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I Author
Name and surname: Vladimir Dunić
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DEVELOPMENT AND IMPLEMENTATION OF

THERMO-MECHANICAL CONSTITUTIVE

MODEL FOR NUMERICAL ANALYSIS OF

SHAPE MEMORY ALLOYS

Abstract

Shape memory alloys (SMA) have wider and more frequent application in cases when
it is useful to employ their advantages through specific behavior (pseudoelasticity
and shape memory effect) in various conditions. As a side effect due to the high
thermosensitivity, strong thermomechanical coupling occurs what increases the need
for simulation of complex thermomechanical response in realistic problems. The
complex stress states and deformation range impose the requirements for accurate
analysis of large strain problems. The presented requirements are solved in several
steps:

(1) Phenomenological constitutive SMA model (Lagoudas) has been reformu-
lated by derivation of variables to depend on effective values of stress and strain
and martensitic volume fraction. Gibbs free energy is reduced to scalar form what
provides stress integration in the direction of deviatoric stress for forward transfor-
mation or total transformation strain for the reverse transformation.

(2) Simulation of SMA thermomechanical behavior is realized using partitioned
approach by coupling of programs for structural analysis - PAK-S and heat transfer
PAK-T. Dissipative energy of martensitic phase transformation imposes change of
the material temperature as an internal heat source. As a communication interface
between the PAK-S and PAK-T, Component Template Library (CTL) is used.

(3) Extension to the large strain problems is based on multiplicative decomposi-
tion of the deformation gradient to decompose deformation on elastic and inelastic
part. Using the energy conjugated stress and strain measures, easy extension of the
algorithm for small strain is provided to solve complex stress states for large strains.

(4) Experimental investigation of TiNi SMA samples under various loading rates
is used for verification of thermo-mechanical coupling. Numerical simulation of ini-
tiation, development and saturation of the martensitic phase transformation under
various loading rates is compared to experimental results to show qualitative and
quantitative accuracy of such approach. Extension to large strain problems is real-
ized using the logarithmic strain. Simulation of the chosen examples from literature,
the functionality and accuracy of the presented approach is verified.
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РАЗВОJ И ИМПЛЕМЕНТАЦИJА

ТЕРМО-МЕХАНИЧКОГ КОНСТИТУТИВНОГ

МОДЕЛА ЗА НУМЕРИЧКУ АНАЛИЗУ

ПОНАШАЊА МАТЕРИJАЛА СА

СВОJСТВОМ ПАМЋЕЊА ОБЛИКА

Сажетак

Материjали са своjством памћења облика (енг. Shape Memory Alloys - SMA)
налазе све већу и чешћу примену у случаjевима када jе погодно искоритити
предности коjе они пружаjу кроз своjе специфично понашање (псеудоеластич-
ност и ефекат памћења облика) у различитим условима. Kао пратећи ефекат,
због високе термо-осетљивости jавља се jака термомеханича спрега што указуjе
на потребу за симулациjом комплексног термомеханичког одзива код реалних
проблема. Поjава комплексних напонских стања и опсег деформациjа намеће
захтев за тачно решавање проблема великих деформациjа.

Предочени захтеви су решени у неколико корака:
(1) Феноменолошки конститутивни SMA модел (Лагоудас) jе реформулисан

извођењем променљивих да зависе од ефективних вредности напона и деформа-
циjе и удела мартензита у запремини. Гипсова слободна енергиjа jе сведена на
скаларни облик чиме jе омогућена интеграциjа напона у правцу девиjатора на-
пона за трансформациjу унапред, односно укупне деформациjе трансформациjе
за трансформациjу уназад.

(2) Симулациjа термомеханичког понашања SMA jе изведена коришћењем
партиционисаног приступа спрезању за повезивање програма за структурну
анализу ПАК-С и пренос топлоте ПАК-Т. Дисипативна енергиjа мартензитне
фазне трансформациjе изазива промену температуре материjала у форми уну-
трашњег топлотног извора. Као комуникациони интерфеjс између програма
ПАК-С и ПАК-Т, коришћенa jе библиотека шаблона за компоненате (Component
Template Library - CTL).

