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Cazkerak

['pannyanu mpobsiemu 3a napuujaine audepeHInja He jeIHadnHe MpeacTa-
B/bajy MaTeMaTH4kKe MoOjese Hajpa3HOBPCHUJUX I0jaBa, Kao Ha MPUMeEpP IpO-
Bohema TOIIOTe, MexaHuke (ayuga, mpoieca aroMcke dpusuke uta. Camo y
PETKUM CJIydajeBUMa OBU 3a/Ialli Ce MOI'Y PEHIUTH KJIACHYHUM METO/[aMa Ma-
TeMaTU4YKe aHaJIu3e, JIOK Ce Y CBUM OCTA/JIMM MOpa IIpuderaBaTu MpuOIUKHAM
Merojgama. MeToa KOHAYHUX pa3/jivKa je jeJaH o Hajuenihe mpuMermnBa-
HOX METO/Ia 3a HyMepHYKO pelllaBarbe TPAaHUYHUX TpoOseMa 3a MapliijaJiHe
jgudepeHnujaTHe jeHadnHe. Y OKBHPY MeTO/e KOHAUYHHUX Pas3/inKa, jeJaH O
rJaBHEX IpobJieMa je JIoKa3uBathe KOHBepreHiuje JudepeHIinjcKux cxema Koje
anpokcumupajy rpanundae npobeme. O moceOHOT nHTEpeEca Cy OleHe Op3uHe
KOHBEpPreHIMje carjiacHe ca TJIATKOIhy KoedwuljeHaTta U penierma, MoYeTHOT
npodaeMa.

[IpuukoM HyMepHUKe allpOKCUMAIAje TOUYeTHO-TPAHUIHUX TapabOJTHIKIX
npobjieMa ca reHepaJlIiCAaHUM pellehUuMa jaB/bajy ce U HEeKHU JIOJATHU HPO-
Osiemn: KoedunMjeHTH HUCY HeNpeKujHe (PYyHKIHje, MPOMEH/bUBH KOepuiim-
jeHTH MOry OMTH U BPEMEHCKHU 3aBHUCHH, KOeUIUJEHTU U pelleibe ITPUIAIajy
HECTAHIAPHIM aHH30TPOITHUM IpocTopuMa CoboskeBa uta. OBa jucepTalimja
ce yupapo 6aBu TuM 1podeMuMa.

Y nucepranuju je pazMaTpaH JBOJMMEH3UOHAJHY IIOY€THO-IPAHUYHHU [TaPa-
OOIMYKY TPOOJIEM C KOHIIEHTPUCAHUM KaIlalUTeTOM, Tj. TPOOJIeM KOjU CaJIPIKU
JlupakoBy genta HyHKIHU]Y Kao KoedunujeHT y3 u3Bo 1mo BpeMeny. Jlogarna
noTerkoha y caydajy rpaHHYHEX IIpodeMa ca JiesTa (pyHKIHjoM Kao Koedu-
[UJEHTOM, je Jla pellema 1podjemMa He HPUIla/Iajy CTaHJIapHUM IIPOCTOPUMA
CobospeBa. Y pajay cy J0Ka3aHe alpHOpHE OIleHe y oAroBapajyhmm Hecra-
HIAPJIHUM HOPMaMa. Y3 MPEeTIOCTAaBKY Ja KOeMUIHjeHTH TPUIAIA]y aHW30-
TpormHuM mnpoctopuMa CobosbeBa, KOHCTpyHCaHe cy AudepeHIujcKe cXeMe C
YCPEIIbeHOM JeCcHOM cTpaHoM. Jlokazame cy omeHe Op3mHe KOHBEPIEHIIW)je
y JIMCKPETHUM W; 1y W; 172 nopmama. Jlobujene cy orene Op3uHe KOHBe-
premiuuje 1meJJ00pojHOT pejia carjiacHe ca ryiarkoiiny koeduiujeHara u peremnha
[OYETHOT IIPodJIeMa.



Summary

Boundary problems for partial differential equations represent mathema-
tical models of the most diverse phenomena, such as heat transfer, fluid me-
chanics, atomic physics, etc. Only in rare cases, these tasks can be solved by
classical methods of mathematical analysis, while in all other must be resort
to approximate methods. Finite-difference method is one of the most commo-
nly used methods for the numerical solution of boundary value problems for
partial differential equations. In the context of finite-difference method, one of
the main problems is proving convergence of difference schemes which appro-
ximating boundary problems. Of particular interest are the estimates of the
rate of convergence compatible with the smoothness of the coefficients and
solution.

When numerical approximations parabolic initial-boundary problems with
generalized solutions, there are also some additional problems: the coefficients
are not continuous functions, variable coefficients can be time-dependent coe-
fficients and the solution belong to nonstandard anisotropic Sobolev spaces,
etc. This dissertation is concerned with precisely these problems.

The dissertation is considered a two-dimensional parabolic initial-boundary
problem with concentrated capacity, that problem contains Dirac delta functi-
on as the coefficient of the derivative by time. A further problem, in the case
boundary problems with delta function as the coefficient, is that solution not
in standard Sobolev spaces. The paper demonstrated a priori estimates of the
corresponding non-standard norms. Assuming that the coefficients belong to
anisotropic Sobolev spaces have been constructed the difference schemes with
averaged right-hand side. The estimates of the rate of convergence in the spe-
cial discrete WQQ ! and /Wv21 172 norms, is proved. The estimates of the rate of
convergence compatible with the smoothness of the coefficients and solution,
are obtained.



3AXBAJTHUIIA

OBa muceprarnuja je pahena na IIpupoano-mareMaTnakoM (hakyaITeTy, MpH
WNuctuTyTy 3a MareMaTruky u uHdopMaTuky y Kparyjepiy mom MEHTOPCTBOM
upod. jp lejana Bojosuha.

NzpakaBam nocebny 3axpaJsinocT mpod. jp ejany Bojosuhy na momohwu
y TOKY pajia Ha OBOj AucepTanuju. 3axBabyjeM ce ap Bomky JoBanosuhy na
capaJmu U cyrecTujamMa a Takohe m dinanoBuMa Komucuje ap Muompary Cma-
sesuhy, n1p BpanucnaBy llomosBuhy u np Mapuju Cranwh na menpouemuBoj
nomMohu 1mpy»KeHoj NpUJINKOM HU3PaJie OBe JIcepTallyje.

Hajpehy 3axBajiHOCT JyryjeM CBOjUM pOJUTE/bUMA B OpaTy Ha HECEOMTHO]
HOMONY U HEU3MEPHOM CTPIL/bEIbY U MOTUBAIIW]H.
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YBoOsT,

MeToa KOHAUHUX pa3/IdKa je jeaHa OJ Haj3HAdYajHUjUX MeTo/1a 3a Ipud.Iu-
JKHO peliaBatbe napiyjajnux JudepeHnujajnux jejiHaduna. JejaH oJ 1npo-
OJ1eMa, KOju ce jaBjba IPU KOPHUIIThemy OBe MeTojIe je U podjieM KOHCTPYKIIU]je
KOHBEPreHTHUX JU(EPEHINjCKUX cXeMa. Y OKBUPY TOr mpob/ieMa 0J1 HHTepeca
je ycmocraB/bame Bese u3Mely IaTKoCTH YIa3HUX MOoJaTaka M Op3WHe KOHBe-
preumuje audepeHnujcKux cxema.

VY ciy4dajy inHeapHUX HapiyujaJHuX jeJIHaYnHa JAPYTor peja mapadoIuaKor
Tuna u3rpalena je KOMIJIeTHA TeOpHja €r3UCTEHIMje U jeJIMHCTBEHOCTH pe-
Iemha OCHOBHUX MOYeTHO-TPAHUYHHX ITPOOJIeMa Y aHU30TPOIHUM HPOCTOPUMA
Cobosmena W, */2 3at0 MomeMo 3a oreHy Op3uMHE KOHBEpPTreHIHje KOPUCTUTHU
nudepeHIyjcKe aHajaore OBAaKBUX HOPMU.

Heka je u = wu(z,t) pememe NOYETHO-TPAHUYHOT MPOOJIEMA U U PEIIEHe
onrosapajyhe amdepennujcke cxeme. 3a OleHYy Op3uWHE KOHBEPTEHIHje mapa-
bonmuke qudepennujcke cxeme obuka (B.[16]):

(1) HU - UHkavk/Q(QhT) < C(h + \/F)SikHu”stsﬂ(Q)u § > k?

rjie je h KOpak 1o MPOCTOPHUM MPOMEH/PUBUM,a T KOPAK 0 BPEMEHCKO] IPO-
MeHJbUBOj, pehu hemo J1a je caryiacHa ca rJiaTKonihy pemniemna moJ1a3Hor Io4YeTHO-
IPaHUIHOr 1pobsema. AKo Kopaiu h U T 3a70B0JbaBajy MPUPOIHY PesaIujy:

k’th <7< k2h2, k’l, ko = const > 0
orena (1) ce cBoam Ha 06JIHK:
- < sk 5,8 .
(2) |u 'UHWZk,k/2(QhT) < Ch HuHW2 2y 5>k
VY caydajy jemHaunHa ca MPOMEH/bUBUM KoedunujenTnMa Koucranta C' 3aBucn

o Hopmu koedunujenara (B.[38]). Ako koedwunujentu He 3aBuce o t, 106u-
jaMo oreHe obJIMKa:

(3 fu-— UHWQ’“’“”(QM) < Ch* max Hainwg_l(Q)HuHW;,S/g(Q), s> k.
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VY caaydajy na koedUIjeHTH 3aBUCE U O] ¢, IITO je OCeOHO pa3MaTpPaHo, HMaMO
OIleHe ODJIMKA':

(4) ”u . U||W21“k/2(Q}LT) < Chsfk H%%X Haz‘jHW;—l,(s—l)/z s> k.

@tz 2
Texnuka m3Bohema OBUX OlleHa 3aCHOBaHa je Ha Jiemu Bpambia-Xuadbepra u
HEHNM TeHepaIn3aInjama.

Je/iHa 01 MHTepEeCAaHTHHUjUX KJIaca MOYeTHO-IPAHUIHUX [pobJjieMa cy U Mpo-
O/1eMHu ca KOHIIEHTPHCAHUM KallalluTeToM, Tj. IpodJeMu Koju caap:xke lupa-
KOBY Jiesita ByHKIM]y Kao KoedunujenT y3 u3o/ 1o spemeny (8.[12],[26],[32]).
YV jeaHOAMMEH3MOHOM CJIy4ajy TaKBU MPOOJEMH Cy pa3MarpaHd y PaioBUMa
Josanosuha, Bysikosa, Bojosuha [5],[6],[19],[22],[23],[26]. dBoxnmvensnonn mpo-
G1emu pazmarpanu ¢y y pagosuMa [24] u [7]. 1luk oBe qucepranuje je HacTaBak
¥ TPOTITHPEIhe HCTPAKUBAA 3aM0YeTHX Y pajgoBuma [24] u [7].

[IpBa riiaBa cajpkKu OCHOBHE 11I0jMOBE U TBphema oTpedHe 3a pa3sMaTpambe
MOYETHO-TPAHUIHUX MPOOJIeMa ¢ TeHepaincanuM pernemuma. ledunncann cy
cranjapanu (M30TponHU) U aHm3oTponHu mnpocropu CobosbeBa W 3aTUM Ha-
BeJieHe ojiroBapajyhe Tteopeme moramama y oBUM mpoctopuma. /Jlara je jgema
Bpambra-XunbepTa ca renepaan3alijamMa, HeOmXoIHa 3a OlehHBambe (DYHKITH-
onaJa y mpocropuma CobospeBa. Paszmarpan je ancrpaktau Komujes mpobiem
1 JIOKa3aHe Cy alpuopHe OIeHe y oarosapajyhum Hopmama.

Y Apyroj riaaBuW JaTU Cy egeMeHTH Teopuje audepeHnujckux cxema. [le-
duHHCaHe Cy KOHAUHE pa3/nuKe, AudepeHInjcke cxeMe U MpodgeMu CTabIIHO-
cTi U KOHBeprenmmje audepennnjckux cxema. Jlaspe, garn cy CrexJioB/beBn
OIIePATOPH yCPEe/IIheha HEONXOMHN 3a Paj y CIydajy Kaja y/Aa3Hd MOIAIn
Hucy HenpekujHe dyHkiumje. Pa3marpan je m u amncTrpakTaH OlepaTopCKO-
judepennujcku npobsieM u JIoKa3aHe ojroBapajyhe ampuopHe OIleHe.

Opurnnaj Hu pe3yiaTaT JaucepTaiuje natu cy y Tpehoj u 4eTBpToj ri1aBu
(1.[8], [45], [46]).

Y 1pehoj ryiaBu je pazmarpaH JBOJUMEH3MOHAIHU MapaOOJIUIKU IPOOIeM
ca KOHIEHTPUCAHUM KaNallUTeTOM U IIPOMEHJ/bUBUM Koedwuiujenruma. Kao
YBOJI Y HCTpaKuBambe, V Morjiassby 3.1 pa3MaTpaHa je jeHavunmHa ca MEIIOBU-
TUM U3BOJMMA UM TPOMEH/HbUBUM (A7TM HE U BPEMEHCKH 3aBUCHUM) KoeuIluje-
uruma (B.[7]). Herasno cy gokasame cse onene (pyHKIuoHAMA. Y IOLVIABIBY
3.2 pa3marpan je mpobJieM ca TPOMEH/bUBUM BPEMEHCKH 3aBHCHUM Koedu-
MUjeHTHMa. Y3 HOPEeTIOCTaBKY [a KoeUIHjeHTH MPUIAJA]y aHU30TPOMHUM
npoctopuMa CobosbeBa, J0Ka3aHa je olleHa Op3uHe KOHBepreumuje audepe-
HIIHjCKE CXeMe Y TPOCTOPY W; ’I(QhT) carimacHa ca riaaTkoirhy Koedurmjenara
U PelllerbeM IoYeTHOr npobiema (B.[8]).

Y deTBpTOj TUIaBU je Takohe pazMarpaH ABOAMMEH3UOHAIHU MaPaAOOJIUIKH
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po0JieM ca KOHIEHTPUCAHUM KallallUTeTOM M BPEMEHCKH 3aBUCHUM KoeduIy-
jeHTUMa, aju y3 MPETIOCTAaBKY Jla KOedUIUjeHTH U pellere MPUIaiajy mpo-
CTOpUMa Maibe TJIATKOCTU Hero y HpeTxoaHoM ciaydajy. /lokazana je omena
Op3uHe KOHBepTreHIuje audepeHIjcke cxemMe y mpocTopy W; A/ 2(QhT) carJia-
cHa ca miarkomhy KoedwuiujeHaTta n pememeM moueTHor mpobiema (B. [45]).



1 MaremaTndku amapar

[IpBa ruaBa ca/ipKu OCHOBHE 1IOjMOBe U TBphema noTpebHe 3a pasmarpa-
b€ MOYETHO-IPAHUYHUX TTpobJieMa ¢ TeHepaJincanuM perremuma. ledpunucanu
cy npoctopu CobosbeBa, anuzorponuu mnpocropu CobosbeBa U HaBeJIEHE OJINO-
Bapajyhe Teopeme moTamnama y oBuM mIpoctopuma. /Jlara je jmema Bpamoiia-
XuabepTa ca reHepaJm3alnjaMa, HEONXOTHA 3a OIemUBame (DYHKIHOHATA Y
npocropuma CobosbeBa. Pasmarpan je ancrpakrtau Kommujes mpobiem u 10-
Ka3aHe Cy alnpuopHe OIeHe y ojArosapajyhum HOpMama.

1.1 IIpocropu CobospeBa

YBeauMo Hajlpe MojMOBe M O3HaKe Koje NeMO KOPDUCTUTH Y Ja/beM PaJLy.
OtBopern u moBe3an ckyn {2 C R™ masupamo obmamhy. Heka je f: Q — R”.
Hocadem dynkimje f, y o3namu suppf, HasuBahemMo 3aTBOpeme CKyna Tadaka
y kojuma je f(x) = 0. Iaprujanue usBome o3nauaBahemo ua ciaenehn waunm:

of olel f
D;f = , Df=DMD3?...Do"f = ,
f 8[@ f 1 2 n f aalxlaOQxQ . aanxn
rie je « = (a1, g, ...,q,) U o] =a1 +ag + ... + .

Kopucruhemo ciaenehe dynkimumonaite mpocrope:

e C"™(Q) =mpocrop dyHKIUja HeMpeKuTHUX Y (2, 3ajeIHO ca CBUM HAPITH-
jastnum mzBoguma pega < m(m € Ny U {oo}),

o C(Q) =C(Q),

o C"(2) = mormpocrop C™ () Koju uune dbyHKIHjE ¢ KOMIIAKTHHM HOCA-
gem y €2,
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e C™(Q) = upocrop byHKIHja HenpeKknHIX HA () 3ajeHO Ca CBUM HAPIU-
jamHuMm m3BoAMMA pesa < M ca HOPMOM:

[/l cm @y = max max [D® f(z)],
la|l<m zeQ

o L,(Q) = JleGeros npocrop MepspuBux (yHKnmja Ha {2, 3a Koje je:
1/p

1 e = / f@lPde|  <oo, 1<p<oo,
Q

OJTHOCHO,
1 £l = supess|f(z)| < oc.
zeQ

o L, 1,c(€2) = mpocrop JoKaaHO NHTErpabuInnX (hyHKIH]ja:
Oyukruja f(z) € Ly 10(Q2) ako f(x) € L,(£Y) 3a cBaky orpanundeny
nonobsact €Y € €.

3a xunepnospmt S C R™ aumensuje n — 1 kaxxemo ja je kiace C™, y o3Hanu
S € ('™, ako ce y OKOJIMHA CBaKe TadKe Lo € S MOYKe MPeJICTABUTH jeTHAINHOM:

Pz (:B) =0,

upu deMy ¢, € C™. 3a xumepnospir S KaykeMo Jia je HemnpekujHa 10 JIu-
NITHIY aKO Ce MOKe TOJeTUTH Ha KOHATHO MHOTO JIeI0Ba S; 0f KOjHX ce CBaKH

MOKe 1IpeacTaBuUTU je,ZLHa‘H/IHOM o0JIMKa:

.Tij = 1/}]'(1‘1, e ,xi]._l,xiﬁl, ce ,.Z‘n>,

npu 4eMmy je dbyHKIUja ¢; HenpexuHa 1o JIummumy. 3a obact §) kazxkeMo 1a
je JIunmuiosa ako joj je rpaHuIia HeNnmpeKuHa 1o JIunmmiy.

Y ckyny dyukmuja C5°(R™) nedununmemo kouBepreniujy Ha ciaeaehu Ha-
YUH.

JdeenHnumiA 1.1. 3a nus gynkyuja p; € CO(R") kasrcemo da rkoneepaupa
ka pynruuju ¢ € CP(R™) axo cy ucnyrwenu caedehu yeaosu:

1. Ilocmoju womnaxman ckyn K C R" maxas da ckyn suppp; € K 3a
ceaKo j,

2. 3a cearu myamuunderc o, nud D% ynudopmmro xoneepaupa xa Do
na K, xad j — oo.

[Tpocrop C§°(R™) cuabuesen oBoM Tomosiorujom HasupalieMo 1POCTOPOM
ocuoBHuX (ynkumja u ozuadasaru ca D = D(R™). Ako je 2 obnacr y R™ ca
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D(Q) C D(R"™) o3nauasaliemo ckyn ocHOBHUX (DYHKIMja 4uju €y HOCa4du y §).
JIluneapue uenpekuane ¢gynkimuonase Ha ckymy D()) nazusahiemo gaucrpudy-
nujaMa, a BHUXOB CKyl o3HadaBaliemo ca D'(2) (B.[42]). Bpeanoct auctpuby-
nuje ¢ € D'(2) na ocuosuoj dbyukiuju ¢ € D(§2) o3nauaBamo ca:

(f,0) = {f,)pr@)xp©)-

Ako je f(x) € L1, 10(R™) Tana je ca:

o(z) - / f(@)p(z)da
J

JedbuHuCcaH jenan juHeapan orpannder dpyukiuonan xa D(R™). dpyrum pe-
YHUMa, CBaKa JIOKAJHO HHTerpabuIHa (DYHKIIMja HHAYKY]e jeHy JUCTPHOYIIU]Y.
OBakse guctpubynuje HazuBaMo peryiapauM. CBaky peryaapHy JAucTpuOy-
nujy usjegHadaBahemMo ¢ J0KaJIHO nHTErpaduaHoM (YHKIHjOM Koja je WHJLy-
Kyje W MUCATH:

(f.0) = / (@) p()d.

Muoxkeme mucrpudynuje [ € D'(Q) rmarkom dynkuujom a € C*(Q) nedu-
HHIIe ce Ha cjeqehn HaduH:

(af,p) = (f,ap), Yo € D).

Hudepennupamme quctpudynuje f € D'(Q) nedbunume ce na caenehn waunn:

(D*f,0) = (=1)°Uf, D), Yy € D(Q).

