

X ={zeR": Az < b} (A.1.2)

CcKyTI perrerba cureMma u Heka X ¥ o3madasa mpojexnnjy ckyma X Ha IPOCTOp pasaleT Ha
MOCJIeIFbUX N — k KOOpJMHATA!

X — {(@hs1,. .- 20) c R :3(zy,...,2%) €ER", (21,...,2,) €X}

®Oypuje-Monkun meroga ([12, 14, 25, 57, 61, 81, 106|) cyKilecuBHO eJIMMUHUIIE HETIO-
suare (1,...,7, 1) u3 curema (A.1.1) n uspauynasa marpune A¥ u sexrop blFl rako
J1a
Xk = {J:m e RF . Al ¢ b[k]} k=1,...,n—1

rae je x[k] = (xk+17 s 7In)T‘

Y 1muiby eJMMUHAIINje HETMO3HaTe Tp, CBaka OJ M HejeiHakocTn u3 cucrema (A.1.1)
ce MHOXKHU OJiroBapajyhoM IMO3UTUBHOM BpPEJIHOIINY Jia OM BPEJIHOCTH Yy IPBOj KOJOHHU
Matpuiie A moctase +£1 uwin 0. Bes rybuTka ONIITOCTH, MOXKE Ce IPETIIOCTABUTHU Jia
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Ce OpurmHaJiaH CUCTEM MOXKe 3alliCaTu y 06JII/IKy

+1-21 + Oél(l‘m) <0, 1€ My,
—1'$1+(X¢(ZE[1]) <0, 1€ M_,
0-21 + (M) <0, i€ M,

rre je a;(2M) = x4+ - - -+ o, + B natu abunn o6k 3a r = (zy,..., 2,)"T € R*!
u My, M_, My mucjyHKTHU CKYyTIOBHU WMHIEKca HejeaHakoctu cucrema (A.1.1) mpu uemy
BaXK! J1a je

MiUM_UM,={1,...,m}.

Jlako ce Buan ja 3a cBako ¢ukcnpano x| HejemmakocT ca mmmekcom i € M, U M_
MOXKe OUTH 3a/I10BOJbeHA 3a HEKM peajiaH Opoj 1 aKo W caMO aKO CBaKa rOpiha IPAHUIA
—ay(zM),i € M, 3a 71 je Beha o7 cBake jome rpanume o;(z), j € M_| j.

—a;(zM) = a; (), ie My, jeM_

Kombunosamem osux |M,| - |M_| nejenqunakoctu ca npeocramux |My| Hejennakoctu u3
cucrema (A.1.1) Koje He cazupxke x; 1obuja ce cucrem ox M| - |[M_| + |My| muneapruux
HejeTHaKOCTU

o (2 4+ o (21) <0, (i,5) € My x M_

a;(z11) <0, i € My

anje peremse je ckyrmr X W, TIpeTxonn cicreM Mozke /14 ce HAIMIIE y OOIHKY
Al < ]
ca omrosapajyhom marpumom AN n BexTopom bl Osume ce nedunmme

XM = {ol g R ;AW Y

2]

Cotrano ce emMuHanujoM memosnarte o u3 cucrema AP xR < b2 no6uja omme apyre

npojexnuje X2 = {zl? € Rn=2: APz <P} u tako name. Haxon n — 1 kopaka omu-

carHoM mponeaypoM gobuja ce n — 1 marpuna AFl u Bexrop bFl raksm ga je XM =

{x[k] e Rk . ARl b[k}} k=1,...,n—1.

A.1.1 Pemnieme cucreMma JMHeapPHUX HejeJHAKOCTH U IMPOOJIEeM Jin-
HeapHOI' IporpaMupamba

Ako je ckym pemema X = {xr € R" : Az < b} mempasan, tajga cy HempasHe u

mpojexunje X C R"* Lk =1,...,n — 1 u obparno. IIpenusnuje peueno, ako Az < b

UMa pelleme, Taja je

X[ = {1 ¢ R ; Al—tgh g pi)
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HerrpazaH nHTepBaJ 3a nenoznary 2" = z,,. 3a garo A" 1 bl nako ce morxke nahn