(3) Проширење на проблеме великих деформациjа jе базирано на мултипли-
кативноj декомпозициjи градиjента деформациjе, чиме jе деформациjа раздво-
jена на еластичну и нееластичну. Коришћењем енергетски конjугованих мера
напона и деформациjе, омогућено jе jедноставно проширење алгоритма за мале
деформациjе за решавање комплексних напонских стања код великих дефор-
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мациjа.
(4) Експериментално испитивање TiNi SMA узорака за различите брзине

оптерећења jе употребљено за верификациjу термо-механичке спреге. Нуме-
ричка симулациjа поjаве, развоjа и засићења мартензитне трансформациjе за
различите брзине оптерећења jе поређена са експериментима, чиме jе прика-
зана квалитативна и квантитативна тачност оваквог приступа. Проширење на
проблеме великих деформациjа jе реализовано коришћењем логаритамске де-
формациjе. Применом на одабраним примерима из литературе, верификована
jе функционалност и тачност такве имплементациjе.
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Chapter 1

Introduction

1.1 Motivation, goal and structure

During the last several decades Shape Memory Alloys (SMA) have become fas-
cinating materials for researchers and engineers [1]. The reason is possibility to
use the advanced properties and effects in industrial applications and various en-
gineering solutions [2]. It is of high importance to understand mechanism of SMA
phenomenological effects in order to investigate the material behavior of such mate-
rials. Depending on temperature of the SMA during the exploitation, the possible
effects could be different for the same material. That makes the alloys multifunc-
tional and very sensitive to the temperature change. The SMA phenomenological
effects, thermo-mechanical behavior, properties and some application are discussed
in details in [3].

Their high thermal sensitivity can be used as advantage by employing the effects
of shape memory in a proper way, if the material properties are known [1,2]. Exper-
imental investigation gives a lot of details about the SMA behavior, but a correct
numerical analysis is always useful because the results can predict the exploitation
problems and possible damage. Furthermore, the SMA behavior is caused by com-
plex thermo-mechanical state what makes constitutive modeling more challenging.

During the last decades, many researchers all around the world are trying to
improve the established procedures for experimental and numerical investigation of
SMA with idea to provide more reliable data necessary for correct prediction of the
material behavior. In this scope, the thesis concern reformulation and implementa-
tion of thermo-mechanical constitutive model for numerical analysis of SMA and its
successful application.

Structure of the theses is as follows:

24
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In Chapter 1 - introduction is given in a form of short description of SMA prop-
erties and effect described in diagrams and figures. The phenomenological effects,
thermo-mechanical behavior, properties and application of SMA are introduced.

In Chapter 2, a review of the existing constitutive models have been discussed.
The details about the SMA modeling approaches and the already established nu-
merical procedures are analyzed and compared. A special case of thermo-mechanical
experimental research and constitutive models capable to catch the SMA phenomena
are discussed. The review of previous works has defined the demands and direction
of research.

In Chapter 3, the details about the constitutive SMA modeling are presented.
Continuum mechanics and thermodynamic principles provide the base for the cor-
rect implementation of the free energy function. The details necessary for proper
definition of various strain measures along with the conjugated stress measures for
the large strain theory are presented to ensure the extension of the small strain
algorithm to large strain problems.

Chapter 4, concerns the details about the implementation of the stress integration
procedure which ensures the previously presented theory to be easy incorporated into
the Finite Element Method (FEM) program.

In Chapter 5, the algorithm for the partitioned thermo-mechanical coupling of
the structural and heat transfer FEM program is presented with a details of imple-
mentation.