[Tpumerumo j1a je cBaka jguctpubyiuja 6ecKOHAYHO My Ta, JudepeHIjaburHa.
Yeeaumo caga npocrop CobosseBa (B.[1]). Heka je k € Nou 1 < p < 0.
IIpocrop Cobosmena W;(Q) nedunnmre ce Ha caegehn nagmn:

Wr(Q) ={f € L,(Q) : D*f € L,(Q), |a] < k}.

[Ipu Tome ce n3BoaM cxBaTajy y cmuciay aucrpudynuja. Crenujanso, 3a k = 0,
o3navyaBahemo:

WO(Q) = L,(Q).

p

Hopma y WF(Q) ysoau ce na crexehn naumm:

1
p

k
HfHW,f(Q) = <ZO |f|p ;‘(Q)) , 1 <p<oo,
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rie je:
v
o) = Z 1D FIG ) |
|or|=i
OJTHOCHO:
Hf”wgg( —Orgag;c\flwz Q)5
rie je:
| flwz (@) = max | D f||1. )

o] =i
ITpocrop W;(Q) je Bamaxos mpoctop. Cremmjammo, Wx(Q) je Xuabepros
IIPOCTOP €2 CKAJAPHUM IPOH3BOIOM:

(f i = / D® f(2)D?g(x)d

3a 0 < o < 1 o3HAUUMO:

[f(z) = fQy)I”
’f’Wg(Q) = / o — gl dedy | , 1<p<o0,
OJTHOCHO:

|flwg ) = supessM_
b €N |$ — y|0

ITpocrop CoGosbena W5 (€2) ¢ pasaoM/beHUM O3UTHBHUM HHIEKCOM § = [S]+0,

0 < 0 < 1, nedunmme ce kao ckyn HyHKIHja U3 WZES](Q), 3a KOje je KOHadHa

HOpMA.:
1
1 lwsa = (1710 1) + ) 1 <P <00,
rie je:
%
Flwye) = Z D7, :
ol =ls]

OJITHOCHO:

[ llws @ = [1f ) + 1 flws @
r7e je:

flweoy = Y 1D flys—te1 g

|a]=[s]
Barsopeme ckyma D(€2) y nopmu npocropa W3 (€2) npeicras/ba moTmpocTop
W3 () xoju hemo osnauasatn ca W (€2).
Y Teopuju npocropa CobosbeBa DyHTAMEHTATHY YIOTY HMajy TeopeMe IMo-
ramama (B.[1],[3],[34],[47]).



1 Maremaruuku anapar 12

TeOPEMA 1.1. Hera je f € W7(Q), s > 0 u newa je epanuya obaacmu S
Hnenpexuona no JTunwuyy. Tada easce caedeha nomanarea:

a) ako je sp < mn mada

WiQ) CL(Q), p<q<

6) axo je sp =n mada

W) C Ly(Q), p<g<oo,

p

B) ako je sp > n mada
WH(Q) € C([@Q).

TEOPEMA 1.2. Hekaje 0 <t <s<ooul<p<g<oous—n/p>t—n/q.

Tada sasrcu:
WIf(Q) C W{(Q).

TeOPEMA 1.3. Heka f € W3(Q),s > 1/p, s # ueo 6poj + 1/p u nexa je
epanuna obaacmu Q dosomno esamra( T € CBI+1) Tada nocmoju mpaz
dynruyuje f na epanuyu I xoju npunada npocmopy W;_l/p(f‘) U BANHCU OUECHA!

I Flysveqey < Cl s
Takobhe wam je nmorpeban cienehn pesymrrar (B.[35]):

JIEMA 1.1. 3a f € Wpl((), 1),p>1ue € (0,1) sascu caedeha ouena:

/112,00 < CYP 1 fllw 0,0)-

1.2 AnwumsorpomnHu mpocropu CobosbeBa

Yecrto ce noja/byjy DyHKIMje KOje UMajy Pa3JIMIUTy TJIATKOCT 10 T0je -
HUM TTPOMEHJ/BbUBUM, Ka0 y CIydajy pemrema mnapabdonmdkor mpobsema. [Ipo-
CTOPHU TAKBUX (PYHKIMja HA3UBA]Y C€ aHU3OTPOIHUM.

Heka je R, ckyn HemeraruBHux peajinux OpojeBa. Y OBOM OJI€/bKY eJie-
mente ckyna RY} masmpahemo mynTnmmzexcnva. 3a

a = (al,aQ,...,an)TE]R’}r
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O3HA4YNMO:
[o] = ([ea], [e2], - - o))" w 0] = ([ea] 7, [ae] - o] )T
rae je [o;] = nmajsehn meo 6poj < o; u [oy]” = majsehn meo 6poj < ;. YBe-

JUMO U KOHaYHE pa3J/IMKe:
A%hf(:c):f(at—i—hn)—f(x), hER,i:1,2,...,n

rje Cy 71,72, ..., Ty JeJUHUYHA BEKTOPU KoopauHaTHuX oca y R™.
Heka je ) oomact y R, ¢ rpanumnom menpekugaom o Jlumnmumy. 3a o €
R} u 1 < p < 0o yBogumo noaynopMy | f|a,, Ha ciaenehn madum:

‘f‘g,p = Hpr ' 3a 0512042:"’20571:07

AV p
|f|£7p // | ”hf z)l dh;dz, 3a 0<a; <1, ap =0, Vk # 1,

|h |1+Pocz

|Azh AJ,h f( )|p
16, = /// oy T ¥ Ty dh; dh; da,

3a 0<ozl,oz] <1, a =0, Vk # 1, 7,

AN TEAV S ] L
P — ) » In dhy ---dh, dz,
7le.r /Q/ /szl_..nu) [Pty [Frpen :

3a 0<ay,qo,...,0n <1,

I8, = |D[°‘]f|i_[am7 aKo je HeKo oy > 1.
Onje je o3HaveHO:
Qi(z) = {hi: x4+ hir; € O},
l](x) = {(hivhj)T T+ Cihz‘Tz‘ + thjrj € Q, Ci, Cj = 0, 1},

Qn(@) ={(h1, . b))t 2+ ephury € Q, ¢, = 0,1},
k=1

3a p = 0o uHTerpan y jaedUHANUJHA Ce 3aMembyjy ca Supess:

‘floz,oo = Hf”Loo(Q)7 3a ap=ap = - =q, =0,

JAVES
‘f’a,oo = Supess | = hli(m)‘
2€Q, h; € Qi (x) ‘

, 3a 0<a; <1, a =0, Vk # 14,

UTI.
Konawan ckyn mynrunnagexca A C R'} nazuBahemo peryrapHEM aKo BazKH:

0=(0,0,...,007 € A
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1 3a CBAKO
T
a=(ap,az,...,a,) €A

nocroje peaiuu opojesu [y > ag(k = 1,2,...,n) rakBu ga [gry € A.
Axo je A peryrapan cKyn MyJITHHHICKCA YBOIUMO HOPMe:

1
P
Hf”W;‘(Q) - (Z |f|£,p> ) 1< p <00,

acA
I fllwa@ = Iélgj(\f!a,oo-
Barsopeme C°(Q) y mopmu || - lwa(q) osnauasahemo ca WPA(Q).

Hexka je, maspe, (2 obmact y R™ u H npousBoban XuabepToB MPOCTOP.
I[Ipocropu Cobomesa W3 (2, H) bynxmuja f :  — H nedbununry ce anamorzo
ca pocropuma W (), upu qemy ce anco/ry THa BPEJIHOCT 3aMerbyje ca HOPMOM
npocropa H. Tako je:

1l = / @I de | . 1<p<oo,
1
P
|flwi.n) = Z ||Daf||Lp(QH ., 1=0,1,2,...,
|oe|=i
1
1F@) = SO 0 :
|f|Wg(Q,H) = |n+ap dx dy| , 0<o <1, urm

HeKajeQ:QxI,rﬂejeQCR”HI:(O,T) C R. Ako ¢y s u
7 HeHeraTHBHUM peajinu Gpojesn, anmmsorponnu npocrop CoGosesa W,T(Q)
ngedunnmemo na ciaexehn maann (8.[21)):

Wy (@) = Lp(I, Wy(Q2)) N W(I, Ly(52)),

pHu 9eMy ce HOPMa YBOJHU Ca:

hSA

1w i) = / LF O @t + 1 s r @y | - 1 <p <00

¢ oarosapajyhioM m3MeHOM 3a p = 0.
ITpocrop W (Q) ce csoan na npocrop obunka W Q). Ha upunmep, axo
s € Ny Tazna je:
A={(a1,...,0,,0)" 1 a; € Ny, a1 + -+, < 5}
U{(0,...,0,8)" : B € Ny, 8 < r}U{(0,...,0,7)"}.
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Y japeM pajiy Kopuctuhemo 1mpocTop
Wy 2(Q) = Lo(1, W3 () N W, (1, Ly(92)).
Kog mera mozxkeMo U3/BOjUTH HAJCTAPHjy IOJYHOPMY CTaB/bajyhu:

2

T
_ 2 2
g = | [ 1HCO Rt + Py e
0
AHu30TpONIHE POCTOPU Takohe 3a/10Bo/baBajy ojapeheHe Teopeme moranarmba.
Y namem pany 6uhe mam norpebna cieneha rephema (B.[3], [31], [47)).

TEOPEMA 1.4. Heka f € W5 (Q), s,r > 0 u nexa o € NI u k € Ny sadoso-
masajy yeaos |a|/s + k/r < 1. Tada

DyDyf € W3 (Q),

v k
p_v_ _(M+_)7
S T S T

D, u D; napyujarnu uzeodu no x = (1, ...,x,) ut.

2de je

TEOPEMA 1.5. Axo f € Wy (Q), s > 0,7 > 1/2, mada 3a k <r —1/2
(k € No) nocmoju mpae

0" f(,0) q
—ap € W),
edejeq=s(r—k—1/2)/r.

TEOPEMA 1.6. a) ako je sp > n+ 2 mada
Wy Q) € C(@Q),

6) akojel <p<g<oo, 0<t<s<oo u s—(n+2)/p>t—(n+2)/q
mada

Wy(Q) S Wy t(Q).
Veeamvo 1 mpoctop Wi */2(Q) = Wi **2(Q). Basu:
W@ =W @)

y3 eKBUBaJeHTHOCT HOpMHE (B.[21]).
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1.3 Jlema Bpawmbuia-Xuabepra

Jlema Bpambra-Xunbepra nma dbyHIaAMEHTATHY YJIOTY 3a ONEHUBALE JTH-
Heapuux dyuknnonana y npocropuma Cobossena (8.[10], [11],[14]).

JIEMA 1.2. Hexa je 2 obnacm y R™ ¢ Jlunwuyoeom epanuy,om, S-no3umueat
peanar 6poj u Ps cxyn noaunoma (00 n npomennusux) cmenena < s. Tada
nocmoju koncmanma C' = C(Q, s,p) maxsa da je:

P%g 1f = Pllws@) < Clflws, VI € W;().

OBa JileMa ce JlakO HpeHOCH Ha aHu30TpolHe mnpoctope CobospeBa. Heka
je A C R perymapam cKyn HeHeraTHBHHX peanqnux Mynruuaaexca. Ca x(A)
o3HauuMoO KoHBekcan omorad ckyna A y R™. Heka je dyk(A) neo rpaunnue
ckyna K(A) Koju He TpuUIaa KOOPJAMHATHUM XuneppasHuMa u Ay = A N

Ook(A). Heka je B nojckyn o Ay, Takas ja je B U0 perygapas CKyI MyJITH-
ungekca, u v(B) = {3 € Ny : DY 28 =0, Va € B}. Ca Pp o3nauumo ckyn
NOJIMHOMA OOJTHKA!
P(z) = Z Pat®.
acv(B)

Baxku caenehu pesynrar (.[15], [27]):

JIEMA 1.3. Hexa je 2 obaacm y R™ ¢ Jlunwuyosom 2panuyom u Hexa cCKynosu

myamuundexca A u B sadosomasajy 2opme yeaose. Tada nocmoju konecmanma
C=C(Q, A, B,p) makea da je:

. A
0 1F = Plhwgey £ 3 Wflaps ¥/ € W)

aeB

Cneneha tBphema cy HemocpeHa mocaeauna Jleme 1.3.

JIEMA 1.4. Hexa je n(f) oepanuuen suneapar Pynrxuuonas Ha W;‘(Q) KOjU
ce anyaupa kada je f(x) = %, a € v(B). Tada nocmoju xkoncmanma C =
C(Q, A, B,p) maxea da 3a ceaxo f € W) sascu nejednarocm:

(N <CY | flaw

aeB

JIEMA 1.5. Hexa Ay, By u Qp y R™ (k= 1,2,...,m) 3adosonasajy ucme
yeaose kao A, B u Q. Heka je n(fi, fay-.., fm) 02panusen nosusuneapan
bynryuonas na W;}l(Ql) X W;;? (Qg) x -+ X Wz;‘}nm (Qn), Koju ce anyaupa axo je
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Hexu 0d rwe206ur apeymenama obauka fr, = x% x € Q, a € v(By). Tada no-
cmoju konemanma C = C(Q, Ay, By, p1,Q2, Ag, Boypay -, Qs Ay, By i)
makea 0a 3a C6aK0

(Fis fou vy fn) € WE(Q1) X Wi2(Q0) X -+ x Wi ()

8a9ICU HEJEOHAKOCM:

(fes fo o )l S CTT D7 el

k=1 aeBy

1.4 Myarnnaukaropu y npocropuMma CobospeBa

Heka cy V u W aBa peanna dpyHKmmoHAJIHA mpocTopa y obaactu ). 3a
dbyukuujy a nedpunucany va € Kkaxkemo ja je myaruminkarop u3 V' y W ako 3a
ceako f € V, npoussoj a(x) - f(z) upunayga nupocropy W. Ckyn oBakBUX My-
JATuiLinKaropa o3nadasamo ca M (V' — W), Cuenmjanno 3a V = W craBbamo
M(V) =MV — V). OrpanuaumMo ce Ha MYJTHILTHKATOPE

M(WL(Q) = W;(Q)), 1<p<oo,t>s>0.

HaBeaumo Heke OCHOBHE pe3ysiraTe O MYJTHILIHKATOpHMa y mpoctopuma Co-
bosmena (B.[33]).
JIEMA 1.6. Axo a € M(W}(R") — W3(R")), t > s > 0, mada:

a€ M(W,*(R") — L,(R")),

ae M(W,7(R") = W;7(R"), 0<o<s,

D% € M(WLR™) — Wi P(R™), |af < s,

D%a € M(W!=He(R") — L,(R™), |a| <s.
JIEMA 1.7. Hexa je t > s > 0. Axo a € M(W/(R") — W7(R")) mada a €
M(WEHR™H) — We(R™F)). Taxohe a € M(Wy'*(R" x R) — Wy*/2(R" x
R)).
JIEMA 1.8. Ao a, € M(sz*'a‘(]R”) — WS F(R")),s < k, sa cearu mynmu-
undexc a, mada dupeperuuicky onepamop:
(1.1) Lu = Z ao(x)D%, 2z €R"

jal<h

depunue nenperudno npeciurasarve Wi(R™) — Wi=F(R").
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JIEMA 1.9. Hexa onepamop (1.1) dedunuwe nenpexudno npecauxasaroe u3
Wi (R"™) y Wi (R") u nexa je p(s — k) >n,p > 1. Tada

aq € MWW (R™) — W=F(R™)
30 C6AKUY My/zmuuude%c .

[Iperxoauu pesynrartu ce mMory npernetn u Ha npocrope CobosbeBa y 00/1a-
cru. Ilpenmsnnje, ako je ) Jlummmumnosa obnact y R u a npunaga mpoctopy
M(W3(Q) — W3(Q)) taga noctoju mpoyxeme a na R" koje mpumaia mpo-
cropy M(W}(R") — W3(R")). Baxu u 00pHyTO: Cy2Kembe MyJITHILIHKATOPA
a € M(W}(R") — W;(R")) ma Q npunaza mpocropy M (W, (2) — W7 (€2)).

JIEMA 1.10. Hexa je Q) oepanuvena Jlunwuyosa obaacm y R™, s >0 up > 1.
Axo a € WHSY), 2de je:

q=p, t=s, «kadaje sp>n, 00HOCHO

g>n/s, t=s+ec¢N, >0, xadaje sp<n,
mada a € M(W;(9)).

JIEMA 1.11. Hexa je Q oepanuuena Jlunwuyosa obaracm y R™, s >0 up > 1.
Axo a € Ly(Q), 2de je:

q=p, wxadaje Sp>n,
q>p, wxadaje Sp=n,u
qg>n/s, xadaje sp<n,

mada a € M(W;(§2) — L,(Q2)).

1.5 Ancrpakraun KomujeB npobJiem

Heka je H peanan cenapabuian XuJOepToB HPOCTOP CHabeBeH CKaJia-
PHEM IPOU3BOJIOM (-, ) U HOPMOM || - || 1 S HEOTpaHWYEH CAMOKOHjYTOBAH MO~
3uTUBHO JedUHUTAH JUHEapaH oneparop, unju je qomen D(S) rycry H. Jlako
je Bumern ga npoussof (u,v)s = (Su,v) (u,v € D(S)) 3amoBospaBa akcnome
ckajlapHor mpou3sBoja. 3arBopeme D(S) y wopmu |lulls = (u,u)é/2 peJicTa-
B/ba Xunbepros npocrop Hg C H. Ckanapuu npousBof (u, v) ce HENMPEKUJIHO
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npoayzxasa Ha Hg X Hg, vie je Hg = Hg-1 nyannn upocrop o Hg. IIpocropu
Hg, H w Hg-1 bopmupajy l'essbangoBy tpojky Hg C H C Hg-1, y cmuciy
noranamwa. Oneparop S npeciukasa Hg y HE. To rapanryje mocrojame Heo-
IPAHUYEHOT CAMOa,IjyHIOBAHOT TIO3UTUBHO Je(DUHUTHOT JIHHEAPHOT OMepaTopa
SY2 qaxsor ma D(SY?) = Hs m (u,v)s = (Su,v) = (SY?u, SY?v). Taxo-
he pecdunummumo npocrope Coboswesa Wi (a,b; H), Wi(a,b; H) = Lo(a, b; H),
dyuknuja u = u(t) koje npecaukaajy unrepsai (a,b) C Ry H (8.[30], [51]).

Heka cy name A u B HeorpaHmYeHH CaMOa/ljyHTOBAHH IIO3UTHBHO Jedu-
HUTHE JuHeapHu omeparopu, A = A(t), B # B(t), y XuiabepToBoM mpocTopy
H (y oumrrem ciyuajy nekomyrarushu), jgomena D(A) koju je rycr y H n
H, C Hp. Pa3vorpumo ciegehn ancrpakran Komujes npobsem (B.[51], [37]):

d
(1.2) Bd—? Y Au=f(t), 0<t<T; u(0)=uo,

rje je uy dpukcupanu ejemenT npocropa, f(t) nosuara u u(t) Henosuara ¢y-
HKIUja ca Bpegnoctuma y H. IlpermocraBumo ja je ucnymeno Ag < A(t) <
cAg rze je ¢ = const. > 1 u Ay # Ao(t) je camoaIjyHroBan mo3uTUBAH JTHHEA-
pan oneparop y H. Takohe upernocraBumo ga je A(t) onazajyhin no npome-
HJBUBO] t, OJIHOCHO HEKa BaXKu:

(1.3) (dﬁit)u,u) <0, YueH.

Tana Baxu caenehe tBpheme (B.[26], [6]):

JIEMA 1.12. Pewere npobaema (1.2) 3adosowasa anpuophy oyeny:

(1.4 / (HAu(tWBl n Hdgiﬂ

nod yeaosuma ug € Ha u f € Ly(0,T; Hg-1).

2

B

T
)dtSC HuoHiJr/Hf(t)HQBl de |,
0

Jloxas. VI3 Teopuje nmoueTHO-ITPAHUYHAX MTPOoO/IeMa 3a mapaboInydKe jeHa-
yuHe cieau Ja 3a ug € Hp u f € Lo(0,7T; HASI) npobiem (1.2) uma jeau-
HCTBEHO pernerse (B.[37], [51])

u € Ly(0,T; Hy,)

du/dt € Ly(0,T; Hyy-1 ).

[Momuoxkumo ckanapuo (1.2) ca 2du/dt, n uponenumo jecuy crpamy momohy
nejepnakoctu Kommu-IIBapna:

dul|? du du du

2| = 2 Au,— )| =2(f,— | <= g

) -2(2) ], v

2
B
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U3 (1.3) caeau xa je:

d 2 du
— < Au, — ]
Gl <2(an ), veen

Jaspe, nmamo:

dul)?

dt ||

|

2
al 1

d
+ ) <|

Kana uaTerpaanmo mo ¢ godumjamo:

(1.5)

T
dul)?
n dt + [[u(T)|% < ||uO||,24Jr/||f(7f)|!219—1 dt.
B
0

Taxobe nomuozknmo ckamapro (1.2) ca 2B~ Au n gobujamo

2| Aull-1 + = (IIUHA) < [[AulB + 1115

[Tocnie, maTErpasbema Mo t TMaMO:

T T
10) [ Aot [T < ol + [ 17O d
0 0
13 (1.5) u (1.6) ciaexu onena (1.4). O

JIEMA 1.13. Axo f € Ly(0,T; HAEI) u ug € Hp onda pewere npobaema (1.2)
3000605060 ANPUOPHY OUEHY

[t plly /

u(t) —u(t)]|5

(L.7) / ()3, + / / —pp it < c<||uon23+ﬂ|f<t>uioldt) ,
0

2de je C' u3pauynsusa KOHCMaHmMa.