(=1 Tana ce 3ameHom x, = T, Yy CUCTEMY Aln=2pn=2]  pln—2

TauKa TakBa Jia T, € X
1001ja HOBM DEIIUBH CUCTEM JIUHEAPHHUX HEjeJHAKOCTH UUjU je CKYIl pellerba MHTepBaJl
{zy € R: (2, — 1,7,) € X" 2}, Pemasamem oBor cucrema Koju CaJp:Ku jeHy HeIo-
suaTy no6uja ce Tauka T2 = (Z,_1,T,) € X" koja ce MoxKe 3aMenuTH y cECTeMY
Aln=38lgn=31 < pln=3l 1 rako mame. INonasspameM oBe mporeaype 3anMene yHasza, Oypuje-
MoIKuH MeToJIOM ce MOXKe OJIpeIUTH pemterse (T1, ..., T,) Ma KOT 33JJ0BOJBUBOI CUCTEMA
ymuHeapHux Hejegnakoctn Az < b. Vcropujeku, 0BO peicTaB/ba MeTo 1 ' pe -/ TMHeapHOr

nporpaMupata’ 3a pernaBarme CHCTeMa JIMHeapHuX Hejearakoctn|25, 106).

A.2 Hengep-Mna meTosa oITUMHA3AIINje

CekBennujanny cumiieke Merony cy npegroxmmm Crenjgej (eur.  W. Spendley),
Xekcr (eur. G. R. Hext) m Xumcsopr (eur. F. R. Himsworth) [110], a auraBy unejy
cy masbe npommpuin Hemnep (enr. J. A. Nelder) w Mun (enr. R. Mead) [83]. Merona je
pa3BHjeHa 3a pelllaBambe ONTUMU3AIMOHOr ITpobjieMa TUIIa

min f(x)

T

npu yeMy je f dyHKIHMja 0/ n NIPOMEH/BUBHUX, O€3 OrpPaHrIerbha.

Hexka cy Py, P, ..., P, Tauke quMensuje n Koje geduHuIry TpeHyTHH cuMiliekc. Buhe
kopuiilina o3naka y; 3a f(P;), Tako ja

e uHJEKC h je TakaB ja je y, = max(y;)
7

e uHJEKC [ je TakaB 1a je y; = min(y;)
K2

Ca P he 6utu o3naveH IEHTPOWJ, Tj. TadKa IO/IjeJHAKO yJa/beHa OJ CBUX Tadaka P,
i # h, a ca [P,P;] pacrojame usmelhy tadaka P, u P;. Y cBakoj dasu P, ce 3amemyje
HOBOM BPE/THOIINY 1 KOPUCTE Ce TPU Ollepalinje: pehaekcuja, Konmparyuja u eKxcnam3uja.

Pednekcuja tauke P, ce o3nHauaBa ca P* u meHe KoopaumHaTe ¢y JAepUHUCAHE pesia-
1joM
P*=(1+a)P—aP,
rJle je (v TIO3UTHUBHA KOHCTaHTa, KoedwurmjeHT pedekcuje. Ako je BpeaHoct y* mamelhy
BPEJHOCTH ¥y, U ¥, Taja ce P, 3aMemyje ca P* u mporec Mmovunmbe IMOHOBO ¢a HOBHUM CHU-
MIIJIEKCOM.

Axko je y* <y, Tj. ako je pediiekcrja j1ara HOBU MUHIMYM, Taja ce P* mpormpyje ca
P** penanmjom

P =~P*+ (1 —7)P
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Koedunujent ekcmansuje v je sehu oz 1 u npejicrasiba ofHoC pacrojamwa [P** Pl u [P*P).
Axko je y** <y, Tauka P, ce 3amerpyje TaukoM P** u mporiec movInibe MOHOBO; Al akKo je
y** > y;, Taja eKcnan3uja Huje yciena u Py, ce 3amerbyje ca P* mipe MOHOBHOT ITOYETKA.

Axko ce pedrekcujom P na P* nobuje 1a je y* > y; 3a cBako ¢ # h, Tj. 1a ce 3aMeHOM
P ca P* nobuja nma je y* makcuMyM, Taja ce JeduHuiie HOBO P}, Koje je man crapo P,
nin P* y 3aBUCHOCTH 3a KOje Yy UMa Marby BPeJIHOCT U (hopMupa ce

P* =P, + (1 — B)P.