In Chapter 6, the verification of the coupling algorithm is performed by the com-
parison of numerical simulation to the results obtained by experimental testing of
the SMA. The curves of the stress and temperature change versus strain dependence
are presented for the various stress and strain rates. The tests are carried out by
the force and the displacement control what influences some differences in the SMA
behavior analyzed in this chapter.

In Chapter 7, firstly benchmark examples are defined as control tests of the
implemented stress integration procedure. For the uniaxial loading examples the
comparison to the literature results is presented. The investigation is extended by
several multiaxial loading tests in order to examine functionality of the presented
procedure. The successful application of the presented theory is given on the selected
realistic SMA problems.

In Chapter 8, final remarks and conclusions noted during the research are pre-
sented. Further directions for the research and current challenges in this field are
introduced.

Finally, at the end, literature overview is given. Also, one appendix describ-
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ing the stress integration procedure presents the algorithm implemented into the
structure analysis program.

1.2 About properties, experimental investigation

and modeling of Shape Memory Alloys

Due to very advanced characteristics, the SMA belong to the specific group of mul-
tifunctional or smart materials with specific requirements, functionality and limita-
tions. The SMA have a possibility to recover the shape and geometry at the specific
material temperature. The maximal inelastic deformations registered during the
exploitation depend on the SMA kind and can be near 10% of strain. The capabil-
ity of sensing (conversion of mechanical signal into non-mechanical) and actuation
(conversion of non-mechanical signal into mechanical) and possibility to use those
properties simultaneously, classified such materials in a special subgroup of active
or responsive materials [3].

During the investigation of steel phases and its microstructures, a several phases
are noticed as possible, such as austenite and martensite. The martensite phase got
the name in honor of German metallurgist Adolf Martens (1850-1914), who investi-
gated phase change in steel [1, 4]. The martensitic transformation is defined as the
phase transformation which occurs by moving of atoms as shear mechanism [4] with-
out diffusion of atoms [5]. In the beginning, the martensite transformation in steels
was observed as irreversible. Buehler et al. [6] investigated in 1963, the reversibility
of the martensitic transformation in NiTi alloy and its influence on the mechanical
properties. They have found that the main factors which control the phase trans-
formation are "alloy composition, temperature and mode of plastic deformation".
The research was conducted at the Naval Ordnance Laboratory (NOL), so the NiTi
alloy got the name NiTiNOL in that honor. A few years later, Buehler and Wiley
were awarded a patent for the development of the NiTi alloy series [7].

During the further research, it was also found that [1–3,6, 7]:

• NiTi alloy contains 49–57% nickel and the ideal composition of NiTiNOL can
only vary between 38% and 50% titanium by weight,

• the alloying elements such as Co or Fe added to NiTi causes decrease of trans-
formation temperatures,

• there are High Temperature SMA (TiPd, TiPt, TiAu) with transformation
temperatures above 100 0C,
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• alloying element Cu makes stress hysteresis much narrower.

Figure 1.1: Scheme of stress-temperature phase diagram for SMA: Ms - martensite
start, Mf - martensite finish, As - austenite start, Af - autenite finish [3]

The concentration of the phases is an important factor for the alloy behavior
(Figure 1.1). The phases ratio can be controlled by various external factors de-
scribed by variables such as: stress, temperature, concentration, magnetic field, etc.
In this sense, the SMA can be observed in two possible phases with different crystal
lattice: austenite (A) and martensite (M). The austenite is a phase available at
high temperatures, while the martensite belongs to the low temperature phase. The
transformation between the phases occurs by shear lattice distortion i.e. homoge-
neous slip of the neighboring planes and the corresponding changes in the distance
between the planes [5]. The orientation direction of each crystal is called a variant.
Martensitic variants can be organized as a twinned (combination of martensitic
variants) and a detwinned martensite (specific variant is dominant) [3].