/lokas. V13 Teopuje moYeTHO-TPAHUIHUX MIPoOIeMa 3a mapabondke jeHa-
anHe crefn Ja 3a ug € Hp m f € Ly(0,T; H 1) npobrem (1.2) nva jenn-
HCTBEHO pellleHhe

u € Ly(0,T; Hy,)

du/dt € Ly(0,T; Hyp-1)-

[MTomuokuMO ckamapHo (1.2) ca 2u, u TPOIEHUMO JIecHy cTpany nomohy Heje-
npuakoctn Kommu-IIBapia:
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d
) + 20l < 112+

Nurerpanujom 1o t jjodujamo

T T
8) [ IO DI <l + [ 101
0 0

Cana hemo usBpruTu oneny cemuuaopwmu 1o t. [Tounmemo ca pas3Bojem pyHKIH-
jeu(t) : [0,T] - H y ©ypujeos peJ M0 CHHYCHMA U KOCHHYCHMA!

(1.9) u(t) = % + Zaj cos J%,
j=1
(1.10) uty =3 bysin ]%
j=1
rje je
T w
2 t
%:%M:?/mmmﬁ”wx
0
7 /
2 7t
bj = b;[u] = T /u(t') sin ‘7; dt’.
0

Jlako je mpoBepuTHu 1a je

T

) [ ol - 2(”% +ZH] !!2> Zub P

0

[Momuoxkumo (1.2) ca sinknt/T w unrerpanumo o ¢ y rpanunama o 0 go 1.
Kopumhemem dbopmyie (1.10)

du(t) d[B j7T . gmt
B T ZajBu—sm—

1 OPTOI'OHAJIHOCTH CHUHYCa UMaMO

km
ZraxBul = bilAu] — bi[f].

Jame muozkelin ckagapHo 0By jeJIHAKOCT ca ag[u] u cymupajyhin no k nobujamo

(1.12) %Zk ag|Bul, ag[u Z (br[Au], ax[u)) —Z(bk[f] aglu

k=1 k=1
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JaJspe, nmamo

(ak[Bul, a[u]) = (ax[B"*u], ax[B"*u])

1 aHaJIOTHO

(be[Au], axlu]) = (bi[Ag? Au], ay[ Ay )

(belf], anlu)) = (0x[Ag " £, an[ Ay *u)).

Hakie, u3 (1.12) caean

™ > > _ —
72 Kllax[BY2ul[P< Y (11bx[Ag " Aul | las[Ay*ultIbs[Ag 2 A1l llaw[Ag ]l
k=1 k=1

1w _ -
52 (I1belAg /2 Au |12 a [Ag ] |HIbs[ A5 F1I?)-

=1
Haswe, kopucrehu (1.11), Hamazumo

T

(113) 3 Flau[B" 2] < = / (2 A3 ulol + 14527 0)
k=1
1
- / (2 @), + 1FOI e
0

- o 2
// Hu u t T>HBd7_dt,
|7[?

e CMO TpeTnocTaBuan Ja je dbyHknuja u(t) mepuoguTHO MPOIYKeHA H3BaH
[0,77:

Pasmorpumo uzpas

u(t), te[0,7T];
() = u(—t), te[-T,0];
TN wer -, ter o)
UTI.

Kopucrehu nepuopnanoct dyuknuje u(t) u dopmyry (1.9) mobujamo

T T
|T|2

-T

:/ [/ (@(t), —a(t +7) + 2a(t) — a(t — r))pdt | = =

-T =T
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T T
_ - N d
:/ /(31/2 (1), ~ B2t + ) + 2BY%ir) — BVt — 7))t | 5 =
“r Lr
[ knrd
1/2 2 T AT
_4TZy|akB/~]|y /sm e
=T
Jajpe umamo
T km/2
krTdr krrdr  kw sin® 0 k sin” 0 km
2 VAL 2 2 2 M0
/Sn 2T 72 /Sn 9T 72 T/ 92d9_T/92d9 2T
-T 0 0 0
u J100mjaMo
[ [l =it - o)l
u(t B 1/2-71(2
(1.14) // MQ drdt < 2 ZkHa (B2
=T

Pazmorpumo mpoyxkeme

t,|2

13 (1.13) u (1.14) u nejennaxocru

[ lhut )z L[l — DIl
u(t —ut’ B u(t 5
dedt’ < drdt
// — —2//i !ﬁ
00 T

JI00mjamMo

) — u(®)]3
// P Batdt' < (24 ? )|u(t HAO + || £ (¢ )HQAgl)dt'

0

S

Oryna, ysumajyhn y 063up (1.8), nmamo

T
_ t’
(1.15) //Hu t—?fb/P “Bdtdt’é(2+c2)7THuOHQB+<3+CQ)W/Hf(t)”‘%‘oldt'
0

13 (1.8) u (1.15) CJIe,ZLI/I anpuopHa onena (1.7). O
Heka je same W,/?(0, T; Hg—1) mpoctop CoGosbeBa ca HOpMOM (B.[25]):

T
2 [u(?) — u(?) HBl 1 1 2
[C A t// M e [ (44 ) Tl
0
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Crasmajyhu y (1.2) f(t) = dg(t)/dt mmamo npobiem

d d
(1.16) B 4 Au= -2

dt E, 0<t< T, U(O) = Ugp.

Kopucrehn camdany Texnuky MoxeMmo Jokasartu ciaeqehie tepheme (B.[28]).

JIEMA 1.14. Ako g € W;/Q(O, T; Hg-1) onda pewere npobaema (1.16) 3adoso-
MABA ANPUOPHY OUEHY

— t/
(1.17) /||u ||Aodt+//||u ; 7;'|2 )z dedt/
T T| / || T
t)—g(t")||5- , 1 1 9
dtdt i t)|| -1 dt
// e v [ (G4 7)o
0




2 Eaementn teopmuje audepeHONjcKNX cxeMa

Y Jipyroj rjasu JiaTv cy ejgemMeHTH Teopuje judepennujckux cxema. /le-
dunuCcane cy KoHadHEe pa3/iuKe, JudepeHInjcke cxeMe 1 npodemMu cTabuIHO-
CTH U KOHBepreunmje audepennujckux cxema. /lape, natu cy Crek/ioB/heBU
olepaToOpH yCpeambehba HEOIXOJHU 3a Pajl y CAydajy Kaja yJaa3HH IO/allu
HUCY HempekugaHe dyHKIHje. Pa3zMaTpaH je m u alcTpakTaH OIepaTopCKO-
JjudepeHnrjcKku mpobJieM U JoKa3aHe ojroBapajyhe amnpuopHe oreHe.

2.1 MeTo/a KOHAYHUX pa3JinkKa

Y 0BOM OJIe/bKy €€ YIVIABHOM OCJamhaMO Ha Marepujas usjoxken y [20].
Heka ce y obsractu ) IpOMEH/BUBHX 1, T, . . . , L, TPAXKHU PEIIebe U JIHHEApHEe
napnujaane audepeHijaste je HaunHe:

(2.1) Lu(z) = f(z), x=(x1,22,...,2,) € Q
Koje Ha rpanunu I obaacru §) 3a10B0/baBa U3BECHE JIOJATHE YCIOBE:
(2.2) lu(z) =g(x), zel,

npu 9eMy [ 4 g MOry OUTH BEKTOPH.

Jla 6ucmo ra Jjakiie pemman, 3ajgarak (2.1)-(2.2) muckperusyjemo. IIpe
csera obact = Q U T 3amemyjeMo CKynoMm JuCKPeTHHX Tadaka (4Boposa)
Qp, Koju HazmBaMO MpezkoM. Mpexy (2 pacTaB/baMo Ha CKYI yHYTPAITHHX
apoposa (2, u ckyn rpanmanmx usoposa L'y = Q,\Q,. Tycruny pacrnopesna
YBOpPOBa KapaKTepHIIeMO MapamMeTpoM h, Koju Moxke OUTH U BeKTop h =
(hi, ha, ..., h,). Bekropy h npumpyxyjemo Hopmy |h|. Ykomuko je |h| marma
YTOJIMKO je Mpexka rymha. Samemyjyhu uszBome xoju ce jaspajy y(2.1)-(2.2)
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KOJIMYHUIMA Pas3Jjinka (pyHKIMje y YBOPOBUMA JI00MjaMO JIMCKPETHH 3a/[aTaK:

(23) thh(l') = fh(l‘), x € Qy,
lhvh(x) = gh($), RS Fh,

Koju anpokcumupa (2.1)-(2.2). O6uuno ce Tpyaumo na oneparopu Lp u [
3a/pzKe KapaKTepUCTHIHe 0cOOMHe ortepaTopa L u | - JTHHeapHOCT, CAMOKOH]Y-
ropaHoct uta. 3agartak (2.3)-(2.4) mpeacraBpa cucTeM anrebapckux aude-
peHInjcKuX jegHadnna. HberoBo perreme vy, 3aBUCH 01 TapaMerpa h, 0JHOCHO
o u36opa Mpexa (Y, Oamumujy sanaraxa (2.3)-(2.4), xoju 3asuce o h, Ha-
3uBaMO audepeHIjckom cxemMoM 3agarka (2.1)-(2.2) (8.[39]).

[Ipn oBakBOM TOCTYINKY AUCKpeTU3allnje I0jaB/by]y Ce pa3JudIuTu IIpo-
6J1eMH KOje YITABHOM MOYKEMO CBPCTATH y JIBE T'PyIIe:

1. Jla ymm mudpepennujcka cxema almpoKCUMHUpPa MOJa3HHU 3aJaTak U Ja JId
IbEHO pelllerhe KOHBEPIrUpa Ka HheroBOM Ipu O6€CKOHAYHOM YCUTHAaBAILY
MpexKe

2. EdexruBno pemaBame jiudepeHimujckor 3a/arKa.

PasmoTrpumo mpBo nmpobdsieme mope3aHe ¢ alipoKCUMaInjoM. ¥ CKymoBe hyHKITI-
ja nedunucanux ua Q, Q, u Iy yBeAuMO pecrieKTuBHO HOpMe

Ca uy, 03Ha9MMO pojeKnujy pemema u = u(z) 3amarka (2.1)-(2.2) Ha npocrop

1,h> || : ||2,h7 || : ||3,h‘

dyuknuja nedpunncannx Ha {2,. O3HaUIMMO ca
Zh = Up — Up

rpemky cxeme. Axko cy omeparopu Ly u [, nuneapuum Taja 2, 3a70BO/baBa

yCJIOBE:
(2.5) Lpzp(z) = on(x), € Qp,
(26) lhzh(x) = ’g/}h(I), r ey,

rje cy @p U 1, rpemke ampokcumanuje mudepennujaine jennaunue (2.1) u
ngomatHor yeiaosa (2.2). 3a mudepennnmjeky cxemy (2.3)-(2.4) kazahemo ma
anpokcumupa 3agarax (2.1)-(2.2) axo

lenll2,n — 0

[4nlls.n — 0
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kas |h| = 0. Ako je
sn = O(Ih[")

2,h s ||,¢h|

KazkeMo J1a cxeMa uMa k-Tu pej anpokcumanuje. CamdHO KaKeMo ja maude-

||<Ph|

PeHImjcKa cxeMa KOHBeprupa, oaHocHo Komseprupa opsunoM O(|h|*), axo
[lon — upl1,n — 0
ka1 |h| — 0, omHOCHO aKo je
lon = unlli = O(IR[").

Ba mudepeHnujcke cxeme ce Takohe yBoje MOJMOBH CTAOMTHOCTH U KOpe-
KrHOCTH. 3a cxeMy (2.3)-(2.4) xaxemo Ja je crabmiHa ako 3a JOBOJBHO MAJIO
|h| < hg meHO penieme v, HENPEKUJAHO 3aBUCH O] YJIA3HUX TojaTaka f, u g,
pHU 9eMy je Ta 3aBUCHOCT paBHOMEpPHA 1o Kopaky h. Ako cy Ly u [, nuneapun
TaJla CTAOMTHOCT 3HAYHU Jia mocToje Koucraure My u M, Koje He 3aBuce o h,
frn u gn, TakBe na je 3a |h| < hy:

(2.7) vnllin < M| fall2n + Mallgnllsn-

Hejemnakoctn tnma (2.7) Ha3uBajy ce ampHOpHUM OleHaMa 3a cxeMmy (2.3)-
(2.4). obujarme oBakBHX OIEHA je jelaH BazKkaH 3ajarak reopuje judepe-
anujckux cxema (B.[21], [39]). Ako je mudepennmjcka cxema (2.3)-(2.4) cra-
Omraa u 3a |h| < hg jeqHO3HAYHO pemuBa MPH MPOU3BOJGHEM YIA3HHM [O/A-
numa fi, U g5 KaykeMo Jia je OHa KOPEKTHa.

Y jaspeM pajry yryiaBHoM hemo ce cjiyzKuTh paBHOMEpPHUM Mpexkama. Heka
jeh: (hl,hg,...,hn) uh; >0,1=1,2,... n. Ca

R? = {(irhy,isha, ..., inho)|i1, iz, ... 0n = 0,+1,42, ...}

O03HAYMMO CKYIl Tadyaka Koju heMo HaszuBaTum MpezxkoM. Ko eunruykux mnpo-

OsiemMa ce Hajuenrhe KOPUCTE MPeXKe ca UCTHUM KOPAKOM y CBUM MPAaBIUMa
hi=hy=-+-=hy,1=h,

JIOK ce KOJI MapaboInIKuX U XUIepOOTHIKIX Mpo01eMa y IPaBILy ,, IPOCTOPHUX
HPOMEH/bUBUX X1, X3, ..., Ty_1 KOPUCTHU jeJJaH KOPaK

h1:h2:"':hn71:h7
a y ImpaBIly BPeMeHCKe IPOMEHJbHBE T, = [ JpyrH

h, =T.
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Heka je  C R"™ orpanndena, KOHBEKCHA, jeIHOCTPYKO MoBe3aHa oOjact u [’
mwena rpannna. Ca (2, o3maunmo ckyn tadaka r € R} koje npumamajy €,
3aje/THO ca CBOJOM OKOJITHOM

O(l’) = {(Q?l -+ ilhl, SN S +’lnhn|21, Ce ,’in = O,il},

ca I'y, ckyn rauaka u3 R} xoje mpumazgajy Qp, anm He npunauajy , n ca
ckyn Q, UT',. Ckyn §;, HazuBamo CKyNoM yHYTpaIlbuX Tadaka (IBOpOBa),
a I'j, rparumomM mMpekHe 00JACTH WJIM CKYNOM TPAHUYHUX UBOpOBa. Mpexky
(2, HaA3UBAMO TOBE3aHOM aKO IMPOU3BOJbHA JIBA HEHA YBOPA MOZKEMO CIOJUTH
U3JI0MJBEHOM JIMHUJOM YHjU Cy OJICEUIN TMapaJIeJIHE KOOPJAUHATHUM OCaMa, a
BpxoBu mpunaaajy 2. YV mabeMm pajy CayKuhemo ce camMo IMOBE3aHUM Mpe-
»xama. [Ipu mamum mpermocraBkama o obaactu () mpexka {2, he 6Gutu moBe3ana
aKo cy kKoparmu hq, ha, ..., h, JOBOJFHO MaJIu.
[ame, Heka je v dynknuja gedburncana za mpexn R}. O3raunmo

Viysinsin = V(i1h1, iaha, ... inhy).
Onepatope KoauIHUKA pa3iuka jgedunnmemo uHa ciaeaehn nadnn (B.[39]):

(ka>111kmn = (Uil,...,ikJrl,...,in - U'lekzn)/hk = (Ufk)il,...,ik+1,...,in7
V), = (Vg + Ufk)/z

IpH 4YeMy U, HA3WBAMO DA3THKOM YHAIDE], Uz, PA3THKOM YHa3ald, & Ui,
HEHTPAJHOM Pa3aIuKoM. AKO cajia y jeJHOAMMEH3MOHOM CJIydajy ca

wp={x;=1ih|i=0,1,...,N;Nh =1}

O3HAYUMO Mpexy Ha ojceuky [0,[] onma je

N-1

(w0) =h Y wi,ul] = (u, )",
=1
N-1

. 0) =h D wivi, |l = [u,u)"?,
=0
N

(u,v] = hZuivi, lu]| = (u,u]'?.

Qopmysin gudepeHipama ITPOU3Bo/Ia (uv)/ = u'v + wv’ oxrosapajy ciezehe
dopmysie ¢ KOJIMIHAIIAMA PA3INKa:

(UV) 3 = Uy iV + Ui 1Vg s = Ug Vi1 + Ulg s
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(UV)z,i = Uz Vi + Ui1Vz; = Uz Vi1 + UiV -
QopMynu mapnyjaaHe HHTerparmje
! l
/ l !
wodr =uv|y— [ wode
0 0

Kao y IMPeTXOJHOM CJIy4ajy oJroBapajy JBe dbopmyie

(U, vx) = UNUN — UgU1 — (ufa U])

(u, vz) = UNUN_1 — UgV — [Usg, V).
[Tope oBux popmysia HABEIUMO jOIIT JIBE HEjeTHAKOCTH:

JIEMA 2.1. 3a ceaky dpyrruyujy v depunucany ma mpestcu Wy, U jeOHary HYAU
sax =0 ux =1 eascu nejednarxocm

(23) Jollos = gnas o] < Villus]l/2.

JIEMA 2.2. 3a npouseomny dynruyujy v dedpurucany wa mpestcu Wy u jedHary
Hyau 3a x =0 u x = [ sasce nejednarocmu

(2.9) hljvz]] < 2||vf| < Ifjvz]].

Pasmorpumo jour gudepeniujcke cxeme 3a napabosudke jegHadune. Ko
napaboJIMYKKX jeJHaunHa mpoMeHsbuBa t ("Bpeme”) uMa JApyradujy yjaory of
OCTAJINX TPOMEHJBUBUX T1, T, ..., T, ("mpocropHe mpomensbure”). Kao 1o
cmo Beh Hamomenysm obudHO ce y mpasiy oca Oxy, Ox,, . .., Ox, y3uma jegan
Kopak h, JIOK ce y npasiy oce Ot y3uma apyru Kopak 7. O6aact ) 3aMemyje
ce CKyNOM JIMCKDETHHX Tadaka (), Kao W y CJyYajy eJUITHIKHX IpobJema,
nok ce uarepsad [0, T 3amemyje ckynom

w,={t;=47ly=0,1,... M;7=T/M}.

Tako no6ujamo auckperHy obsactT (Mpexy)

Qh,r = Qh X Wr.

Oyuxnuje nedurncane na Mpexn €y, - o3navaBahemo ca

g
11,225--5tn

v = v(irh,ish, ... i,h; 7).

Ako TO He OBOJHM /10 JBOCMUCJIEHOCTH, HHJIeKce hemo m3octaBbartu. CKyI
YBOpOBa MpezKe 3a Koje je 7; = const. Ha3uBaheMoO BpeMeHCKH CJ10j.
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Y nasmem pasy, nopes Beh ysesennx oneparopa KOJMYHUKA pasjuka Oulie
HaM HeONXoHu u ciejgehn oneparopu (B.[39])

vi(x,t) — 2u(x, t) + vz, t)

Vz;z, (.T, t) - B2 )
t — t
wlae,ty = LD ZUED gy p,
T
rae je x = (11, T9,...,2,), v(2,t) = v(z £ hry,t) u r; jeIMAETIET BEKTOP

KOOD/IMHATHE OCe ;.

Emunruuku wian, Lu, TUCKpeTU3yjeMo Kao Uy CIyYajy eTUNTHUKAX je/THa-
umna. /la 6u ce anpokcuMupao u3Bo 1o Bpemeny Ou/0t norpebHe Cy BpeHO-
ctu pyHKIHje u Oap ca JiBa BpeMEHCKa CJI0ja, Ha IPUMeEp:

Ju
ot

Opmarie caean ga audepeHInjcKu aHAJIOr TapIjaaHe jeJHadnHe Takohe ca-

= (ult; +7) —u(ty)) /7 + Ot) = (w)’ + O(7).

t=t;

JIPZKH BPEJHOCTH TpazkeHe (pyHKIHje ca JaBa BpeMeHCKa cjioja. OBakse jgude-
PEHIIjCKe cXeMe Ha3uBaMoO JIBOCTIOjHIM.