Koedunujenr konrpakmuje § nma Bpeanoct n3mely 0 u 1 u mpejicTaB/ba 0IHOC pacTo-
jama [P**P]u PP. Bpemnoct P** ce ysuma 3a Pj, u nporec Kpelie II0HOBO, OCHM YKOJIHKO
je y** > min(yy, y*), 1j. Tauka KOHTpakiuje je ropa u ox P, u og P*. Axo KoHTpakimja He
ycie, cBe BpenHocTn P; ce Memajy ca (P;+ P)/2 u nporec nounmbe u3 noderka. Kao xpu-
TEPUjyM 3a 3ayCTaB/barbe Ce MOYKe y3eTU CHTYaIlja KaJa MPOCeTHA BPEIHOCT TPEHYTHUX
Y; TIOCTaHe JIOBOJHHO MaJia.

A.3 Ilapajenmu3aruja n3BpiiaBarba IporpaMa Kopurihe-
meMm MPI merone

DBpxke nzBpiaBame KOMILIMKOBAHUX N3padyHaBaiba, 3a KOjUMa JIaHAC, Ca PA3BOjeM Ha-
yKe, 1ocToju cBe Beha rorpeda, 3aXTeBaJio je pa3B0j Pa3InIUTIX METO/Ia ITapaJieu3aluje
nporieca. JejaaH oJi TPeHYTHO HajIOIYyJIapHUjUX METOJ/A je CTaHIap/HO OKPYXKeIhe 3a Pas-
meny nopyka MPI (enr. Message Passing Interface). MPI npencrasiba crerudukariyjy
cranapaae 6udbmoreke byHKIMja 3a napasieHnn Mojes npociehusama nopyka. [Ipuim-
koM dopmupama, MPI crangap/ je mpeyseo KoHCTpyKIHje pasnux mnocrojehux cucrema
KOju Ccy ce J00po IMOoKa3a/u y IpaKcu U yrpaJifo UX Y jeJlaH Moy37daH U epuKacaH CUCTEM.

Kako je MPI cranmaps He3aBucan o1 miardopMe U OlepaTUBHOT CUCTEMa Ha, KOjUMa
ce m3BpiaBa, ceaka MPI nMiiemenrarja Mmopa mgomarno ja 06e30e/1u yra3Ho /u3iias3ne
olepaliije W HAUYMH W3BpIIaBarba allIMKalldja Ha JaTOM KOHKPETHOM OIEPATHBHOM CH-
CTEMY.

MPI nocenyje Bucok crerer (bIeKCUOMIHOCTH, Y€MYy HJe Yy IPUJIOr UNHEHUIA Ja ce
MPI cucrem mMozKke M3BPIIABATH HA MPEXKU XETEPOreHUX padyHapa, OJIHOCHO CKYITY ITPO-
1ecopa pas3InduTuX apXuTekTypa. KopucHHK He Mopa Jia BOJIM padyHa O TOME Jia JIi
ce TIOpYKe pa3Merbyjy m3aMehy Iporecopa UCTHX WM Pa3/JIndIuTUX apXuTekTypa, jep MPI
ayToOMaTCKH 00aB/ba CBe HEOIIXO/IHE KOHBEP3Hje omaTaka u 0be3belhyje oarosapajyhu mpo-
TOKOJI 38 KOMYHUKAIIH]Y.

MPI nporpam mMozke jga ce cacToju U3 BUIIE TPUMePaKa CEKBEHITNjaTHOT IIPorpaMa Koju
KOMYHUIIUPAjy mo3uBuma ojaroBapajyhux dynxnuja MPI 6ubanoreke. Oe dyukimje ce
MOTY CBpCTaTH y cienehe rpyre:

1. Oynkimje Koje BpIe MHUIUjATA3AIN]Y, YIIPAB/balbe U OKOHYABAIHLE KOMYHUKAIIU]E;
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2. OyHKIHje Koje CayKe 3a KOMYyHUKAIjy u3Mely mapoBa Mporeca;
3. OyHKIMje Koje n3BOJIe olepaliyje HaJ IPYIOM IIpOoIieca;

4. Oynknmje 3a Kpenparmbe MPOU3BO/HHIUX THIIOBA O/ IaTaKa.

[Tomohy maBenenux MPI dyukuja, Ha pa3mIuTUM TUIIOBUMA aAPXUTEKTYpa rapaJie-
JIHUX padyHapa, peajmnsyjy ce cienehn mporecn:

1. HaBohemeMm upekTuBa OllepaTUBHU CUCTEM paciopehyje Kolmje HU3BPIIHOT ITPO-
rpaMa Ha CBaKW YBOD KJacTepa (mporecope);

2. CBaku mporiecop U3BpIIABA CBOjy KOIM]Y MPOTrPaMa;

3. Pazmuuunru nporecopu mapesieslHO U3BPINABajy OHAJj JIeo mporpamMa y KOMe ce KOpH-
cTH UJIeHTU(DUKAIMOHU OPOJ MPOIIECA.

Y macraBky he 6utn HanpabsbeH KpaTak nperue dynkiuja MPI 6ubanoreka Koje ce
Hajuernfie KOpUcTe MPUIMKOM TeHEpUcama TapaseHux nporpama [34, 35, 98].

®ynknuja MPI _ Init

Csakun MPI nporec npso noszusa dyukiujy MPI _Init. Ona obe3behyje na cucrem
U3BPIIH T0JIeNaBamba morTpedbHa 3a rmo3use ocrtaaux MPI dyukmuja. [lo3us oBe dynkimje
He Mopa Jia OyJie IpBa Hape/da porpam, 4ak He Mopa Jia Oyjie cMenrTeH y main (yHKIj’
C mporpama, aiau ce mopa Haectu npe nosuba octaaux MPI dynknuja. Cunrakca oe
dyukiuje y nporpamckom jesuky C je

MPI _Init(&argc,&argv);

®ynknuje MPI_ Comm_rank u MPI_Comm _size

Hakon MPI mnunujammzanuje, cBaku aKTUBAH IIPOIEC MOCTaje YJaH KOMYHUKATOPA
MPI_COMM _WORLD, crangapauor komynukaropa MPI 6ubimoreke. Komynukarop je
AllCTPAKTHU O0jeKaT KOju ce OpuHe O OKPY:Kemy 3a pa3MeHy Mopyka Mmely mporecuma.
VKOJIMKO je TIOTpeOHO, KOPUCHUK MOXKE CaM KPEUPATU KOMYHHUKATOPE JEJheHEM IIPoIeca
Ha KOMYHHUKATOPCKE TPyIie, IIPU Y€MYy MOpa y3eTU y 003Up Jia MPOIECH MOTY KOMYHUIIU-
paTu caMo ako Cy yHyTap HCTe TpyIe.

[Iporecn yryTap KoMyHUKaTOpa cy ypeheHu mo HeKoMm pemocierny. Y KOMYHUKATOPY
ca p mpoleca, cBaku rpoiec jobuja jeauacreenu 6poj id usmely 0 u p — 1. Ha ocHoBy
id BpeJHOCTH HPOIECH MOTY Jia YTBPJE 3a KOjU JIe0 M3padyHaBarba U/WJIN [ojaTaka Cy
3a/1y?KeHHU.

[Tosusom dyukimje MPI_ Comm rank ce cBakom mporiecy J1ojie/byje jeiuHcTBeHn Opoj,
a dyukiumjom MPI_ Comm _size ce oznpebyje ykyman O6poj mporeca y komyHuKaTopy. Cu-
Takca oBux (yHKIHja y nporpaMckoM jesuky C je

100



JIOJTATAK A. JIOJJATAK

MPI_Comm _rank(MPI_COMM _WORLD,&id);
MPI_Comm _size(MPI_COMM _WORLD,&p);

YKOJIMKO je jeJlaH Mpoliec y JIBe KOMyHHKATOPCKe Tpytie, meros id fie 3a cBaky rpyiry
OUTH Jpyradnju.

Oynkuuja MPI _ Bcast

Oyukruja MPl  Bcast omoryhasa jia miporiec mpocsiejiu je/ial ujid BUIIE [M0/IaTaKa uc-
TOI' THUIIAa CBUM IpoliecuMa y KoMmyHukaropy. CunTakca oBe (DYHKIHjE y ITPOrPAMCKOM
jesuky C je

int MPI_Bcast(

void *buffer,

int count,

MPI Datatype datatype,

int root,

MPI_Comm comm
)i
rje npsu aprymenT buffer canpxku ajpecy npsor nojarka Koju Tpeda POCIEIUTH, apry-
MEHT count o3HadaBa Opoj mojiaraka Koju ce rnpociehyjy. PyHKIMja moapasyMmena Jjia Cy
cBU mojiany wcror tuia datatype m Jia ce Hajiaze y MEMOpHUjU jejaH 3a jpyrum. Ilapa-
MeTap root mpejcrabba id mporeca Koju Imajbe TojaTKa, 0K mapaMerap comm o3HavaBa
KOMYHUKATOD KOMe IIPUIIaIajy MPOIECH KOjU YIECTBY]Y y TPEHYTHO] KOMYHUKAIIA]HU.