On nmudepeHIIjCKUX cXeMa 3a pelllaBaibe MapaboInIKuX mpobaema Takohe
3axTeBaMo Jia Oy/ly KOPeKTHe U Ja KoHBeprupajy. Ko/ j1oka3nBama KOPEKTHO-
CTH OCHOBHY YJIOTY MMa JIOKa3 CTAOUIHOCTH CXeMme, JIOK je HheHa jeTHO3HATHA
PEeImBOCT OOMYHO OYUIJIe/THA WM ce JaKo JoKasyje. CTabmIHOCT MoxKe OUTH
alcoIyTHA W YCJIOBHA Y 3aBUCHOCTHU O TOTa Ja Jin cy Kopamu h u 7 Mmely-
COOHO HE3aBHCHU WJIM 3aBUCHH. YCJIE/ OCTOjama JiBa KOpaka, h u 7, Op3uHa

KOHBEPTeHIIje MOKe OUTHU Pa3InduTa 110 CBAKOM OJI FhUX.

2.2 OmnepaTopu ycpeamema

Y Teopuju napuujajiHux JudepeHiujaJHux jeJHaYuHa, ¢ I'eHepaJIuCaHuM
peremuMa KoepuujeHT jeJHadnHe He Mopajy OuTu Hermpekune (pyHKIHje.
3aTo audepennujcke cxeme Koje alpOKCUMUPAjy TaKBe MpobJieMe MOpajy UMaTu
ycpebere Koedunmjente. 3a Mpou3BosbHY GYHKIH]Y U € Ly j0.(R) uw h >
0 nedununiemo jmaeapuu oneparop ycpeamerma (CTeKI0BbeB oneparop) ca

(B.[21], [49]):
z+h/2

Ta)e) =5 [ ws cer

z—h/2
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[Tpumernmo na je dynkuumja (Thu)(x) menpexuana na R. Tlpumepa pasn, 3a
XeBucajaoBy GyHKIN]Y

1, x> 0;

0, =<0,

() = {

Koja uma npeku y tadku = 0 morpaxumo (Tpu)(z). Ako je x < —h/2, Tana

je
z+h/2
1
T = [ HEOd =0
xz—h/2
Hame, 32 —h/2 <z < h/2, nmamo
ath/2 o+h/2
1 1 1
@@ = [ = [ HEwE= o)
z—h/2 0
Konauno, 3a = > h/2 je
x+h/2
1 1
@) =5 [ HEdE =5 h=1
xz—h/2
Cnenn,
0, r < —h/2;
(ThH)(z) = (2z+h)/2h, —h/2 <x < h/2;
1, x> h/2.

Haxune, 3a Gyuxnujy H(r) koja uuje neupexuua dyuxmuja, (7, H)(x) je ue-
npeknHa (JI1eo-10-71e0 JnHeapHa GyHKIHja).
Takobhe Bazku

|73 H — H| o) = (2V3)'Vh < V.

AHaJslorso, y BHIIeIMMEH3HOHOM caydajy 3a byHruujy u = u(ri, x2,t) yBe-
mumvo CrekioBsbeBe omepatope ca (B.[21]):

1‘1+h/2

Tiu(zy, 29, t) = TEu(zy F h/2,29,t) = % / w(xh, ze, t)dx]
w1—h/2
ath/2
Tyu(zy, 29, t) = TFu(zy, 9 F h/2,t) = % / u(xy, x5, t)dxl
a—h/2
1 +h

1 =
TPu(xy, 2o, t) = TN T, u(wy, 19,t) = W / (1 - w) u(xy, zo,t) da’y

x1—h
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/ —_—
T2u(xy, 2o, t) = Ty Ty u(zy, 9,t) = — / (1 - w) w(xy, Ty, t) daly

1
— ot o A
Ty u(wy, wa,t) = T, u(xy, 20, t — 7) = - u(xy, o, t")dt".
t—7
[IpumeTrnnmo ma cy oBu oneparopu MelycoOHO KOMYTATHBHY U /14 TTPECTUKABAJY
maprujajgHe U3Bo/ie y KOHAYHe pa3/uKe, Tj. BayKH:
2
1" Ou = Uz, » i+ Ou = Ug; » iQaZ:uxii“m Tti%:uf'
Bamncra,

1

0 1 0
Tl__u(fflaxz,t):— / —u(l"l,xg,t)da:’l

zr1—h
1 1 u(wy, x2,t) — u(xy — h, 9, 1)
= Eu(:r;/l,xg,t) - = : = Ug, .

Ha ciimyan HauwH ce MOy JloKa3aTu U OCTAJIE jeIHAKOCTH.

2.3 AncrpakTHEu onepaTopcko-andepeHnnjcKu IIpodJjem

Heka je Hj koHa4HO JMMEH3HMOHAJAH peajiaH XuiIbepToB IpocTop ca CKa-
JIADHUM 1POU3BOAOM (+,+)p, 1 HOpMOM || - ||5. 3a camoOKoHjyroBaH JiMHEapaH
onepatop Sy y Hj, ca Hg, osmauaBamo mpocrop Hg, = Hj ca ckaaapHuM
IPOU3BOIOM

(v,w)g, = (Spv,w)p
n HOPMOM
lolls, = (Swv, v),”.

PasmoTpumo uMILIUIIUTHY ONEPATOPCKO-TU(EPEHINjCKY CXEMY

(2.10) Brvs + Apv = (1), t € wl,
v(0) = vy,

rae cy A, = Ap(t) u By, # By (t) no3utusHO j1eUHUTHA CAMOKOH]YTOBAHH JIU-
Heapuu onepatropu y Hy,, (y ommrem ciydajy HEKOMYTATUBHH ), Ug AT €JTEMEHT
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u3 Hy, p(t) je nosnara n v(t) menosuara mpexna GyHKIUja Ca BPEIHOCTUMA
y Hy. Taxkohe pasmorpumo u cxemy

(2.11) By + Apv =1y, te wi,
v(0) =0,

rae je ¢(t) mara mpexua dbyuknmja ca speanoctuMa y Hp. Amajorno ca
npobsemom (1.2) npernocrasumvo na je Ao, < Ap(t) < kAo, rae je k = const. >
1 u Aop, # Aon(t) caMOKOHjyrOBaH IO3UTHBAH JinHeapaH oneparop y Hy,. Baxe
cnenehn anmanosn Jlema 1.12 u Jlema 1.13.

JIEMA 2.3. Heka je By nosumueno dedunuman camoadjynzoar AuHeapat
onepamop y Hy u wexa onepamop Ao, sadosomasa caedehe ycaose: Agp =
Apo + Ant, Ano = (Aon + A5)/2 > 0, || Anvlln < Collv]]a,,. Tada pewerve v
onepamopcko-duepenyujcre cxeme (2.10) 3adosomasa anpuopny oueny

T @, Y Y ””“L_tﬂz by < 0r S hoto

tewy t€Wr ' e, t' #t tews

oKas. HOXKeNnn CKaJlapHO J€JHAaKOCT . Ca 27U J00n)aMO
I M h DHO ] (2.10) ca 2 ouj
ol = 1915, + v = 8ll5, + 271wl = 27(p, )0 < Tllvlla,, + 7llel
ITocae CyMHupaliba 110 MPEzKH wjf nMaMO
(2.12) T @5, <7 el
tEw;r t@ui

Ba dynknujy v(t) nedunncany Ha Mpexu W, ,w, wim w;, yseaumo Oypujeose

pasBoje
m m—1
Ry kxt  aglv ap[v]  nwt _
U(t>_zak[U]COS—— —|—Zak cos + 5 cos o t € wr,
k=0 k=1
o(t) —ibﬂv] sin ™ aE D) tewt
k T 27 T
k=1
[Ipumenom pa3Boja KOCHHYCA jeTHOCTaBHO J00UjaMO
]{271'7' km T
B — sin ——ag|B in—(t— =).
vF = Z sm ak[ U] sin T ( 2)

T

Bpahamem oBor passoja y (2.10), muoxehn ca sin 2% (¢ — ) u cymmpajyhu mo

T
Mpexu W 106ujamo
_singnr/(2T) ™

Tnr/(2T) Tja][bhv] + b [Anv] = bj [p].
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Jasbe, cKajapHO MHOKHUMO ca a;[v] u cymupamo 1o j. IIpumenom pesanuja

(a;[Buv], a;[v]) = (a5[By*v], a;[By*v]) = llaj[ By 0|13,
(b7 [Anv], a5[0]) = (05 [Ap°0], a;[Apy7o]) + (b7 [Apo], a o)),
(b7 [, as[0]) = (b7 [Ap "> 0], as[Asy v)),

Komu-IIIBapiioBe HejejiHaKOCTH U HJIEHTUTETA

!/
TZIIv(t)HiET (O}l + > @i + —|| leak JII7

teEw, tewr
2 T — ¥ 2
T @l = 3 > BTl
tEwﬁE k=1
J100mjamo

Zgﬂ% R < er 3 (IO, + e

tEwT

[Ipumenom exkBuBaJICHIA]A,

B2
ZJHaJ P17,
Z Z [v(t) (/)||2Bh
t —t]?

t€wr t/ €wr t' £t

J100mjamo

b Ay Y ||v(?t—_?;§72>”3hgcrz[Hv<t>lr?4ho+H%D@)Hihg]'

teWr ¢/ e, ' #t tews

]

JIEMA 2.4. Pewere v onepamopcro-dudepenyujeke creme (2.11) zadosomasa
anpuopHy oueny

T Z o)A, +7° Z Z ”U(?t__?ﬁQ)HBh

tewt Lewr ¢/ e, t’ £t

9 (t) M- 1 1
[ 2. 2 |t—t|2 o +th (t-{-T—’_T—t—f-T)Hw(t)H%’:l]

teor ' o, t' #t
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Jlokas. VIjenTnaHo Kao y HPeTXopHoM ciaydajy muoxkehn ckamapro (2.11)
ca 27v u cymmpajyhn no mpexu wl pobujamo

1
@, +7 D @I, <7 Wn o)
tij-r tEw:—r

JaJspe, nmamo

TS Wr =1 (G o)+ (T, o(T)n,

tews t€wr

rjie je @Z npojyKere GyHKImje 1) u3BaH W, JIaTo ca

¥(t), t€wr;
~on ) (=t =T), —t € wi;
vt = 2T —t—71), 2T —t € wt;
UTI.

[Ipumenom pa3Boja

t)zibzmsm%(wg),

k=1

/ gt
a;jv] cos —

v(t) = T

0

J

> oy =5 3 O fjjéﬁf”k(ww—ww, [ B (4(T) 0 (7))

lo(T)|2, + 1uw<T>u2 )
< @, + e Y Y ”U(?J_UETQHB*‘

LT ' cw, ' #t
1o () = D@5

" —t?

wrr x

tewr ¢ e, t' #t

21 (s o) POl

tEwr




2 EaemenTtu teopuje nudepeHINjCKHX CXEMa, 36

rjie je € Npou3BOJbaH No3uTUBaH Opoj. U3 nperxo/Hux HejeiHAKOCTU CJieu

(2.14) T Z HU(t)H?“ho < 0187'2 Z Z ||U(tTt/__UET2)HBh

tcwr tewr ¢/ €W, ,t/ £t

J46(6) — ]2
=P

t' €wo,t' #t

+ E ! + . [ @) }
T —1].
S \t+1 T—t+7 B,

[Tpumenom kocuuycHOr paspoja 3a v(t) m t(t) 3amenumo vy u Y7 y (2.11).

Muoxehn mobujene pemarmje ca sin 25 (t — 7) u cymmpajyhn no mpexn w;

nMaMO

T 41y L] -

_sin(jrr/(2T)) 7

grr/(2T) 7% ).

Y3nmajyhu ckanapHu mpom3BOJ, OBe penanmje ca a;[v] m cymmpajyhn mo j,
ocJIe je THOCTAaBHUX TpaHcdopMaImja mMaMo

(2.15) 7y Y ”U(?t,__vz(51|t2)||3h <Gy )3,

tewr ¢ Ewrﬂfl £t tewr

I9(6) = ()1,
[T

+ Cy7? Z Z

t€Wr ¢/ e, t' #t

13 (2.14) n (2.15) 3a goBosbHO Masio € > 0 cyien Tope HaBeeHH pe3yarar. [
Y namem pajy 6uhe nam morpe6uo u ciesehe tepheme (B.[21], [29]):

JIEMA 2.5. Pewere npobaema (2.10), y3 yeaos ((Ap(t +7) — Ap(t))u,u) < 0,
3ad060oma6a caedehy oueny

S A IR+ 7 eI, < c(||vo||ih+ lAwvoll? S ||so<t>||23h1) ,

lewsr tEwi tEw:—r

2de cMO 03HAYUNU:



3 KouBeprennuja audepeHIimjcke cxeMe
Yy AUCKPETHO] ngl HOPMUI

Y Tpehoj riaBu je pazmarTpaH JIBOJAMMEH3UOHAJIHN MapabOJTMIKN TTPOOIeM
ca KOHIIEHTPUCAHUM KATAlUTeTOM W HpOMeHpbUBHM Koedunujentuma. Kao
VBOJI y UCTPaKWBambe, y MOTIaB/by 3.1 pazMaTpaHa je jeTHAUYNHA Ca MellOBU-
TUM M3BOJMMA U HPOMEH/bUBHUM (/I HE W BPEMEHCKH 3aBUCHHM) Koeduim-
jenrnmmva. Ilpeyserw cy gesoBu paga [7| W meTasbHO Cy JOKa3aHe CBe OIEHe
dyuknuonana. Y mornarky 3.2 pa3MmarpaH je mpobJeM ca TPOMeHJHbUBUM
BPEMEHCKHU 3aBHCHUM KOeMUIIHjeHTHMA. Y3 MPeTHOCTaBKY Ja KoedHuIujeHTH
npuIaaajy anu3orponnumM mpocropuma CobosbeBa, J0Ka3aHa je oneHa Op3uHe
KOHBepreuiuje JudepeHiiujcke cxeMe y npocTopy W; ’I(Q;W) caryiacHa ca TJa-
TKOINhy KoeduimjenaTa u peremeM MoYeTHOr npobieMa.

3.1 Ilapabosmyku nmpobJieM ca NpOMeH/bUBUM
KoeduIimjeHTuMa

3.1.1 IlocraBka mpobJjema

[TocmaTpajmMo JABOJMMEH3UOHAJHM OYETHO-IPAHUYHUA 1PobOJeM 3a je/iHa-
YUHY TOILIOTE Ca KOHIEHTPUCAHUM KallaluTeToM Ha npaBoj ro =&, 0 <& < 1

(B.[7]):

2
(L ko(ea = )5 = Y 5 (ae)t ) =7, mQ.

(3.1) u=0, ma 00 x (0,7,
u(z,0) = up(x), na 2,
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rie je 6(z) dupakosa geara dyuxmuja, k> 0u Q = (0,1)%, Q = Q x (0,7).
Jedunumnmmmo n mog00./1acTH:

Q1 =(0,1) x (0,8), Q2=(0,1) x (£,1),
Q1= x(0,T), Q= x(0,7T),
E={(z1,9)] z1 € (0,1)}.

[IperniocraBumMo 12 KoedUIUjeHTH a;; 33/10BO/baBAjJy yCIOB eJIMITHIHOCTH
n Ja

Qg5 € WQB(Ql) N WQB(QQ)a
f ey (Q).

Taza, y3 mpeTxo/iHe yCJIoBe, YCJI0Be CAIIACHOCTH Ha TpaHuiy obsiactu () u
ycsioBe Koujyranuje Ha Y (B.[12], [24]):

(3.2) [U]g =0

rie je
[U]Z = u($17€+ 07t) - u<w1a§ - Oat)7

MOTPasKMMO periierbe pobiema (3.1), Tako aa

e Wy Q1) N W2(Q2) N W2 (2 x (0,T)).

3.1.2 Hywmepuuka ampokcuMmamnmja

Hexka je @, yrudopMHa MpezKa ca KopakoM h y €,
W = wh N Q,
wip = Wy, N ([0, 1) x (0, 1)),
Wop = Wi N ((07 1) X [O’ 1))7
Op = Wh apy
u w, yaudopmua mpexa ca kopakom 7 y [0,7]. He ymamyjyhn ommrocr,

npeTrmnocTaBuMo Ja je & pammoHasian 0poj. Taja ce moxke m3abparu kopak h
Tako 1a je oy, # (). Cmarpahiemo ma je 3a10BO/bEH YCIIOB:

cih? <1 < ch?, ¢y, ¢y = const.
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[Ipo6uiem (3.1) ce MOKe AIPOKCUMUPATH HA MpexKH (), = W), XW, caegehom
JuEepeHIIjCKOM CXeMOM Ca YCPeIHheHOM JeCHOM CTPAHOM:

(14 kép(z2 — &))vr + Lyv = TYT5T, f,ma Qur

(3.3) v=0, Ha Y, X W, ,
v(z,0) = up(x) , Ha wy,
rie je
12
Lo = =5 3 (@0, + (ai02,)2,):
ij=1
u
0, x¢op,
On(az — &) = ’
h<x2 f) { 1/h, T € oy

je mpexna Iupaxosa dyHKIHT]A.
[open cranmapaanx Crexiosbesnx oneparopa 15, Tof, T, nedunncanux
y moryiaB/by 2.2, 3a JiaJbu paJj Ouhe HAM HEOUXOJHW W cjejaehn omepaTropwu:

T2

1 Th—x
13 flonan) = [ (142572 Sty

zro—h
xo+h

1 xh—x
T22+f(951»fl’2):5 / (1— 2h 2)]”(561,90/2)6155/2-

x2
Jlaspe, yBeauMo ciiejiehe ckajgapHe MPOU3BOJE M HOPMe:

(Uvu)Lz(wh) =1 Z U(x)u(x) )

TEWH

1/2
10/l zaon) = (0,0) 25 -

(U7u)L2(Wih) = h’ Z v(@)u(z),

TEW;p
1/2
10l 2oty = (0,0 oy -
O3HaYnMO ca
Brv = (14 kdp(zg — &))v
u yBeauMo ciaegehe Hopwme:
W5, = 11013, + kR Yo%),

xEo}

h3
[olif =1 3 @) + g D (),

wG’wh\O’h TETH

2 2
HUHWQQh = Z ||/U-'L'i-'EjH2B;1 + Z [|vz,
i=1

1,7=1

%2(%;1) + ||UHQBh :
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[IpumeTnmo Ja ¢y HOpMe ||thHB;1 u HUHWth ekBuBasieHTHe. Takole yBo-

2,1
JUMO TUCKpeTHY W5 HOpMY Ha ciefehyn HaYWH:

lols g,y =7 D oG DI +7 D llui ), -

tewr tEwi

3.1.3 Kousepreumnuja y mpocTopy Wg’l(QhT)

Y oBoMm jeny jokazaliemo komBepreumujy jgudepeniujcke cxeme (3.3) y
72,1
npocropy Wy (Qn,). Baxu crenelie tBpheme:

TEOPEMA 3.1. Pewere dupepenyujcke cxeme (3.3) koneepeupa y npocmopy
W3 (Qny) ®a pewervy novemio-zpanuioe npobaema (3.1), u y3 yeaos c1h* <
7 < eoh?, savicu caedeha ouera:

B4 lu ol < O (maxog o + max oy, + 1)

% (Jelhzgu + iz ny + Il -

Jloxas. Heka je u penteme nouerHo-rpanngsor npobsema (3.1) u v periere
qudepennnjcke cxeme (3.3). Tazga rperika

Z=U—"
3a10BO/baBa YCJIOBE:

(1 + k5h<l’2 — f))Z{—i‘ LhZ =@ + 1/1, Ha Qhr ,
+

T )

(3.5) z2=0, HA V), X W

2(x,0) =0, na wy,

r7e je o = @1 + @9, IpH UeMy je

ou
=y — TPT2T —
Y1 = Uz 1424t 5

P2 = lf5h(x2 - f)(uf - leuf) )

2

i,j=1
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pu demy je

_ 0 ou 1 o
Yij = T2T2T 6 (aij%> - 5((%’“:5]-)@ + (aijui’j)xi) , 4, =1,2.
J

[Ipumenowm Jleme 2.5 qupekTHO J06MjaMO allpUOPHY OleHy judepeHIyjcke
cxeme (3.5):

1/2

(36)  llzllzzag,, <C 7D (leC D5 + 1 B)l5)

tewi‘

Ha Taj naunu je npobiem onene gudepenimjcke cxeme (3.3) cBemen Ha
OlleHy JIeCHe cTpaHe HejegHakoctu (3.6).

Onennmo pBo u3pas ¢y 3a ¢ ¢ oy, (8.[21]). W3pas ¢py(z,t) je orpanndven
dyHKIMOHAJ apryMeHTa

u € Wy*(e),
r7e je
e=(ry —h,x1+h) X (xeg —h,zo+ h) X (t = 7,1), 29 #&.