®ynknuja MPI_Send

[IpuivkoM wm3BpIaBama MnporpamMa, 9ecTo je HEeOIXOJHO 00e30eUTH KOMYHUKAIH]Y
u3mely j1Ba KoHKpeTHa 1poreca. OBa KOMyHHUKAIja MOXKE Jia ce 00aBl Pa3MEHOM ITOPYKA.
[Ipomec koju masbe mopyky nosusa Gpyukimjy MPl  Send uwmje je C cunrakca jgara ca

int MPI_Send(
void *message,
int count,
MPI Datatype datatype,
int dest,
int tag,
MPI_Comm comm

[IpBu mapamerap message mpejcTaB/ba MMOYETHY aJipecy TOJaTKa Koju he OuTw Io-
cnar. JIpyru napamerap count rpejictaB/ba Opoj 1mojaTaka Koju ce IaJjby, JOK IrapamMerap
datatype npejicreiba muxos Tuil. Ilapamerap dest npescrsiba id mporeca Koju Tpeba ja
npumu nojarke. [lomohy mapamerpa tag moxke ce 06e30euTn njieHTUDUKAIIA]A CBPXE
nopyke. [lapamerap comm, u y oBoM ciIydajy, o3HaUYaBa KOMYHUKATOP.
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®ynkumja MPI Recv

[Iporec koju Tpeba ja TPUMHU TOPYKY, KOjy IMajbe JPYTU MPOIEC, 1M03uBa (QYHKIH]Y
MPI _Recv. Cunrakca oBe pyHKIWH]e je, JoHeK/ e, ciimdaaa cuatakcen ¢yukiuje MPl - Send:

int MPl _Recv(

void *message,

int count,

MPI _Datatype datatype,

int source,

int tag,

MPI _ Comm comm,

MPI _Status *status
);
ca TUM IITO CaJia YeTBPTH [TapaMeTap source o3HadaBa id mpolieca Koju ImaJjbe mopyky. Ilpe
nozuBa dyuknuje MPI_Recv mporiec mopa ja asorupa crpykrypy tuma MPl - Status, a
napamerap status caJpzKu mokasuBad Ha OBy cTpyKTypy. OBa CTpyKTypa caJpKu [10J1aTKe
0 TOMe KOju IIPOIIeC je I0cja0 MOPYKY, Koja je cBpxa IopykKe u mHdopMaluje o Moryhoj
TPENy Koja je HacTaJsa.

®ynknuja MPI_ Finalize
Haxow 1mrro ¢Bu niporiecu 3aspiie cge ceoje MPI nmosuse, nosusa ce dpyukmnuja MPI  Finalize

KOja oMmoryhasa cucremy ja 0CJI0D0IU CBe pecypce Koju cy ommm 3ay3eru of crpane MPI
Iporpama.
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Buorpadmuja

Tarjana Crojanosuli (polj. Tumorujesuh), pobhena je 1974. romune y Kparyjesity.
OcnoBry mikosy u ruMmuasujy 3aspimia je Kparyjesiyy. [Ipupoano-maremarniaku daky-
arer y Kparyjesily, rpylia MaTeMaTHKa, CMep padyHapcTBo, ynucasa je 1993/94, a nu-
mwiomupaJsa 1997. roxgune ca npoceanom orenom 9,26. Ox 1998. 1o 2003. rogaune 6uita je
aHTaKOBaHa Kao aCUCTEHT-TPUIIPABHUK 3a T'PYIy Ipeamera [IpuMemena MaremaTnka Ha
[Ipupogro-maremarmakom dakyarery y Kparyjeeiry. Ox 2003. rogmse je aHraykKoBaHa,
Ka0 aCUCTEHT 3a YKy HaydHy objiacT Bemrrauka mHTeureHImja, Ha UCToM (aKyaTeTy.
[TocnenumioMcke-MarucTapeke CTy/inje Ha TPYIH MaTeMaTHkKa, CMepP padyHapCTBO, yIIU-
casia je mkoJicke 1997/98. romuue u cBe mpejnmere npeaBuheHe IJIAHOM M MPOTPAMOM
IoJIOXKMJ1a, ca mpocednoM orieHoM 10. MarucrapcKy Te3y 110j HacJIOBOM ,,/lokasuBavu Te-
opema’ ojopanusa 2002. roguHe U TUME CTEKJIa 3Barbe MarucTpa nHOpMaTHIKIX HayKa.

Jlo cajna je Outa aHraykoBaHa Ha peasin3aliuji Be:KOU Ha HEKOJUKO CTYJIMjCKUX IPO-
rpaMa M Ha HEKOJIMKO IIpeJMeTa U TO:

e Ha crymmjckom mporpaMmy 3a cTuname 3Bama Jlunimommpanm MaremMaTmdap-
-uacdopmarugap: Padaynapctso 1, Anrebpa m jiormka y padyHapcTBY, Bemrradka
MHTEJINTEHIN]a U eKCIIEPTHU CUCTEMU;

e Ha npeamernma cTyjpmjcKor mporpama 3a CTHUIAHE CTPYIHOr/aKaJeMCKOI 3Batba
Nudopmarnaap n lumnomupanun wabopMmarndap - mMactep: (OcHOBe mporpamu-
pama, Coprepckn npakTukym 1, CTpykrype nogaraka u ajaroputMu 1, CTpyK-
Type 1mojiaTaka u ajropurmu 2, DopMaJsinu je3uiy, ayToMaTh U je3UIKH IPOIECOPH,
Teopujcko pauynapctso, llpesicraBmbame 3Hamba U 3aK/bydnBaibe, MeToaumka mpo-
rpaMupama;

e Ha apyrum cryamjckum rpynama u gakyareruma: OCHOBE OMOCTATUCTHKE W pady-
HapCTBa — Ha TPYIH 3a bunosornjy, MaremaTnka — Ha rpynu 3a xemujy, Maremaruka
2 — ma rpymnu 3a ¢pusuky, Maremaruka 1, Maremaruka 2 — na Mamunckom daky-
arery y Kparyjesity, UadopmaTuka — Ha ¥Y4auTe/bckoM paKyaTeTy y JaroauHu.

YdecTBoBaJIa je y peaqu3anyju 2 Hay4dHA, 2 TEXHUIKO-TEXHOJIONIKA Kao M 2 CTPyYHA
mpojekTa. AKTHBHO je ydecTBoBaja y pajiay cemuHapa u3 Jloruke na Maremaruakom
uractuTyTy CpIIicKe akajgeMuje HayKa U YMEeTHOCTH.

O112004. 10 2008. romume 6uiia je cekperap uaconuca Kragujevac Journal of Mathema-
tics.

Axrtusnn je wnan pymrea matemarudapa Cpouje. O 2003. g0 2006. rogure wraH
je pemakmuje TanrenTte, dacomnuca 3a MATEeMaTUKy U PAIYHAPCTBO HAMEHHCHOT YICHUITIMA,



cpenme mKoje y u3namy Jpymrea matemarnuapa Cpbuje. O 2006. rogumbe wran je
penaknuje MareMaTHdkor JIMCTa, YacONUCca 33 MaTeMaTUKy M PAvyHAPCTBO HAMEHEHOT
YUYEeHHUIINMa OCHOBHE ITKOJIe v u3jamy Ipymrrea matemarndapa Cpbuje. AKTHBaH je mpe-
JaBad y okBupy MaremaTnyike paJIMOHHUIE MJIaINX, Koja o1 1999. rojaunne paju ca MjiauM
tasieaTuMa y Kparyjesy. O 2006. 1o 2012. rogune npejceauk Pemnybsmmake komucuje
3a TakMuderma U3 IporpamMuparma 3a ydeHuKe OCHOBHUX IkoJa. [ommnae 2007. Ousa je
wiaH kupuja na Jynnopckoj Bamkanckoj Onumnujaan us undopmaruke, a 2008. roaumne
smjyiep tuma Pernybsinke Cpbuje na Jynmopcekoj Baskanckoj Osnmmnujajn 3 nndopma-
tuke. ¥ nepuojy ox 2003. mo 2005. Ousa je MEHTOP yUEHUIIMMa OCHOBHUX IIKOJIA Ha
nU3pajym pPaJioBa Y OKBUPY aKTUBHOCTU PermoHa iHOT IEHTpa 3a TaJIeHTE.
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This paper presents the first heuristic method for solving the satisfiability problem in the logic with
approximate conditional probabilities. This logic is very suitable for representing and reasoning with
uncertain knowledge and for modeling default reasoning. The solution space consists of variables, which
are arrays of 0 and 1 and the associated probabilities. These probabilities belong to a recursive non-
Archimedean Hardy field which contains all rational functions of a fixed positive infinitesimal. Our
method is based on the bee colony optimizationmeta-heuristic. The proposed procedure chooses vari-