Ocum Tora ¢; = 0 ako je u mojmHOM Tpeher creneHa 1Mo T1 U To WIA MPBOT
crerena 1o t. [Ipumenom Jleme 1.4 nobujamo

|01 (2, )] < Clulyaz

CyMupameM 110 4BOPOBUMaA MpexKe w u wy \ 0 1001jaMo
1/2

(3.7) h*r Z Z o1 (2, 1) < ChQ(H“HwE"Q(Ql) + ||u||W24’2(Q2)) :

tewd z€wp\op

Ba x € 0}, U3BPIIMMO JeKOMIO3UIN]Y U3pa3a @1 = @] + @i, e je

1 Ou ou
= T — T*T3 T —
Spl t at t at
ou ou
= —T‘ — T T, —
901 t at t at
Hame, nexa je o = @i — ¢, e je
1 Ou ou h 0*u
L =T — TR —TH ——
=gt gy ot TG B0t
h 0*u
+ —T2T_
P12 G 1t D40t
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BamuImuMo U3pas ¢}, y HATErpajsHoM OOJIHKY:

@Tl(mlvg +0 t) =
z1+h &+h T o

/ ////kl x) ) ko () 828 (2, by, ") dt' 2 da dalyda

r1 x1 t—T

z1+hé+h T @)

/ ////k1 2 ) ko(25) 0I185$28td 1wy, t)dt' o daldal,dx’)

x1 t—T

x1+h E+h T T

/ ////kl xh ) ko () 828 (2, 2 ) dt 2y daydabyda

E t—7

r7e je
ki(z)) =1 — |z — 2|/,

ko(zg) =1 — (x5 — x3)/h.

[Tpumenom Kommu-ITIBapriose Heje JHAKOCTH U CYyMUPAHEM 10 YBOPOBUMA MPEZKe
+ o)
w! u oy, 100mjaMo:

1/2
Th3
Z > leh(a.t)] < O flullwsg,) -
t€w+ TEOH
Hame je,
2
t)? < Ch4H < ChH||ul]? .
k +h t; IEZ% i, 1) 020t | Ly(5x(0,1)) — |‘uHW§‘2(Q2)
I/IS HpeTXO,ZLHI/IX OIl€Ha UMaMO:
1/2
(3.8) k—i— h Z Z o1 (2, 1)) < Ch2Hu||W24’2(Q2)'
tewt T€
Anasorso mobmjamo:
1/2
Th? _ 9 9
(39) g 2 2 e @l ) < R ull,) -

tEUJ;—L xEoH
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3 (3.7),(3.8) u (3.9) cenn

1/2

(3.10) Z o1 (-, B 1 < Chz(HUHWQ“v?(Ql) + ||u||W§’2(Q2))'

tEwT
VY rauku x ¢ o, umamo ja je po(x,t) = 0. 3a x € 0, umamo ja je
o, t) = kh™up — TPuy),

1 BaxkKu cjejeha pernpeseHTannja:

x1+h 1 t

k: 83u 1 / / 2 /
po(x,t) = 2 (21 — @)k (21 )axfﬁt(xl’g’t)dt drydz; .

r1—h ;1:’1 t—T1

N3 nperxomHor pa3Boja AWPEKTHO J00MjaMo:
1/2

k:+ 3 Z Z |p2(, )] < Ch2HuHW24’2(E><(O,T))‘

t€w+ TEOoH

13 (3.10) u (3.11) nmamo

(312) 7Y el 05 < ChM(lulfsa g, + lullfe g, + lullfysem o)

(3.11)

tEoJT

Jaspe onennmo u3spas v;;, 4,j = 1,2. YV tauku x ¢ o), U3BPIINMO JEKOMIIO-
3unujy u3pasa 1;; na caegehn madnm(s.[4)):

7
%g - Z wijka
k=1

rie je
i = TT3T, <aij %) - <T12 T3 aij) (TQTQTf 862;%)
Vijs = aij <T2T2Tt 682(;;] %(umj + umj)> :
Vija = TETYT, <ZCZ %) <T2T2 %a”> <T2T2T_ i >

VYijs = < 12T22 (Za” %(aij,xi + aijm)) (TQTZT_ gu )
)

ou

— > (@i + i) (TRTET, £ -~

1
) (ufj tug) ),

(aij,xl az] acl) (ufj - u:rj) .
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YBeauMo eeMeHTapHe IPaBOyTaOHUKe

E= (_17 1) X (_L 1)7
e = (x1—h,x1+h) X (xoa — h,z2+ h).

O3HaYnMO

S
*
/-\
\_/
I

u* (2], x5, t7) = u(xy + hay, xo + hal, t + 1t%),
CL ( ): ( T ) GZ](ZE1+hJI1,ZL‘2+hx2)

Ha ocnoBy mHTerpasine penpesenranuje uspasa ¥jji:
Yiji(w,t) = 2 k<x1)k(x2>aij(x )T, W(«T ,t7)dt"dx
E

- [ Mk < [ remT gt e }
E E

re je k(x}) = 1—|x;|*, cieqm na je m3pas ;1 orpanmden Gninaeapan QyHKIN-
OHAJI apryMeHTa

( zva_u*( )) S qu(E) X W23q/(q—2)(E>7 q> 2

U BaK{ OIEeHA

c, . -
i (-, )] < ﬁ”ainWé(E)Hﬂ u( )HW 20/(a-2) ()"

Ocnm Tora, 1,51 = 0 Kaza je a; KOHCTAHTAa HJIN KaJa je u* MOJIMHOM APYTor

j
crenena o x} u x5. Ilpuvenom Jleme 1.5 nmamo (B.[11]):

C * — %
(3.13) Vi1 (1) < ﬁ|aij|qu(E)|T;t u ('7t)|W§’q/(q72)(E)-

Bpahajyhu ce Ha crape mpoMmeH/buBe J100HjaMO:

’a;-kijl(E < Chl_z/q|&ij‘w(}(e),

Ty (- t)[yws (B) < CR*= T2 Ty, t) s

2q/(q—2) 20/(a-2)(€)"

Ha ocnoBy nperxoguux onena u (3.13) jegnocraBHO cjie/u:

(i ()] < Chlaijlwy | Tl w0

CymupameM 0 YBOPOBUMA MpPezKe wh\ah U IPpUMEHOM ITOTalama
W3 Q) € W, (),
W3 (%) C Waygo) (), k=1,2
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HMaMOo:
1/2

WY in( 0P| <O (lagllwyeol T uC Ollwe @)

zEwp\op
HllaillwilI T ul Dllwg -, ©@2)
< Oh2(||az’j||w23(m) 1T ul ) lwa

Hlallwgon 1T, ul D) llwion)-
+

T, TIocJIe OvUIvIe/lHe Majopu3alinje,

Jaspe, cyMupameM 0 YBOPOBUMA MPeKe w

UMaMO
1/2

B14) [Py > [t | < CR(lagllwgon lullwizg,
tew z€wp\on
Hllaijllwg oo lullwsz gy) -
spas ;2 je orpanuyen OusmHeapan yHKIHOHAJ apryMeHTa

(Clij,TfU(',f)) S Wq2<€) X W22q/(q72)(6>? q> 2.

Ocnwm Tora, ;2 = 0 Kaza je a;; HIOTHHOM IIPBOT CTelleHa 10 X1 U Ty UIN Kaja
je u MoJIMHOM TPBOT CTeleHa 1o 1 u To. [Ipumenom Jleme 1.5 umamo:

[Yig2 (-, )] < Chlaglwa | T, ul- Olwz, -, -

CymupameM 110 YBOPOBUMA MPEXKe Wy \0p, U IPUMEHOM MOTAAA
W5 () C WZ (),
Wy () € Way gy (), k=12

AMaMO:
1/2

3" Wi O | <CR(lagllwa@pl Tt Dllws @

zE€WR\op

Hllailwz@lI T, ul- Dllwz -, ©@2)

< Ch?([lag w1 Ty ul ) lwsn)
Hlaillwz @ 1T ul ) lwa,))-
+

T

Jasbe, cyMupameM 10 YBOPOBUMA MpezKe W, T0CJIe OUUTJIe/IHe Majopu3alluje,

MMaMO
1/2

(315) [Rr Y > i@t | < CR(lagllwgenlellwize,
tews T€wp\oh

Fllaillwg o) lellwp2 o) -
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Uspas 1;;3 je orpannyen oununeapan (byHKIIHOHAT apryMeHTa
(aij,u) € C(Q) x W32 (g), k=1,2,

rae je g = ex (t—7,t). Ocum Tora, 1;;3 = 0 Kaga je v nosunom tpelier cremena
0 1 U T WIH HOJUHOM HpBOr cremena 1o t. IIpumenom Jleme 1.5 umamo:

[Yijs(x, )] < Cllagll o, lulws 2y, k=12
CyMupameM 10 4BOPOBAMA MpeKe w, U wy,\0p, 1 IPEMEHOM TOTATIAbA

nMaMO:

1/2

(316) (R*7 D > sl ) | < OR(lagllwgon lullwsz g,

tews TEWR\op,

Fllaillwg @ llulyg,) -
3pa3s 1);;4 je orpannyen OunnHeapal (byHKIHOHAT apryMeHTa
(Clij,TfU(',lf)) S Wq2<€) X W22q/(q72)(6>? q>2.

Ocuwm rtora, 1;;4 = 0 Kaja je a;; HOJMHOM IIPBOL CTeleHa 110 T1 U Ty WIN KaJa
je u MoJIMHOM TPBOT CTeleHa 1o T1 U To. [Ipumenom Jleme 1.5 nmamo:

[Yija(, )] < Chlaglwao| T, ul- Olwz, -, -

CymupameM 110 YBOPOBUMA MPEXKe Wy \0p, U IPUMEHOM MOTAIAA

W3 (%) € W2 (),
W;(Qk> - W22q/(q72)<Qk)7 k= 17 2

NMaMO:
1/2
R i b)) < CP*(llasjllwz@n 1T ul- Ollwe, ., @)
z€wp\op
Fllaillwz@IT,ul Dllwz, ., @2)

< CP*(|laisllwg @ 1T ul- ) lwacon)
Hlaijllwz @) 175wl ) llwa,))-
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+

Jlabe, cyMupameM 110 YBOPOBUMA MpezKe W

, TIOCJIe OUHTJIeTHE Majopu3aluje,
IMaMO

1/2

B17) | B Y Y Wi )P | < OR(lagllwson lullwizgy

tews TEWR\op

Hlaijllwgion lulwsegu) -

spas 1);;5 je orpanuyen OuminHeapan (byHKIHOHAT apryMeHTa

J

9 _
(az‘j, a%) € W3(e) x C(Qy), k=1,2.

Ocuwm Tora, ¥;j5 = 0 Kaja je a;; IOJIUHOM APYTOT CTelleHa o Ty u Ta. llpume-
oom Jleme 1.5 nmmamo:

ou

[Wigs(z,t)] < Oh|aij|w23(e) 6_% k=1,2.

— Y
C(Qy)
CymupameM 10 4BOPOBUMA MPeKe W, U Wy, \0p ¥ IPUMEHOM TIOTATIaha

Wy Q) € C(@Qy), k= 1,2

nMaMO:

1/2

(318) [ATd > sl | < CR(lagllwgan lullwizg,

tew T€wp\oh

Fllaijllwg o lullws2g,)) -
Nspas 16 je orpannyen Onanneapan OyHKIMOHAI apryMeHTa
(aij, T; u(-, 1)) € Wi(e) x Wy, o(€), q>2.

OcuMm Tora, ;6 = 0 Kaga je a;; KOHCTaHTa UIH KaJa je U MOJUHOM JIPYyTor
CcTelleHa 1o T1 U To. I[Ipumenom Jleme 1.5 mmamo:

[Viz6(-, 1) < Ch’aiﬂwa(e)mfu("t)lwég’q/@%)(e) '

CyMupameM 10 YBOPOBAMA MpexKe wy\0j, U MPUMEHOM MOTATIAA

W3 () C Wzgq/(qu)(Qk)a
W3 () C Wy (), k=1,2
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HMaMOo:
1/2

WY st 0P | <O (lagllwyeol T uC, Ollwe o)

zEwp\op
HllaillwilI T ul Dllwg -, ©@2)
< Oh2(||az’j||w23(m) 1T ul ) lwa

Hlallwgon 1T, ul D) llwion)-
+

T, TIocJIe OvUIvIe/lHe Majopu3alinje,

Jaspe, cyMupameM 0 YBOPOBUMA MPeKe w

UMaMO
1/2

(319) [P Y " > (@)’ | < CR(lagllwgon lullwizg,
tew z€wp\on
Hllaijllwg oo lullwsz gy) -
Nspas ;7 je orpanuyen OusmHeapan byHKITOHAJ apryMeHTa

(Clij,TfU(',f)) S Wq2<€) X W22q/(q72)(6>? q> 2.

Ocnwm Tora, ;57 = 0 Kaja je a;; HIOTHHOM IIPBOT CTelleHa 10 1 U Ty WX Kaja
je u MoJIMHOM TPBOT CTeleHa 1o 1 u To. [Ipumenom Jleme 1.5 umamo:

[Yigr (-, )] < Chlaglwao T, ul- Olwz, -, -

CymupameM 110 YBOPOBUMA MPEXKe Wy \0p, U IPUMEHOM MOTAAA

W24(Qk) - W22q/(q—2) (Qk)v
W3 () € W), k=1,2

AMaMO:
1/2

23" WO | <R lagllwa@ol Tt Dllws @

zEWR\op

Hllaillwz@lI T, ul- Dllwz -, ©@2)

< Ch?([lagj w1 Ty ul- ) lwsn)
Hlaillwz @ 1T ul ) lwa,))-
+

T

Jasbe, cyMupameM 10 YBOPOBUMA MpezKe W, T0CJIe OUUTJIe/IHe Majopu3alluje,

MMaMO
1/2

(320) (A7 > ()| < CR(lagllwgn lellwiz g,
tews T€wp\oh

Fllaillwg o lellwp2(gn) -
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113 onena (3.14)-(3.20) coenn onena
1/2

CRIVIN [ S S 1 €09 ol eyl (NN 1

tewy T€wp\on
Hla lwgan sz

Ocraje ma oneHNMO U3pa3 ¥ 3a & € o). Y Ta4KH T € 0}, PACTABUMO 11
Ha cjegehn HaYMH:

7
- + +
iy = wfrj + wu ) wu = Zwm,
k=1
r7e je:

o o
U = TS, (0 — ) = 2(TPT¥ay ) (TRTE4 Ty ).

g 0r10x; b 0x,0z,
1/}:‘:' _ <2T12T22ia1‘ —a ) (T2T2;|:T_ O%u )
152 J J ¢ 8x1(?xj
1 B 82u 1
Jay; Ou oay; ou
_ T2T2:|:T ( J ) -9 <T2T2:|: ]) <T2T2:|:T— >
Ui = 0z, Ox; > O ox; /)’
+ _ 2 2j:aa1]_l ' , 224 —
¢1j5 = (21715 07, 5 (aly,an + alml VLT ;
Ly
1 oot Ou 1
¢1]6 (aly z T A1y, 931) <2T 5T, 3 5(”% + uf])> )
1
¢1J7 (ala o~ ) (Ua; — Uay) -

VBeauMo eJeMeHTapHH ITPaBOyTaOHUK
er = (x1 — hyxy + h) X (x9, 29 + h).
Nzpa3 wf;»l je orpaHnven omaumHeapaH (GpyHKIIHOHAT apryMeHTa
(a1, T, u(:,1)) € Wy(er) X Woygay(er), q>2.

Ocum Tora, wfrjl = 0 Kajga je ai; KOHCTaHTa WIM KaJja je U HOJUHOM JPYror
creneHa 1o r1 u ro. [Ipumenom Jleme 1.5 nmamo:

[ ()] < Ch|a1j|Wq1(el)|ﬂ_u("t)|W23q/(q—2)(61) '
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CymupameM 110 YBOPOBUMA MPEKe O U MPUMEHOM IIOTallarba

W23<QQ) C qu(Q2)7
Wy (Q2) C Wy 42y (Q2), g >2,

nMaMO:

ST W < Ol g T 0 D g

rEoY

Jaspe, cymMmupameM o 1BOpoBEMa Mpezke w mobujamo
1/2

k; n h Z |45 (2, 1)) < Ch2”a1j”W23(Qz)Hu’|W§’2(Q2)'

tew T€TR

(3.22)

Nspas wajQ je orpaHnven omauHeapaH (GpYHKIIHOHAT apryMeHTa
(aljvj—;t_u<'7t)) € qu(el) X W22q/(q—2) (61) y 4> 2.

Ocuwm Tora, wfrﬂ = 0 kaja je a;; KOHCTaHTa WJIU KaJa je U IOJHHOM IIPBOT
cTenmeHa Mo rp U To. llpumenom Jleme 1.5 mobujamo crenehy oreny m3apasa

¢E23
|¢i~_j2('vt)| S C|a1j|qu(el)|ﬂ_u(" t>|W22¢1/(q—2)(el) '

CymupameM 10 YBOPOBUMA MpexKe oy, npuMenoM Jleme 1.1 u noramnama

WQS(QQ) - WqQ(QQ)a
W;(Qg) - W23q/(q—2)(92)’ q > 2

J100ujamo:

h? _
h > ()% < Ch?la Gy 1T ) [y

TxEoT

Wia/(q—2) ()

< CWMlassllzp I Te ulDlg ) (0a)

< On lays gom 1T 0 )0
rae je QF = (0,1) x (§,€ + h). U3 nobujene HejeiHaKOCTH, CyMHPaFeM II0
YBOPOBHMA MpEZKe Wl Corejin:

1/2

TS S WO | < Ol Iy -

tewt T€TR

(3.23)
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Nspas w;rjg, je orpannven omauHeapaH (GpyHKIIMOHAT apryMeHTa
e} 3,3/2
(a1j,u) € C() x Wy *2(gy),

rae je g3 = e; X (t — 7,t). Ocum Tora, @ijg, = 0 KaJjia je u MOJIMHOM JPYyror
CcTelleHa 10 T1 W To WIH HPBOT cTemneHa 1o t. Jlaspe, mpumenom Jleme 1.5
JI00Hjamo:

C
3@ Ol < —llasllo@y [y, -

[Tocne cymmpama Mo IBOpOBEMAa Mpexke wl m o, kopumthemenm Jleme 1.1 u

noTallalba
WS(QQ) C C(Q2)
nMaMoO:
1/2
Th? n 9 3/2
(3.24) P h Z Z ‘¢1j3($7t)‘ <Ch Hale(C(ﬁz)HUHW;v?’/Q(Qg)

tEwi TEOoH

< OR?[lavsllwg o lellwsz oy
e je Qb = QF x (0,7).
Nspa3s wfﬂ je orpannyen omauHeapaH (GpYHKIIMOHAT apryMeHTa

(&1j77—1tiu('7t)) S Wq2(€1) X W22q/(q—2)<€1) , q> 2.

Ocum Tora, wfﬂ = 0 KaJa je ai; HOJTMHOM IPBOT CTelleHa IO T U To WA KaJa
je u MoJIMHOM LPBOI CTeleHa 10 T1 u To. [Ipumenom Jleme 1.5 umamo:

[0 (5 1)) < Chlayj|lwzen| Ty u(- ) |wez

20/(a-2)(€1) "

CymvupameM 10 9BOPOBUMA MPEKe ), U MPUMEHOM MOTANamha

W5 (9s) C W (Q0),
Wy (Qs) C W22q/(q72)<92)

nMaMO:

h? _
e 2 O < Ol g 1T Ol -

rEoY

Jlaspe, cyMupameM Mo IBOPOBHMA Mpezke w mobmjamo:

1/2

Th?
(3.25) i Z Z |4, )] < Ch2||a1j||wg(92)||u||W24,2(Q2) :

tew;" TrEop
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Nspas @bfﬂ) je orpannven omauHeapaH (GpyHKIIMOHAT apryMeHTa
J

(alja %) € Wi(er) x C(Qy)-

Hasbe, 1/1{95 = 0 xaza je aij IOJIMHOM HPBOI CTelleHa 1O Ti U Tp. lIpumenom
Jleme 1.5 umamo:

ou
it < Clohigen ||
JNC(Q,)
[Tocie cymmpama 10 4BOpoBEMA Mpezke w u op,upumenom Jleme (1.1) u mo-
Tallalba
Wy 2(Q0) € C(Qs)
NMaMO:
1/2
Th? ou
+ 2 3/2|,,. ou
320) | 20 S Wi | < Ononlhuzan |5 o,

tEw.,'f TEoR

< Ch2||a1j”W23(Q2)||u”W24’2(Q2) :
Nspas 1/1{36 je orpanuyen OmyimHeapaH (pyHKIMOHAJ apr'yMeHTa
(a1, 1) € C() x Wy (gy).

Hame, wfg»ﬁ = 0 Kaja je u MOJWHOM JPYTOT CTeMeHa 1O T1 U To WJIH TTPBOT
crenena 1o t. ITpumenom Jleme 1.5 umamo

C
[Uie(. O < o lo@lulgsr, -

[Tocie cymuparba 110 4BOpoBUMa Mpexke w! u o, kopumhema Jleme 1.1 u
noranama
W5(9s) C C(€)
UMaMO:
1/2
Th? + 2 3/2
321) |7 > D [t < Ch¥lagll oy llell oz gn

tEwi TEOH

2
< Ch¥lay;llwzoa) lullws 2(g,) -
Nspas Wﬂ je orpannyen owauHeapaH GpYHKIIMOHAT apryMeHTa

(a1, Ty u(-t)) € Wg(el) X Wfq/(q_m(el), q>2.
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Haspe, @Z)f”ﬂ = 0 kaga je a;; IOJUHOM IIPBOI CTelleHa 110 T1 U Tp WK KaJja je u
MOJIMHOM TIPBOT CTeleHa 1Mo T1 U Xo. [Ipumenom Jleme 1.5 nmamo:

(652 1)] < Chlayslwacen |75 u( Dl

5a/(q—2)(€1) °

CymMmupameM 10 9BOPOBUMA MPEXKe ), U MPUMEHOM MOTANAha

W5(22) C W7 (),
Wy () C qu/(q—Q)(Qz)

nMaMO:

k + h Z Wlﬂ ’2 < Ch4Ha1]HW3(QQ)HT U( >||12/V24(Qz) '

rEo)

Jlaspe, cymMupameM Mo IBOPOBEMA Mpezke w mobmjamo:

1/2
328) [ S S e 0| < Ol gy Il
tews TETR
13 (3.22)-(3.28 ) mobujamo:
1/2
(3.29) k—i— 3 Z > 1o, 0] < O [lasjllwgan lullwiz g, -

tew T€TN

Amnajiorna onena Bazxu 3a u3pas ¥y

1/2
a30) [ YW nr | < Ol gl
tewt TE€T
I3 (3.21), (3.29 ) u (3.30) mvawmo:
(3.31) 7Y Iy )15 < Ch* (llag g lullfyse g,

tewi

Hlla g ) ll5ya2 g,)-

Ocraje mam jomr Jja OLEHUMO U3Pa3 1 y TaukKu T € 0. Baxku na je
Y25 = Njzo, TAC JE

_ ou 1
7’/j = T12T2+E (azja—l’j> 2 (CLQJU% + (1,2] UIJ> s
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u a™?(zy,9) = as(z1,To + h). Baxku eseMenTapHa HejeHAKOCT:
B2

k+h

Pacrasumo n; = nj1 + nj2 + 053 + 14, TIE jO

U521, &, 1) < O, & O + (a1, € = h ).

_ ou _ 8u
J
2+ 1 +2 —
an = <T1 T2 CLQj - §<a2j -+ G,2j )) <T T T a >
ou 1
—(ug, + u;f)),

1
(9 2(

Njs = 2(a2j + a3 )(T2T+T
1 +2 —+2
Nja = 7 (az; — a57) (Uz7 = uay).
I3pa3 n;; je orpanutden OuanHeapan GbyHKIHOHAT apryMeHTa

(a2j7ﬂ_u('7t)) S qu(€1) X W22q/(q72)(61) 4> 2.

OcuMm Tora, 7;; = 0 Kajga je ap; KOHCTaHTAa HJIM KaJa je U IIOJTHHOM IPBOT
CTelleHa 1o T U To. I[Ipumenom Jleme 1.5 umamo:

nj1(, )| < Chlagi|lwp e[ T7 ul- )|W22q/<q z(en)

CymupameM 0 YBOPOBUMa Mpeke oy, y3 npumMeny Jleme 1.1 u moranama

W24(92> - W23q/(q72)(92)7 q> 2

nMaMO:

h Z 1n1(-, |2 < C’h3||a2]|| (Qg)“Tt_U( )”Wg/( ,(25)

TrEoR
< OW oy rzqapI T Dy o

< Ch¥laglly o) 177w, O o)
Jaspe, cymMupameM 1o YBOPOBUMA MpezKe W) 106mujamo:

1/2

(3.32) thy Y Inp(e )P ) < ORlag;llwgan llullysz g,

tGwi TEoy,

Nspas 12 je orpannven Onnmneapan OyHKIMOHAI apryMeHTa

<a2j7 %) € Wi(er) x C(Qy) -

J
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OcnuM Tora, 7;2 = 0 Kajga je ag; HOJTHHOM NIPBOT CTelleHa 10 X1 U T2. lIpuMenom
Jleme 1.5 umamo:

ou

o(2,1)| < Chlas|wae —H .
e ) < Oz | 5

[Tocsie cymuparba 110 4BOpOBUMA Mpezke wi u oy, npumenoM Jleme 1.1 u mora-

IIama
W;2(@Qu) € C(@Qy)
nMaMoO:
1/2
333) [0S0 S a0 | < Rl gy | o |
g e ille@,)

< Ch?ag;llwyan 12 (gy)-
W3zpa3z N3 je orpanuveH OunnHeapan YHKIHOHAT apryMeHTa
(asj,u) € C() x Wa*?(gy) .

Ocnm Tora, 1;3 = 0 Kaja je u MOJUHOM APYTOr CTeleHa 10 T U Lo UIH IPBOT
crerena 1o t. [Ipumenom Jleme 1.5 nmamo:

Inja(2, )] < Clagsll oyl 572, -

I[Tocsie cymuparba 110 4BOpOBUMa Mpezke w u oy, npumenom Jleme 1.1 u mora-

nama
W35 (€) C C(2)
NMaMO:
1/2
B39 | th S Y s 0f | < Ch ol Mol g

tGw.,J-r TEop

< CRlag;llws ) lullws 2 q,)-
Nspas 14 je orpannven Oununeapan dyHKIMOHAJ apryMeHTa
(ag), T, u(-, 1)) € Wy (er) x W22q/(q—2)(€1) :

OcuMm Tora, 74 = 0 Kajga je ap; KOHCTaHTAa HJIH KaJa je U IOJTHHOM IIPBOT
CcTelleHa 1o T1 U To. I[Ipumenom Jleme 1.5 mmamo:

[mja( D) < Chlaglwyen Ty ul Dlwz -, e
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[Tocie cymmpama 110 YBOpOBUMA Mpexke 0y, npumenoM Jleme 1.1 u motamama

W;(QQ) - Wq2(92)a
W24(Qg> - W23q/(q—2)(92)’ q > 2

nMaMO:

h Z (-, )° < Ch3||a2j||$/v;(gg)|m_u('at)||3v22q/(q_2)(gg)
rEo}

< Ch4||a2j||%/v;(92)|mfu('at)”?xvgq/(qﬂ)(ﬂg)

< ChM|az iz p) 175 6l ) i -
Jaspe, cyMupameM Mo YBOPOBAMA MpezKe W HMaMOo:
1/2

(3.35) thy Y (e )P ) < ORlag;llwgan lullysz g,

tEwi TEoy

Ha ocuoBy omnena onena (3.32)-(3.35) umamo oneny uspasa 1;(x1,&,t):
1/2

(3.36) ThY D e & OF | < Ol llaglwsan lullyszg,) -

tE(AJi xTEo}

Amnasorna je orena uspasa 1;(x1,& — h,t):

1/2
(337) | rh ) D I =P < ORllayllwyanlullwszo,) -
tewd T€oR
13 (3.21), (3.36) u (3.37) mmamo
(3.38) Y i ()15 < CR(llagsllwgcan lullwsz o)
tij—
Hlazsllwg o wllwp2q.))-
Konauno, u3 (3.6), (3.12), (3.31) u (3.38) cuenn onena (3.4). O

HATOMEHA 1. Jlobujera ouena (3.4) je cazaacha ca enamrowhy roeduiugje-
nama u 2aamrowhy pewersa dudepernyujarnoz npobaema (3.1).
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3.2 Ilapabosmuku nmpobJieM ca BPEeMEHCKHN 3aBUCHUM
KoeduimjeHTuMa

3.2.1 ITocraBka mpobJjemMa M HyMepuYKa arnpoKCUMAaIlnja

Pa3sMoTpuMO JBOJAMMEH3MOHA IIOUETHO-IPAHUYHE MPOOIeM 3a jeJHAYHHY
TOILIOTE €A KOHIEHTPUCAHUM KAIIAIUTETOM Ha MPaBOj To = & U BPEMEHCKH
3aBucHUM KoedunujenTuMa (B.[8]):

ou 0 ou
(ko= )5 = 30 o (e g ) = £, mQ.
(3.39) u=0, na 0Q x (0,7),
u(z,0) = ug(x), ua 2,

rae je 6(x) Hupaxosa nenra dymnkmuja, k > 0, Q = (0,1)> u Q = Q x
(0,T). Tlomobnactu cy peduHHCAHE HA MCTH HAYMH Kao y HOLJAaBby 3.1.

[IpermoctaBuMo ja cy kKoedHUIUjeHTH a; MOHOTOHO omajajyhe dyHKIHje
110 IPOMEHJBUBOM  KOje 3a/10BOJbaBajy YCJIOB €JIMIITUYHOCTU U JIA

a; € W (Qu) n WE(Qy),
fewsHQ).

Tasa, y3 IpeTxoJHe yCIoBe, YCI0Be CarIaCHOCTH Ha TpaHunu obgacta QQ u
ycsioBe KoHjyranuje Ha % (3.2) morpakumo pererse upobdieMa (3.39), rako jia

u € Wy (Q1) N Wy *(Q2) N WL (2 x (0, 7))

[Tpo6uiem (3.39) ce MoKe aPOKCUMUPATH HA MPexKH (), = W, Xw; ciaeaehom
JubEPEHIINJCKOM CXEMOM €A YCPEIHEeHOM JECHOM CTPAHOM:

(1+ kp(w2 — &))vp + Lpv = TYTS T, f na Qpy
(3.40) v=0, Ha v, X W,
v(x,0) = up(z), HA Wy,

re je

2
1
= =5 Dt + ()
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3.2.2 KouBepreHuuja y mpocTopy /I/IV/QQ’l(QhT)

Y oBom geny jgokazaliemo konseprennumjy audepenmnujcke cxeme (3.40) y
T2l
npocropy W5 (Qp.). Baxu cienehe rBpheme:

TEOPEMA 3.2. Pewere dugepenyujcre cxeme (3.40) xkoneepeupa y npocmopy
Wi (Qny) Ka pewersy novemmo-2panusnoz npobaema (3.39) u, ys ycaos cih? <
7 < coh?, savicu caedeha ouera:

(341) lu = vllFzaq,.) < CH? (m?x laillys.ar g, + maxlaillysoz g, + 1)

X <|’UHW;2(Q1) + HUHW;?(QQ) + Hu‘|W§’2(E><(O,T))> :

Jloxas. Heka je u pememe moderno-rpannanor npobiaema (3.39) u v perire-
we nudepennujcke cxeme (3.40). Tamga rpemika

Z=U—"
3a0BOJbaBa yCJIOBE:

(1 +kop(v2 — &)zt + Lnz = o + ¢, ma Qur,
(3.42) z2=0, na v, X W, ,

z(x,0) =0, Ha wy,,

re je

ou
© = uf — TngT[a + kop(x2 — &) (us — Tfu,f) ,

u Y = +Pa, rue je

0 ou 1
— 22 N L _ X _ Y —
v = T{T5 T, o <aZ 8xi> i ((aug,)z, + (auz,)z,), 1 =1,2.

[Ipumenowm Jleme 2.5 aupekTHO J100MjaMO allPUOPHY OlLeHY JudepeHIujcKe
cxeme (3.42):

1/2

tEwi

[Tpumernmo ga anpuopra onena (3.43) Huje BaauIHa y CIydajy jeJHAYMHE Ca
MEIOBUTUM H3BOAUMA.

Ha Taj mauun je npo6iem onene gudepennujcke cxeme (3.40), cBenen Ha
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OIleHy JIeCHe cTpaHe HejegHakoctu (3.43).
3a m3pa3 ¢ cmo Beh mokazanm ma Baxku onena (B.(3.12)):

1/2

B44) (7Yl | <CR (el + lullysey

tEwT

el 2sxoy) -

Baro caja oneHnMo u3pas . Y Tauku T ¢ 0 U3BPHIIMO JEKOMIIO3UIIA]Y
u3pasa ; Ha ciaegehu wadun (B.[4]):

7
Ui =Y i,
k=1

rie je

_/ Q*u _0%u
v = BT (g g) = (PPT377 ) (TRT27 5 5)

_ 0%
Yig = (Tszth a; — )(T2T2Tt o7 2)

_0%u
wi3 = a; <T12T27-;§ a 2 um@) 9

o= (20 0) (o ) (e 00
da; 1

oxr; 2 (@i, + ai,iy-)) <T2T2T_ gu >
ou

%6 - (az z; T @ xl) (TQTZT_ a %(uzz + ux'L)) )

wm::(zﬂiﬂT—

wﬁ - (az T; ai,a’ci) (uiz - uazl) .
Nzpa3 1);; je orpanuden ouimHeapaH (pyHKIIHOHAT apryMeHTa

(a,u) € Wy (e) x Wedl? ) (e),

2q/(q—2
rjae je e = (x1 — hyxy + h) X (xg — h,xo + h) X (t — 7,t),q > 2. Ocum Tora,
¥;1 = 0 Kaja je a; KOHCTaHTa WK KaJia je % IMOJUHOM JPYror CTeleHa 110 T U
ZTo WIH TMPBOT cTenena 1o t. [Ipumenom Jleme 1.5 nmamo:

|¢11(l’ t)| < C|CLZ|W1 1/2 |U|W23 ;3(/2 ()

CyMupameM 110 4BOPOBUMaA MpexKe w, U wy\0j, U NPUMEHOM MOTATIAHA
W52 (Qr) € Wi2(Qu),
4,2 J%3/2
Wy Q) C W2, (Qk), ke =1,2
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HMaMOo:
1/2

(345) hQTZ Z |¢i1(x,t)|2 SChZ(”aiHWS’S/Q(Ql)Hul|W§’2(Q1)

tews TEW\op

+HazHW3 3/2( 2)|’uHW§’2(Q2)) :

Nspa3s ;o je orpannden ommmHeapaH GpyHKIIMOHAT apryMeHTa

(aiu) € W2 (e) x WEL , (e), q > 2.

2q/(q—2)

Ocuwm Tora, ;2 = 0 Kaja je a; IOJHMHOM IIPBOI CTEIeHA 10 £ U Ty WU KaJia
je u TMOJTMHOM TPBOT CTeleHa Mo T1 U To. [Ipumenom Jleme 1.5 mmamo:

|thia(z, 1) < C|ai‘WqQ’l(e)|u|W22(;/1(q72>(e) :
CymupameM 0 YBOPOBUMA MpezKe w;“ u wh\ah U IPUMEHOM MOTalaibha

wﬁ”@mcwm@m
Wy (Qr) C W00y (@1), k=1,2

nMaMO:

1/2

(346) [0S S Wale O | < Rl g ol

tews TEwp\op,

Hlaillys sz g, lulwen) -

N3zpa3 1);3 je orpannden ouimHeapal (pyHKIIMOHAT apryMeHTa

(@i, u) € C(Qy) x Wy(e) ,k =1,2.

Ocuwm Tora, ;3 = 0 kaga je u nmoauHOM Tpeher cremeHa 1o 1 U s WK HPBOD

crenena 1o t. [Ipumenom Jleme 1.5 nmamo:

[Yis(z, )] < Cllaill o, lulwg-2) -

CyMupameM 10 4BOPOBUMA MPeKe W, U wp,\0p M IPEUMEHOM TOTAIIAHA
Wy’ 3/2(Qk) CC(Qr), k=1,2

NMaMO:
1/2
(347) h27' Z Z |1/}i3(l’,t)|2 S Oh2(||ai||W23’3/2(Q1)”uHW;‘Z(QQ
tews z€wp\op

Flaillysiorz g, lullvgz )
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Nzpa3s 14 je orpannden ouimHeapaH (pyHKIIMOHAT apryMeHTa

(a;,u) € W x x W2l (e), ¢> 2.

2q/(q—2)

Ocuwm Tora, ;4 = 0 Kaja je a; TOJHHOM IPBOI CTEleHa M0 X1 U Ty I KaJja
'e U IIOJIMHOM IIPBOI' CTEII€HA IIO 1 U T2. NMEHOM eMe 1.0 UMaMO:
I1 JI 1.5
a(x, )| < Claglyz, s |u .
|77Z}z4( ) )| = | 1|Wq | |Wq/(q 2)(6)

+

CyMmupameM 110 4BOPOBUMa Mpexke W, u wy\0p, U NPUMEHOM HOTAIIAA

W3 Q) C WAHQ),
2 (Qk) CWa)ya)(Qk), k=12

nMaMo:
1/2
(348) h2r Z Z ’1%4(1:,{;”2 < Ch2(Hai”W23’3/2(Q1)HuHW;Q(Ql)
tewd v€wn\on

Fllaillys sz g lulweeu) -

Nspa3s ;5 je orpannden ommHeapaH (pyHKIIHOHAT apryMeHTa

ou —
( 89@) Wy (e) x C(@Qu), k=12

Ocum tora, ¥;; = 0 Kaga je a; MOJHHOM APYTror CTENeHa [0 T1 | Lo WK HPBOT
crerena 1o t. [Ipumenom Jleme 1.5 nmamo:

ou

|wz5(l',t)| < C|(IZ|W3 3/2 () 81}2

c@

CymupameM 10 YBOPOBUMa, MpPezKe wi’ u wh\ah U OPUMEHOM ITOTallarba
3,3/2
Wy *2(Qr) € C(Q), k=1,2

nMaMO:

1/2

(3.49) hZTZ Z ’wi5($,t)|2 SChQ(HaiHWQB,B/Q(Ql)HUHWZAL,Q(Ql)

tewT TEWR\ap

laallyssr o sz ) -
Nspa3s ;4 je orpannden ommmHeapaH (pyHKIIMOHAT apryMeHTa

3,3/2
(ai,u) € Wy (e) x Wiail2 ) (€), g > 2.
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Ocum Tora, ;s = 0 Kaga je a; KOHCTaHTA WM KaJa je U MOJUHOM JIPYTor
CTelleHa O T U To WU TPBOT cTemneHa 1o t. [Ipumenowm Jleme 1.5 mmamo:

|1/11'6(5L’,t)| < C’|ai]Wq1,1/z(e)|u]W3,3/2 ("

2¢/(¢g—2)\¢

CyMupameM 10 4BOPOBAMA MpeKe w, U wp,\0p 1 IPEMEHOM TOTATIAbA

W32 (Qu) € Wi, (Qu).
WP (Qr) € WHEYA(Qy), k= 1,2

nMaMO:

1/2

(3500 (BT Y . D Walw )P | < CR(laillysongpllelieg,

tewi LIJEwh\O'h

Flaillygsrz g lullwgz ) -

Nspa3s 1;7 je orpannyen ouimHeapaH (GhyHKIIMOHAT apryMeHTa

(a;,u) € WqQ’l(e) X W2’1(

2a/(g-2)(): 4> 2

Ocuwm Tora, ;7 = 0 Kaja je a; IOJMHOM IIPBOI CTEIeHA 10 X1 U Ty WU KaJa
je u TMOJTMHOM TPBOT CTeleHa Mo T1 U To. [Ipumenom Jleme 1.5 mmamo:

|thiz(z, t)] < C|ai‘wg’l(e)|“|W§4}(q,2>(e) ‘

CyMupameM 1o 4BOPOBAMA MpeKe W, U wy,\0p, W IPEMEHOM TOTATIAbA

Wy (Qk) C War iy (@)
WP (Qu) € WEHQL), k=1,2
NUMaMO:

1/2

351 (1Y Y Wl | < R (lailysoe gl

tew T€wp\aon

Flaillygsrz gy lullgzgu) -

113 onena (3.45)-(3.51) gobujamo ouemy

1/2

352) (1273 S0l | < O (lailysse g lulls,

tewT TEWR\op

Hlalygor g lulgn) -
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Y Taukum T € 05, pacTaBUMO
7
. +
Y= Hor, v =) o,
k=1

rie je:

0? 92u
Ui = TITET, (ala—Z) =2 TTET ) (TR T 5 - )
Ty

_ _0%u
vt = <2T12T22iTt a — ><T2T2iTt - 2)

1 u
+ _ orrrEr- Sy >
%3 2 ( a — Upz |

e (2 ) (e ) (e )
1 1
<2T2T2fr§z1 o o) (17277 2).

ou 1

vE = (am+am)(2T2T2iT* o §(Ujl+uwl)>,

+
Y17 =

(al,l'l - al,.’fl) (uizl - uw]_) .

Oolr—ﬂqklr—*

Uspas ], je orpanuien Guamneapan yHKIMOHA apryMeHTa

(ar,u) € WE2(e) x W32 (e),

2q/(q—2)

re je e = (1 — h,xy +h) X (xo, 29+ h) X (t —7,t),q > 2. Ocum Tora, )] = 0
KaJa je a; KOHCTAHTA WM KaJa je U MOJTUHOM JIPYTOT CTeleHa 1Mo T1 U Ty WA
upsor crernena 10 t. [Ipumenom Jleme 1.5 numamo:

) <c
Ui (D] < Clarlygon g fulys o -

CymvupameM o YBOPOBUMA MPEXKe ), U MPUMEHOM MOTANamha
3,3/2
Wy (Qz) € WE(Qo),
3 3/2
Wy (Qa) C Wy ll2 1 (Q), g >2

AMaMO:
1/2

S @Ol | < CRlallygan g, lulwse,

tewi TEOoH

(3.53)

spas v}, je orpanuden Gunmneapan (OyHKIMOHAT apryMeHTa
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Ocum Tora, 1], = 0 Kaja je a; KOHCTaHTa HIH Kaja je U IIOJMHOM HIPBOT
CTelleHa 1o T U To. I[Ipumenowm Jleme 1.5 mmamo:

C
[k ) < Tlaalyrveglulwzr -

[Tocte cymMuparba 110 4BOpOBUMa Mpezke w u oy, mpumenoM Jleme 1.1 u mora-

I1amba
3’3/2(622) - W2’1(Q2),
Wy %(Qs) C 3q/3(/q2 2 (@2),
nMaMoO:
1/2
(3.54) h Z LA < Ch2Jlaallyynarz o lullwz,r— an)

tewt T€TN

< C’h2Ha1HW2 1 Qz)“uHWS 3/2 (Qz)

< Ch2Ha1HW23,3/2(Q2)HUHW;’2(Q2)’

rae je QF = (0,1) x (§,6+h) x (0,7).