,(‘)/;S;éo ables from the solution space and determines their probabilities combining some other fast heuristics

68T20 for solving the obtained linear system of inequalities. Experimental evaluation shows a high percent-

68T27 age of success in proving the satisfiability of randomly generated formulas. We have also showed great
advantage in using a heuristic approach compared to standard linear solver.

Keywords: © 2015 Elsevier B.V. All rights reserved.

Probabilistic satisfiability
Conditional probability
Approximate probability
Meta-heuristics

Swarm intelligence

are presented in [ 11-14]. Heuristics based on swarm intelligence, like Ant Colony
Optimization (ACO) or Bee Swarm Optimization (BSO), were also applied to SAT

1. Introduction

|. Genetic

Working with uncertain knowledge has been well documented problem in
mathematical logic and computer science, since the first works of Leibnitz and Bool.
The unique solution to this problem has not been found yet, but there are many
ideas and different variants of solutions for particular problems, that are used in
artificial intelligence. Many of the formalisms for representing and reasoning with
uncertainty are based on probabilistic logics | 1-10]. These logics are extensions
of classical logic with probabilistic operators. Satisfiability problem in these logics
(PSAT) can be reduced to linear programming problem. However, solving it by any
standard linear solver is inapplicable in practice due to the complexity of the prob-
lem. For example, the application of Fourier-Motzkin elimination procedure yields
the exponential growth in the number of inequalities in the system. Therefore, the
application of some other techniques for solving this problem, such as different
types of meta-heuristics, could prove very useful.

Using meta-heuristics for solving satisfiability problems is not a new idea. The
most interesting problems in propositional logic are satisfiability problem (SAT)
and maximum satisfiability problem (MAX-SAT), i.e., the problem of determining
the maximum number of clauses of a given Boolean formula in conjunctive normal
form, that can be made true by an assignment of truth values to the variables. Several
methods based on different heuristics have been developed for SAT and MAX-SAT.
Many of those methods are based on local search procedure and some of them

* Corresponding author. Tel.: +381 642183742.
i .75 (T. Stojanovic), tanj
i.ac.rs (Z. Ognjanovic).

0i,0rg/10.1016/j.¢ 017
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[ 15,16]. For this type of problem probabilistic approach is presented in | !
Algorithm (GA) is another approach used for dealing with SAT and/or MAX-SAT
[18,19],and itis also combined with some other heuristics | 20 . In probabilistic logics
presented by Nilsonin |2, Faginetal.! 1! orby Raskovietal.|” ,local search based
heuristics [22], Tabu Search (TS) [23], GA [24 25|, Variable Neighbourhood Search
(VNS) |26], and combination of GA and VNS [ 7| were used for solving PSAT.

Here, we discus the satisfiability problem in approximate conditional probabil-
ities logic described by Raskovic et al. in |4 ]. We denote this version of satisfiability
problem with CPSAT-¢. The main differences between PSAT and CPSAT-¢ are:

e CPSAT-¢ involves conditional probability operator on the contrary to PSAT.
e Probabilities of formulas in CPSAT-¢ may take infinitesimal values, and not only
real-values as in PSAT.

The first use of infinitesimal was by Leibniz, when he introduced differentials. Later,
Robinson [ 28| showed how infinitely large and infinitesimal numbers can be rigor-
ously defined and used. Characteristics of CPSAT-¢, given above, do not allow us to
use the existing methods for PSAT that work with formulas containing real-valued
unconditional probabilities only.

The logic, described in -/, enriches the propositional calculus with probabilis-
tic operators which are applied to propositional formulas: CP-s(c, 8), CP<s(c, B) and
CP~s(a, B), with the intended meaning that the conditional probability of « given
is “atleasts”, “at most s” and “approximately s”, respectively. This way of knowledge
representation and reasoning can be widely used. One of the most obvious examples
would be the process of reaching diagnosis in medicine. Occurrence of some symp-
toms with adequate certainty represented in percents, leads to conclusion that a
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