Uspas 13 je orpannuen 6ummneapai GbyHKITHOHAI apryMeHTa
(a1, u) € C(@y) x Wy 2 (e).

Ocnwm Tora, 115 = 0 Kaja je u TOAMHOM JPYTOT CTeTeHa M0 T U Ty U MPBOT
crenena 1o t. [Ipumenom Jleme 1.5 mmamo:

C
Wt )] < Fllallegy [l ong, -

[Tocae cymupama no YBOpoBuMa Mpexke w u oy, npumenom Jleme 1.1 u nora-

TIama
W5 *%(Q2) € C(Qy)
NMaMO:
1/2
(355) k?—f— h Z Z |¢13 Z, t < Ohg/QHaIHC ||U||W3 3/2(Qh)

t€w+ TEOoH

< Ch2\|a1|\W§,3/z(Q2)HUHW;Q(QQ) '

Uspas v}, je orpanuden Gununeapan byHKIMOHA apryMeHTa

(ar,u) € Wr'(e ) x Wk y(€), ¢>2.
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OcnM Tora, ¥, = 0 Kaga je a; IOJTHHOM HOPBOT CTeIleHa 10 T, U Ty WIH Kaja
je u TMOJTMHOM TPBOT CTeleHa Mo T1 U To. [Ipumenom Jleme 1.5 mmamo:

Wi (@, )] < Claglyzaglulyer .

2q/(q—2)

[Mocae cymupama no YBOpoBuMa Mpexke w u oy, npumenom Jleme 1.1 u nora-

narba
Wy (Q2) € Wy (@),
W32 (Qz) € W2HQs), ¢ > 2
UMaMO:
1/2
Th? I 2 2
(356) Lt h Z Z ‘w14(x7t)‘ < Ch |’CL1”W§V3/2(Q2)HUHWSI’Q(QQ).

tews €N

Uspas 15 je orpannuen 6ummneapan GyHKIMOHAI apTyMeHTa

0 —
<m@%>em?@xc@»

Ocnwm Tora, ¥z = 0 Kajia je a; TOIMHOM TPBOT CTeNeHa 110 L1 U To. [Ipuvenom
Jleme 1.5 mmamo:

C ou
Wiz O] < —lailyzag (|5 :
he e 9021 lg g,
[Tocse cymmpama 1Mo YBOpOBUMA MpezKe wjf u o},, npuMenoM Jleme 1.1 u mota-
IIamba
Wa*%(Qs) € C(Qy)
NUMaMO:
1/2
Th? ou
+ 2 3/2 vu
B57) | 53 2o 22 W@ Ol | < O ez gy || 5 .

tEij TEOoH

2
< OWllanllyyzorz g, ullwi2qu)
Uspas 1} je orpanuden Guamneapan (byHKIHMOHAT apryMeHTa
(a1, w) € C(@y) x W2 (e).

Ocum Tora, 15 = 0 KaJa je u MOJMHOM JIDYTOr CTeleHa 0 T1 U Ty UJIH HPBOT
crenena 1o t. [Ipumenom Jleme 1.5 mmamo:

C
[Pis(, 1)] < E||Q1HC(§2)|U|W§’3/2(6)’
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[Tocsie cymupamba 110 4BOpoBUMa Mpezke w u oy, npumenom Jleme 1.1 u mora-

IIama
Wy (Qu) € C(@,)
NMaMO:
1/2
(3.58) Hh Z PAERS] < Ch*|arllcg llullyssrz g,

tewy T€Th

< CR sz g Nl -

Uspas 17, je orpannuen Gumuneapan GyHKIMOHAI apryMeHTa

(ar,u) € W7l (e )><W22q/1(q 2(€), q>2.

Ocnwm Tora, ¥, = 0 Kaja je a; TOJMHOM TIPBOT CTEIeHA 110 T1 W To WM KaJja

je u TOJIMHOM TPROT CTerneHa 1o X1 U To. lIpumenowm Jleme 1.5 umamo:

i (@, t)] < C|a1|WqQ’1(e)|u|W2 L o)

2q/(q—2)

[Tocae cymMupama 10 YBOPOBAMA MPEKe W, U 0, NPUMEHOM MOTANamba

Wy (Q2) € Wy 5)(Q2),
Wy 3/2(Q2) - W2 HQ2),

UMaMo:
1/2
(3.59) Z+ GZ Y7 (2, 1)) < Ch2”a1||w23’3/2(Q2)||u||W24’2(Q2)'
tews TEoh
113 (3.53)-(3.59) umawmo:
1/2
(360) k + h Z Z |w1 z, t = Ch2Ha1HW;”?’/Q(QQ)HuHW;Q(Cb)'

t€w+ TrEoH

Amnasorna omnena BaKu 3a u3pas v :

1/2

TS S @O | < Orlanl s g -

t€w+ TEOoH

(3.61)
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113 (3.52), (3.60) u (3.61) mame umamo:
1/2

(362) (7SI ] < OB Qoo lulien

tEw?—L

llallysorz g, lullwpa,)-

Ocraje HaMm jomr Ja OIEHHUMO u3pa3 s y Tadkum T € op. mamo ga je
¢2 = Nz, TAE je

_ ou 1
n= T12T2+Tt (a28—w> — 5(@2 —+ (1,;_2>Ua:2'

Baxku ejiemenTapHua HejeIHAKOCT:

60 < OIn(an, € 0P + e €~ B 1P

Pacrasumo 1 = 1y + 12 + 13, r1€ je

) ou
nI::IfI;T;(aT—E)-—(Ifjgayxm)(IﬂT+T* )
81'2 8
1 B
%:@ﬁ?ﬁ@—?@+a)MWWTbu>

Lay+af KWTW“a %J.

s = 2 b Oy

Wzpa3 1, je orpanuven OmnnHeapan GyHKIIMOHAT apryMeHTa

(az,u) € Wyt (e) x Wor i o(€), a>2,

2q/(q—2)

rae je e = (xy — h,x1+h) X (x2,x9+h) x (t —7,t). Ocum Tora, n; = 0 Kaza je
(9 KOHCTaHTa HJIN Ka/la je U 1IOJIMHOM LIPBOI' CTE€ll€Ha 110 X1 U T2 . HpI/IMeHOM
Jleme 1.5 mmamo:

Im(z,t)| < C|@2|WqL1/2(6)|U|v[/22 YNGR

[Tocse cymMupama 0 4BOPOBUMA Mpezke w. u oy, upumenoM Jleme 1.1 u nora-
y r )

nama

Wy 3(Qa) € Wy tl2 ) (Qa),
W52 2(Qa) € W2H(Qu),
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nMaMO:

1/2

(3:63) [7h > Imi(x,t)P < C’h3/2||a2||wa,1/2<Q§L)||u||wz,1

h
2q/(q—2)( 7)
tewj TEo}

2
< Ch ||a2 HWqQ’ 1(Q2) HUHW;?(/;_Q)(Qz)

< Ch2||a2||W23,3/2(Q2)||U||W24’2(Q2)‘

Uspa3z 1y je orpanuden Ounneapan (yHKIMOHA apryMeHTa

<a2, %) € W22’1(6) x C(Q,) -

Ocuwm Tora, 175 = 0 Kaja je as MOJMHOM IPBOT CTEIeHA 110 X1 U To . [IpuMenom
Jleme 1.5 umamo:

m2(z, 1)| < Claglyza Oty

pz

C(Q2)

[Tocie cymuparma mo YBOpOBUMA Mpexke w u oy, npumenom Jleme 1.1 u nora-

I1amba
W;%(Qs) € C(Q,)
UMaMO:
1/2
ou
2 3/2 _
(3.64) | TR DD |ma(x,t)| < Ch*|azllyzagn) ‘(%2 o

tewi rEoY

S Ch2||a2||w23,3/2(Q2)||UHW24,2(Q2).
Nspas 13 je orpannden OusimHeapan (pyHKIMOHA apryMeHTa
(a2, w) € C@,) x Wy™(e).

Ocuwm Tora, n3 = 0 KaJa je u MOJMHOM JPYTrOr CTENeHa MO0 T W To WU IPBOT
crerena 1o t. [Ipumenowm Jleme 1.5 mobujamo:

|n3<x7t)| S C||a2||C(§2)|u|W2373/2(e) .

[Tocsie cymMuparba 110 4BOPOBUMa Mpeke wi u oy, npumenom Jleme 1.1 n mora-
nama

WE32(Qq) € C(Qy)
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nMaMO:

1/2

(3.65) Th Z Z n3(z,1)]? < C’h3/2||a2||<c@2)||U||W23,3/2(Q3)

tews T€oR
< O sl g Nl 2y
I3 (3.63)-(3.65) maspe mmamo:
1/2

(3.66) thy Y &P | < Chlazllyssn g lullyseg, -

te“)j TEOH

Amnanorna onena uspasa n(x1, & — h,t) je 3a10BosbeHA:
1/2

(3.67) | Th Y > In(x,&—ht)P < CR?Jlazll s, Ul g, -

tEw;L x€Eo

Haspe, u3 onena (3.66) u (3.67) ciequ onena:

1/2
Th? 9 9
3:69) [ 7 3 S et | < (sl g lelhugn
tEwi TEOo}
a2 g il 2ian) -
13 (3.52) u (3.68) umamo:
1/2
(3.69) Ty ||¢2(-,t)||23}:1 < Ch? (lazll .52 g, Il o)
tEwi

+ sz Ielhwseon)

Konauno, u3 (3.43), (3.44), (3.62) u (3.69) caeaun omena (3.41). O

HAnoMEHA 2. Jlobujena ouyena (3.41) je cazaacua ca eaamrowhy xoeduruje-
nama u eaamrowhy pewera dudepenyujcroe npobaema (3.39).

HATIOMEHA 3. Ananoena ouena koHueepzenyuje 8ascu U Y CAYYAjy Kada iy
jednavuny (3.39) onepamop Lu samenumo onepamopom Lyu = Lu + au, a =

alz,t) (6.]46)).



4 KoxBeprenmnuja audepeHnnjcke cxeme

Y AUCKPETHO] W;’l/ 2 HOPMU

Y 4erBproj 1y1aBu je Takohe pazMarpaH JBOJMMEH3MOHAJHU TaPA0OJIUIKH
npobJieM ca KOHIIEHTPUCAHUM KallallUTeTOM U BPEMEHCKHU 3aBUCHUM Koeduiim-
jeHTUMa, aju y3 MPETIOCTAaBKY Jla KOeUIMjeHTH U peliere MPUIaiajy mpo-
CTOpHMa Malbe TJIATKOCTU Hero y mpeTrxoanoM ciaydajy. /lokazama je omena
Op3uHe KOHBepreHiuje audepeHIjcke cxeMe y IpocTopy WQI ’1/2(Qh7) carmia-
cHa ca rjarkonihy koeduimjeHaTa u pelemeM 09eTHOT mpobJiema.

4.1 IlocraBka mpobJjema

Pa3MoTpuMO JIBOAMMEH3MOHU IOYETHO-TPAHUYHE MPOOIeM 3a jeJHAYHHY
TOILIOTE Ca KOHHEHTPUCAHUM KANAIUTETOM Ha HPaBoj Tz = £ M BPEMEHCKH
3aBucHUM KoedunujenTnma (B.[45]):

U = 0O Ou
(G Y g (we0ge) = me
(4.1) u=0, ma 0Q x (0,7),

u(z,0) = ug(x), na Q,

rie je Os(r) = 0(ze — &) Jupaxosa genta dynkmuja, k > 0, Q = (0,1)? u
Q =Q x (0,T). Tlonobnactu cy medbuHUCAHE HA UCTH HAYUH KAO Y TOTJIABIBY
3.1.

[IpernocraBuMo Jia KoepunujeHTH @; 3a0B0O/HbABAjJy YCJIOB €JIUITUYHOCTH
u 1a

a; € W22+5,1+5/2(Q1) N I/V22-i-5,1-i-zs/2(622)7
f c W21+E,1/2+€/2(Q)
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rae je € > 0. Taga, y3 mpeTxomHe ycJIOBe, YCJIOBE CArJIAaCHOCTH HA T'PDAHUIH
obmactu () m ycioBe KoHjyramuje Ha Y (3.2) mMOTpaXKuMO peleme mpodaeMa
(4.1), Tako ja

we WEQ) n W 2(Q.) N W32 (x x (0,T)).

4.2 JIndepeHnujcka cxeMa

[Tpo6uiem (4.1) ce MoKe aPOKCUMUPATH HA MPexKH (), = W), XW, caegehom
JuEPEHINjCKOM CXEMOM €2 YCPEIbEeHOM JECHOM CTPAHOM:

(1 + kb, Jvr + Lpv = T2T3T, f  ua Qpy
(4.2) v=0, Ha 7, X W',

v(x,0) = up(z), HA W) .

Haspe yBojauMo cjejiehe JIMCKpeTHe HOPMe U T0JIyHOpMe:

||U||%2(Qh7 T Z ||U ||L2 wh)7

tGwT
H’UH%Q(O‘thT T Z HU HLQ O'h)7
tewT
[v |L2(wT W) T Z Il (-, 1/2 on)’

tEwT

lo(-,t) —v(-, )17
2 _ ’ 2(wh)
’U’W;/Q(MT;LQ(%)) - TZT Z it —t']2 )

t€w, tew,,t'#t

lo(-,8) = v )17,
2 _ 2(op)
V22 ooy = 7 2T 2 it — 2 ’

t€w, /€Wy, t#t

1
2 _ 2 2
Folgsre s ooy =Pt atiny 7 Z(t Tt 7')” G Dl zagen

tewr

1 1
2 2 2
10153720 ooy =11 I/Q(WT,Lg(ah))”;(t Ty T)HU( R

I

I > (@Qne -7 Z [ (-, ||2 2 (w + ’U|?4/21/2(w7;L2(wh)) + |U|I2/I/21/2(UJT;L2(Uh)).

tEMT
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4.3 KouBeprennmja audepeHInjcKe cXeMe

Y oBoM oiesbKy fiemo jtokazaTn KoHBepreHiujy andepenmmjcke cxeme (4.2)
T1,1/2
y npocropy Wy *(Qp,). Baxu ciezehe tepheme:

TEOPEMA 4.1. Pewemwe dupepenyujcre cxeme (4.2) woneepeupa y npocmopy
W2171/2(Qh7) Ka pewery dudepenyujeroe npobaema (4.1) u, y3 yeaos cih? <
7 < coh?, savicu caedeha ouena:

(4.3) |lu )SChQ(m?X]|aiHW22+a,1+s/z L [

-l

10)) % (Il gy + Il yors gy + Il s5r20my )

ede je l(h) = /log1/h.

Jloxas. Heka je u penrerse noueTHo-rpanngHor npobsema (4.1) n v pernerne

(Q1) Q2)

qudepennujckor npobiaema (4.2). I'pemika
2=u—v
3a70B0/baBa THQEPeHINjCKY CXeMy

(14 kdy, )z + Lnz = ¢, Ha w), X W,
(4.4) 2=0, na y, X W/,

2(x,0) =0, na wy,

rje je

2
Y= Z iz, + X7+ 50}1”?

i=1

3 ou 1 i
n =T T5 T, (“ia_xi) - 5(%‘ +a" g,

p=ku — T?(ku).
O3znaunmo ca

m =11+ 0y,
X = %"" 50}557
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re je
h? 9%u da, Ou
m=—=1"T"|(|a - :
n 6 Lot (|: ! (93(:181:2 8132 8561 D

N ou
7% {T ax?]z .

[Ipumenom Jleme 2.3 u Jleme 2.4 |, jupekTHO jg00ujamo ciejiehy anpuopHy

oleHy 3a perierbe audepennujcke cxeme (4.4):

(4'5) H le 2Qnr) < C[‘|772||L2(Qm) + ||ﬁl||L2(QhT) + |ﬁ1|L2(wT;W21/2(Uh)) +

X720, oy T X200 Loy T 120 Loy |-

Crora, y nusby onene 6psune Koupepreunuje audepennujcke cxeme (4.2),

JIOBOJBHO je OIeHWTH JleCHy cTpaHy Hejeanakoctu (4.5).

[IpBO omenmmo n3pa3s 72. VI3BpmmMO JeKOMITO3UTIN]Y W3pa3a

N2 = M21 + N2z + 723,

r7e je

B ou
21 = Tl2 Tz+ T, (az

S8 (TR T o) (TRTS T,

)
)

T2
0
Moo = [TTT5 T as — 0,5(as + af?)] <T2T+T_au
ou
M2z = —0, 5(612 + Cl )(T2T+T*a um) .

Nspa3 191 je orpanuyen businneapal pyHKIMOHAI apryMeHTa

(az,u) € W2 (e) x Wi (e),

rie je

6:($1—h,$1—|—h) X (l’g,l‘g—l—h) X

(t —,t).

Hame, 1791 = 0 Kaja je ay KOHCTAHTa WM KaJla je U MOJUHOM IMPBOT CTENeHa

o r1 U To. Ilpumenom Jleme 1.5 umamo:

mar(2, )] < Claglyar lulyz ) -

I[Tocte cymmpama 1o YBOPOBAMA MpezKe Wl U wy, \ 0 U IpPUMeHe MOTAIIAbA

W2+e 1+s/2(Qk> wh I/Q(Qk)

Wy (Qy) © WfJ(Qk), k=1,2
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JI00mjamo

(4'6) ||n21HL2(QhT) < Ch2(||a2||w22+5,1+5/2(Q1)||u||W§,3/2(Q1)
—|—Ha2||W22+a,1+a/2(Q2)HUHW213,3/2(Q2)).

N3pa3s 199 je orpanunyen buinneapan pyHKIMOHAI apryMeHTa

1,1/2
(az,u) € W2i(e) x Wy 2 (e),

e je q =2+ . /lame, 192 = 0 Kaj1a je ag MOJHTHOM IPBOT CTeleHa 10 T |

o WM KaJa je u Kouctauta . [Ipumenom Jleme 1.5 mobmjamo ciaenehy onemy:

|7722<l‘,t)| < C{|CL2|Wq2’1(e)|u|m/171/2 (e)

2q/(q—2)

[Tocaie cymMupama 110 YBOPOBAMA MPeZKe W, U Wy, \ 0j U NPUMEHE MOTAIAbA
24, 14e/2
Wa Q) € W@,
Wy (Qr) € Wy 2 (Qh) 30 g =242, k=12

q/(q—2

J100mjamo
(4'7) "7722“L2(Qh7) < Ch2(|’a2‘|w22+5»1+5/2(¢21)HUHWQ&S/?(QI)
—|—||CL2||W22+5,1+5/2(Q2)||U||W23,3/2(Q2)) .
V3pas 103 je orpannden 6uinHeapal (pyHKIMOHA apryMeHTa,
(az,u) € C@Qx) x Wy ¥*(e) b =1,2.

Hasbe, 193 = 0 Kaja je w MOJMHOM JPYTOr CTEleHa 110 T1 U To WU MPBOT
crenena 1o t. [Ipumenom Jleme 1.5 pobujamo oreny:

[m2s (2, 8)] < Cllas]lcig,ylulys.o, -

[Tocie cymmparma 10 YBOPOBUMA MpezKe wi a wy \ O}, U IIpAMEHE MOoTallamba
Wit (Qr) C C(@Qy), k=1,2

J100mjamo

(4.8) m23]| Loy < CR*(llazllyzeeverz g 1ullys5r2 g,
+||CL2||W22+5,1+6/2(Q2)||u||W§’3/2(Q2)) :
113 onena (4.6)-(4.8) mmamo oreny:
(4.9) 1721 22(@ur) < CP*(llazllyse vverz g llly 352 g,

—i—HazHWQHE,HS/Q(Qz) HUHWS‘WQ(Qz)) '
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Cama omennmo uspas 7;. Y Tauku x© & op, Baxu 1; = 17;. VI3BpImumo
JIEKOMIIO3UIIMA]Y u3pa3a 7); Ha cjaejehu Haduu: 177 = 111 + N2 + M3, e je

du 2 I—
8_:1:'1)_(Tl T, Cll)(T T, O )

0
Mo = [Ty T3 T, ay — 0,5(ay + af )](T+T2T_8u )

i =Ty 13T (a

ou
s = —0,5(a1 + af )(T*TQT;a ux> .
€T

3pa3z 11 je orpanntden ouinHeapan (pyHKIMOHAT apryMeHTa
(ar,u) € Wy 2(e) x Wi (o),
rie je
e=ce(x,t) = (x1,21 + h) X (xg — h,xo + h) X (t — 7,1).

Hame, 111 = 0 Kaja je a; KOHCTaHTa WA KaJa je ¥ MOJWHOM IMPBOT CTelleHa
o r1 U To. Ilpumenom Jleme 1.5 umamo:

(4.10) [ (x, )| < C|a1|wj”2(e)|u|WZ’1(e) .
Nspas 7112 je orpanunyen buinneapan pyHKIMOHAI apryMeHTa

(ar,u) € W2(e) x Wy i/?, (e),

29/(q—2)
e je q =2+ ¢. /lame, n12 = 0 Kaj1a je a; MOJTHOM IPBOT CTeleHa 10 T U

To WU KaJa je u Kouctauta . [Ipumenom Jleme 1.5 mobmjamo ciaenehy onemy:

4.11 z,t)| < Cla u .
(4.11) [M2(, 1)] |1|W21 ||W2}/1</q22>(6)

Uspa3z 113 je orpanuven Ounneapan (pyHKIIMOHAT apryMeHTa
(a1,u) € C(Q) x W3 (e) k=1,2.

Hame, ms3 = 0 Kajga je w MOJUHOM JPYTOT CTeNeHa 1O T U To WU MPBOT
creriera 110 t. [Ipumenom Jleme 1.5 j106ujamo oreny:

(1.12) male, )] < Cllarlleggy lulys o, -

Octaje jour ja OIeHHMO M3pa3 7); 3a & € oy, Y Ta4KH T € 0j U3BPIIHMO
JIEKOMIIO3UITA]Y

3

= Z(nfk + nfk),

k=1
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re je

_ 3’& _ _ 8u
=TT (alg) =2 (T T3 T an) (T*T%T - )
1

h( . Oa ot OU e Ou
i6 (T g 8952) {2 (T L Oy g Oy
0*u 0*u
+ —
|: <T iTt 8x18x2> (T T a18$18$2>:| '

h _ _Ou da; Ou
— T+T T+T T+T
£5 K ) ( Ox ) ( ' 3I28371)] ero

+att h Jda ou
2T T2 Ty ay) — 200 T S0 (o Tz 2

. a+at ot OU hif o O%u
= — 2(TVT57T, —uy, F o | TV,
771,3 4 l ( 8 Uz, + 3 1+t 813181’2

Nspas 771i,1 je orpanuven OmyimHeapaH (pyHKIMOHAJ apryMeHTa

2=£+0

CDID‘

2=£+0

)

2=¢+0

2=£40

(ar,u) € W2 (e) x W (ef),

re je
et = (z1,21 + h) X (E,€+ D) x (t—T7,1),
6; = ($1,$1+h) X (f—h,f) X (t—T,t).

Hame, 771i1 = 0 Kaja je a; KOHCTAHTa WJIW KaJa je ¥ MOJUHOM TPBOT CTeleHa
10 r1 u To. Ilpumenom Jleme 1.5 jobujamo

(4.13) |77f1(33>t>’ < C|a1’Wi»1/2(ef)|ulel(eli) :
Nspas an je orpanuyen OmsimHeapaH (pyHKIMOHAJ apr'yMEHTa

(ar,u) € W2 (e) x Wy /2 (eF)

2q/(q—2)

rie je q =2+ ¢. [lame, an = 0 Kaja je a; MOJMHOM MPBOT CTeleHa 1Mo T1 U
To WIN KaJa je u Kouctauta . [Ipumenom Jleme 1.5 mobujamo oreny:

(4.14) o (2, )] < Clalyz o luly 12

2l e (€1)

N3pas 77%3 je orpannven omauHeapaH (GpYHKIIHOHAT apryMeHTa

(ar,u) € C(@Qy) x Wy *2(ef) k= 1,2.
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Hasbe, nfg = 0 xama je u MOJWHOM JPYTOTr CTemeHa MO Ty U To WU MPBOT
creriena 110 t. [Ipumenom Jleme 1.5 numamo:

(4.15) ()] < Clla oy lulysvz s,

13 omena (4.10)-(4.12) u (4.13)-(4.15), mocje cymupama 10 YBOPOBHMA
Mpexke W u wy, \ 0p, OJHOCHO W U 0, U IPUMEHEe HoTalabha

Wy = 2(Q) c WA (Qu)

W Q) € W Q) s
W2+5 1+5/2(Q ) qul(Qk);

33/2(Qk) 1q/l/q2 2)(@ )7 3a q=2+e¢,
Wy (Qr) € C(@y),

rje je k = 1,2, nobujamo oneny:

(4.16) 711 22(@ur) < CP*(llanlly2se vverz g llly 352 g,

+Ha1HW22+571+E/2(Q2)HuHW23»3/2(Q2)) :
3a ¢ € WQI/Q(Z) Bazku cJejeha onexa:
’T1+¢‘W21/2(ah) < O|¢|W21/2(Z) < O||¢”W21(Qk)7 k= 17 27
OJIaKJIe CJIeIN:
|ﬁ1('»t)|W21/2(oh) < CRA(IT; v( )llwpon) + 1T v D) lwps)) s

I7e je V = V] + Vo, IPA UeMy je

0*u
v =a
! 181’181’2 ’
da; Ou
Vy =
81'2 61‘1
[Tocsie cymuparma nmMamo:
(4.17) Ty 220y < CE (V20 + IV llwo(y)) -

Octaje ma oneHnMO u3pase Ha JecHOj cTpanu. OIMeHuMO TPBO U3pas .
[To nedpununnuju

]2, 10 // v (2, t)] ‘81/10(901 t)‘ + ‘%‘Q)dxdt.



4 Kouseprennmja gudepEeHIUjCKE CXEME y W; 1/2 HOPMH 78

OnenuMo cBa TpH 4/aHa HA JECHO] CTPAHU.
[Ipgo,

// v (a,£)2da dt = //
Qk Qk

[Tpumenom noranarma

ay

Vi dt < o

8x To (Qr)

Wy 2(Qr) € C(Qy),
WP (Qu) € Wil (Qy), k=1,2

J100ujamo
(4.18) / lvi (2, ) Pdx dt < CHalHivf*f’”fm(cgk)||UHIQ/V§”3/2(Q,€)'
Qk
Hame je,

dx dt

//Gylxt _//&Ll 9%u ABu |2
‘ Ox; N ‘63:1 01105 + ‘“ax%a@
Qk
< C(Jlarllyrz g el o) + lar oy lullvase gy )-

[Tpumenom noranama

Wy = 2(Qu) € WP (Qu),

W (Qr) € WEH(QL),
W5 2(Q) c C@Qy), k=1,2

nMaMO
Oy (z,t)
(4.19) //( gxl Woarar < Cllar yaienvemgy il

Omnennmo jorn Tpehu wias.

// ‘ay(li?::;t ‘ du dt = // ‘gjc; 8:1?128.7:2 83518332‘ du dt

< C<Ha1HW41’1/2(Qk)HuHWf’l(Qk) + H‘“Hc@k)HUH?/@:*/Z(QQ)'
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IIpuMenoM motamnama

Wyt 2Q) c W (Qu),

W% (Qr) € WEH Q)
Wt 2 (Q) € C(@y), k= 1,2

nMaMO

4 20 // ‘81/1 x, t ‘ dx dt < CHG/]_HW2+E /2, )HUHW33/2 Q)

Konauno u3 onena (4.18)-(4.20) cienn onena
(4.21) HylHWQLO(Qk) S C”CL1HW22+S,1+5/2(Qk)HUHW23,3/2(Qk) .

PasmoTpnmo cafta GyHKIHOHAT V2 1 ONEHHMO HOPMY [|va |10, - Bazkn
2

Oa; Ou |2
2 _
//|1/2(x,t)| dxdt—//‘axQ e
Qk Qk

I[IpuMmenoMm moramnama

drdt < CHalel 1/2 Qk)H HW2 H(@Qw)”

W2+s 1+s/2(Qk> 1 1/2<Qk)
f”@wcw%%@mksz

nMaMO

(4.22) / ‘V2($,t)|2d$ dt < CHalH?/VQHE'H”Q(Q,C)HUHI%VS’B/Q(QIC)'

Qk
Haswe je,
Ovy(x,t) d%a; Ou 8a1 0%u |2
//) 0rq ’ du dt = // ’35101((%2 0y 6$2 Ox? i
< c(ualum o HW,; 12 o g el o,

IIpuMenoM moTamnama

W2+5 1+5/2(Q ) - W5’1<Qk),
W32 (Qu) € Wy 2, (Qu),

W2+s 1+s/2(Qk> 1 1/2<Qk)
f”@wcw%%@mksz
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JI00mjamo
Ove(z, 1)
4 23 //‘ gxl ‘ dr dt < CHG/]_HW2+E 1+e/2 Qk)HUHW33/2 Q)

Onenumo jorn Tpehu wian.

//)31/211515 //’82(11 ou  Oa; O*u 2d it
0xy 03 Oz, 83:2 011024 v
R gl )

I[IpuMmenoMm moramnama

W2+z—: 1+€/2(Q ) - qul(Qk):
W5 ?l2(Qi) € Wi 2 ) (Qu),

W2+a 1+£/2(Q ) 11/2(ka)
Wy (Qu) € WP (Qr), k=1,2

J100mjamo
(4.24) // ‘al/ga;t ‘ dzdt < OHCL1HW2+5 14e/2 Qk)HuHWSS/Q O

113 onena (4.22)-(4.24) pobujamo oueny

(425) ||V2”W21’0(Qk) S C||CL1||W22+5,1+5/2( k= 1, 2.

Qk)||u||W23’3/2(Qk) ’

Hame, u3 onena (4.17), (4.21) u (4.25) gobujamo omemy

(4.26) ‘771|L2(w W1/2(0' ) § Chz(Ha1HW22+e,1+a/2(Ql)HU”W23,3/2(Q1)

+||a1||W22+5,1+g/2(Q2) ||U||W23,3/2(Q2)).

Omene u3pasa X, (0 1 X cy jokasane y [24]:

~ 1
(420) T2 pagony < CH\ 108 3 (el + gz g,

(4.28) )< Ch?

H“”’VV;”(WT,LM) log _HUHWS’B/Q(EX(O,T))’

(4.29) < on?

’lSC\H'VV;/Q(wﬁLQ(Jh) log —- Hu”W21 (Zx(0,T))"

Konauno u3 onena (4.5)-(4.29) caenn onena (4.3). O
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HATOMEHA 4. Jlobujera ouena (4.3) je cazaacha ca 2namrowhy xoedurugje-
nama u eaamrowhy pewerva dudepenyujcroe npobaema (4.1).

HATIOMEHA 5. Ananoena ouena koneepzenuyuje eanxrcu u Y cAy4ajy kada iy
jednavunu (4.1) onepamop Lu zamenumo onepamopom Liu = Lu + au, a =

a(z,t).(s.]46] ).
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1. Introduction

The finite-difference method is one of the basic tools for the numerical solution of partial differential equations. In the
case of problems with discontinuous coefficients and concentrated factors (Dirac delta functions, free boundaries, etc.), the
solution has weak global regularity, and it is impossible to establish convergence of finite-difference schemes using the
classical Taylor series expansion. Often, the Bramble-Hilbert lemma takes the role of the Taylor formula for functions from
the Sobolev spaces [1-3].

Following Lazarov et al. [3], a convergence rate estimate of the form
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is called compatible with the smoothness (regularity) of the solution u of the boundary value problem. Here, v is the solution
of the discrete problem, h is the spatial mesh step, W5 and Wzk » are Sobolev spaces of functions with continuous and discrete
argument, respectively, and C is a constant which does not depend on u and h. For parabolic problems, typical estimates are
of the form
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where 7 is the time step. In the case of equations with variable coefficients, the constant C in the error bounds depends on
the norms of the coefficients (see, for example, [2,4,5]).
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ABSTRACT. The convergence of difference scheme for two-dimensional initial-
boundary value problem for the heat equation with concentrated capacity

and time-dependent coefficients of the space derivatives, is considered. An

estimate of the rate of convergence in a special discrete WQI /2 gobolev norm,

compatible with the smoothness of the coefficients and solution, is proved.

1. Introduction

The finite-difference method is one of the basic tools for the numerical solution
of partial differential equations. In the case of problems with discontinuous coef-
ficients and concentrated factors (Dirac delta functions, free boundaries, etc.) the
solution has a weak global regularity and it is impossible to establish convergence
of finite difference schemes using the classical Taylor series expansion. Often, the
Bramble—Hilbert lemma takes the role of the Taylor formula for functions from the
Sobolev spaces [6,8,12].

Following Lazarov et al. [12], a convergence rate estimate of the form

lu—ollwg, <O ullws, s>k,

is called compatible with the smoothness (regularity) of the solution w of the
boundary-value problem. Here v is the solution of the discrete problem, A is the
spatial mesh step, W5 and WQk ;, are Sobolev spaces of functions with continuous
and discrete argument, respectively, C' is a constant which doesn’t depend on u
and h. For the parabolic case typical estimates are of the form

lu = vllyrsz < COA VD lull e, s>,
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N3jaBibyjem
J1a je JIOKTOpCKa JcepTarija o/l HacjaoBoM

/47/7{?,0//4//(&& LSTPOHCUMNBLUIL ,4’5/24: LSIEHS L OH AT/ 7P COLHGH X
[IPOCIIENR  CL RCrI7a PYHUGUTON

" pesyJITar CONCTBEHOI HCTPAKHBAYKOL pajia,

" Jla Npe/UIoKeHa AMCepTaluja y UEIHHH HM Y JICNOBHMA HHUje OMIia NpeiokeHa 3a
Ao0ujarbe OUI0 Koje IMIIOME [PeMa CTYHjCKHM IPOrpaMUMa JPYTHX BHCOKOLIKOICKHX
YCTaHOBA,

" Jla cy pe3ylTaTH KOPEKTHO HABEJEHH U

" J1a HHCAM KPIIHO/JIa ayTOPCKa MpaBa i KOPUCTHO HHTENEKTYalHY CBOJHHY JAPYIHX JIHIA.
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OBPA3AII 2.
H3jaBa 0 HCTOBETHOCTH IITAMIIAHE H €JICKTPOHCKE BeP3uje J0KTOPCKOI pajia

Wme u ripesume ayTopa é;)(i 7H /728 d‘;"f AL aJeB %//L
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Crynujcku nporpaM _ SYNELP WU ST EHATHHA
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M3jaB/byjeM Jla je IuTaMmaHa Bep3Huja MOr JOKTOPCKOI Pajia MCTOBETHA EIEKTPOHCKO] BEep3Hju
KOjy caMm nperao/na  3a  oOjaBipuBame Ha noprainy Jlurmrasmor penosmropujyma
Yuusepsurera y Kparyjesuy.

Jlo3BosbaBaM j1a ce o0jaBe MOjH JIMUYHH ITOJIAIM Be3aHN 3a J00ujarbe akaJeMCKOr 3Bakba JI0KTOpa
HayKa, Kao LITO ¢y MM U Ipe3uMe, rojiMHa 1 MecTo pohera i aatym oabpane pasa.

OBH JIHYHH TOJAUM MOry ce 00jaBHTH Ha MPEKHHMM CTpaHUIaMa JurutanHe OubianoTexe. y
€JIEKTPOHCKOM KaTtanory u y nyonukanujama Y Husepsutera y Kparyjesiy.

V Kparyjesiy. 7#. 05 207. [Tornue ayropa
rﬂ._a

7

VAN




OBPA3ALL 3.
Uszjasa o kopumhemwy

Osnamthyjem Yuusepsutercky Oubnmorteky aa y Jlurutanau peno3utopujym YHHBEp3HTETa Y
KparyjeBity ynece M0Jy JIOKTOPCKY JIMCEPTALH]y 110/ HACIOBOM:

/%ﬁepszm ATPOK it tdjd LBOLAHNEHSHONE/THIX L7 P DSt firx
[7POGIIENE  CR  LENTa  Piik Guriols

KOja je Moje ayTOpCKO Jelo.

Jlucepranmjy ca CBMM IpPHJIO3HMA Ipeaao/la cam y eIeKTPOHCKOM (opMaty MOTOAHOM 3a
TPAjHO apXHBHPAHE.

Mojy 1OKTOpCKY AMCepTalujy HoxXpameHy y JIMrUTanmHu pernosutopujyM YHHBEp3uTeTa Y
KparyjeBily MOy J1a KOpHCTE CBH KOJH ITOLITY]Yy oapeade caapikane y oaadpaHoM THITY JIHIIEHIE
Kpearusue 3ajexnuite (Creative Commons) 3a Kojy caM ce o/uTy4no/Ja.
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A)’TO}JCTBO-HGI(OMeleHjaJ]HO-,ElEHHTH NoJ HCTHM YCIIOBHMaA

I

AyTopeTBo-0e3 npepaje
6. AyTOpPCTBO-AEIUTH MO HCTHM YCJI0BHMA

( MoauMo Ja 3a0KpyIKHTE camMo jeHy O IIeCT NOHYhEeHUX JTHIEHIH, YHjH j¢ KPaTKH OIUC AaT
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OBPA3AII 4.

1.

AyTOpCTBO -

Jlo3BoJbaBaTe yMHOXKaBamhe, JUCTPUOYIIM]Y U JaBHO CAOMILITAaBamkE JeNa, U Mpepaje, ako
ce HaBeJle UME ayTopa Ha HauuH ojipel)eH o1 cTpaHe ayTopa WK JaBaolia JHUIICHIIE, YaK U
y KomepijaiaHe cepxe. OBo je Hajca000HU]ja 01 CBUX JIUIICHIIH.

AyTOPCTBO - HEKOMEPUHjaJIHO.

Jlo3BoJpaBaTe yMHOXaBame, IUCTPUOYIIH]Y U jaBHO CAOMILTAaBamkEe Jeia, U Impepae, ako
ce HaBeJe MMe ayTopa Ha HauuH ojpeleH ox cTpane ayTopa wiu AaBaola juueHne. OBa
JUIEHIIA He J03B0JbaBa KOMEPIIHjaIHY YIOTpeOy aena.

AyTOpCTBO - HEKOMEpPUHjaJIHO - 6e3 mpepaje.

Jlo3BoJbaBaTe yMHOXaBamb€, JUCTPUOYIIM]Yy U JaBHO caolllITaBame Jelia, 0e3 MpoMeHa,
peo0IMKOBaka WIH yIOTpeOe /iena y CBOM JIey, aKo C€ HaBelle MME ayTopa Ha HaYuH
onpehen onx crpaHe ayTopa WM JAaBaoua JjuieHne. OBa NuUIEHIIAa HE T03BOJbaBa
KOMepILHjaliHy yrnoTpedy aena. Y OJHOCY Ha CBE OCTaje JIMIICHIIe, OBOM JIHUIICHIIOM Ce
orpannyasa Hajsehu oOuM npaBa Kopuinhema aena.

AYTOpCTBO - HEKOMEPUMjaTHO - 1eJIMTH MO UCTHM YCJI0BHMA.

Jlo3BoJpaBaTe yMHOXKaBamke, TUCTPUOYIIM]Y U jaBHO CAOTILITABamkE JIeia, U Mpepae, ako
ce HaBeJle UMe ayTopa Ha Ha4MH ojpeleH o1 cTpaHe ayTopa WU /1aBaola JHIICHIE U aKo
ce mpepana aucTpuOydpa MOJ HCTOM WM CIMYHOM JuieHioM. OBa JHIEHIA HE
J103BOJbaBa KOMEPIMjaIHy YIOTpeOy Aena U npepaja.

AyTOpCcTBO - 0€3 nmpepasne.

Jlo3BosbaBaTe yMHOXaBamwe, TUCTPUOYIM]Y U JaBHO CaolIITaBame Jiesa, 0e3 MpoMeHa,
PEeoOIMKOBakba WM YIIOTpeOe /iea y CBOM JIeTy, ako ce HaBeJe MMe ayTopa Ha HaYMH
onpeheH ox cTpaHe ayTtopa WM JgaBaoma JjuieHne. OBa JHMIIEHIA JJ103BOJbaBa
KOMEpIIH]jaJIHy YyIoTpeOy jaena.

AYTOPCTBO - IeJINTH NOJI HCTHUM YCJIOBHMA.

Jlo3BoJbaBaTe YMHOXaBamwe, TUCTPUOYIIM]Y U jaBHO CAOMILTaBame Jeia, U mpepaje, ako
ce HaBeJle UMe ayTopa Ha HauMH ojipel)eH o1 cTpaHe ayTopa WU /1aBaolia JHUIIEHIE U aKo
ce npepajaa JUCTpuOyHpa MoJi UCTOM WM CIMYHOM JuleHoM. OBa JHUIeHIa JJ03B0JbaBa
KOMepIljaliHy ynoTtpeOy nena u npepaga. CiudHa je copTBEpCKUM JUIEHIIaMa, OTHOCHO
JMIIEHIIaMa OTBOPEHOT KOJ1a.
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