Figure 1.2: Temperature-induced phase transformation of SMA [3]
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A temperature change of the SMA material causes the transformation of the
crystal lattice (Figure 1.2). Cooling of the material induces the forward marten-
sitic transformation, which includes changes of the crystal lattice from austenite to
twinned martensite. Heating of the material causes the reverse martensitic transfor-
mation from martensite to austenite. The start and finish temperatures are of great
importance for martensitic transformation. The martensite and austenite tempera-
ture are denote byM and A and start and finish points are defines by indices "s" and
"f" (from start and finish, respectively). During the both direction of transforma-
tion, there are two characteristic temperatures when the transformation is initiated
and is completed (martensitic start Ms and finish Mf and austenitic start As and
finish Af temperature) [3].

A mechanical loading can also change the crystal lattice. If the load is applied
at the low temperature (twinned martensite), some variants can be reoriented and
detwinned what causes material shape change (Figure 1.3). By heating above the
austenitic finish temperature Af reverse phase transformation occurs and the crystal
lattice transforms from the detwinned martensite to the austenite (Figure 1.3). After
cooling below martensitic finish temperature Mf the twinned martensite is formed
again. This effect is known as Shape Memory Effect (SME) or pseudoplasticity
(Figure 1.4). If the material temperature is above the austenitic finish temperature
Af , the loading induces the transformation to detwinned martensite from the stable
austenite, which exists at that temperature. After unloading, the crystal lattice
structure is returned to the austenitic phase (Figure 1.5). This effect is known as
Pseudoelasticity (PE) [1–3].

Crystal structure of austenite is cubic crystal B2, while martensite can have
different structures what depends on alloying elements. In NiTi alloys, martensitic
phase has monoclinic B19′ structure. Direct transformation B2 → B19′ is not so
often because, frequently, there is martensitic R-phase (B2 → R → B19′). For ex-
ample, by addition of Cu or Pd the martensite can form orthorhombic B19 structure
or R-phase [3, 4].

Using the Differential Scanning Calorimetry (DSC) is possible to determined
martensitic temperatures (start and finish) for forward and reverse transformation
during heating and cooling of the material. As it can be noticed in Figure 1.6,
cooling curve shows that the R-phase transition starts at ≈ 283K and a single, wide
peak is visible on the curve [8].

The martensitic transformation occurs by moving of atoms (lattice shearing)
along a specific plane called habit plane or lattice invariant plane which forms inter-
face between the martensite and austenite [3,9]. There are two lattice invariant shear
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Figure 1.3: Schematic of the shape memory effect of SMA [3]

Figure 1.4: Stress-strain-temperature curves of SME [3]

mechanisms: slip and twinning. In SMA, the twinning is more often mechanism.
The details are given in Figure 1.7.

Also, as it was observed by Shaw and Kyriakides and Hallai and Kyriakides
in [10,11], the forward and reverse martensitic transformation did not occur homoge-
neously in the specimens. The transformation occurs by nucleation and propagation
of fronts due to exothermic nature for transformation from austenite to martensite
and endothermic nature for transformation from martensite to austenite. Those
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Figure 1.5: Scheme of pseudoelastic loading path of SMA [3]

Figure 1.6: DSC - curves obtained for two complete heating - cooling runs (courtesy
of Danuta Stroz, University of Silesia, Poland) [8]

fronts are developing in form of bands similar to observed in mild steel "Lüders
bands". Pieczyska et al. recorded by infrared camera two directions of the transfor-
mation bands accompanying pseudoelastic TiNi SMA deformation [8, 12–14]. The
temperature difference between the bands and the other material (Figure 1.8) has
been investigated by Pieczyska et al. in [15].

The experimental results of TiNi SMA subjected to tension in [8] were extended
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Figure 1.7: Scheme of interface between the austenite and martensite phases [3]

Figure 1.8: Temperature distribution on the SMA sample surface and temperature
profile along the line (specimen length) at the start of the localised martensitic
transformation [15]
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by numerical modeling and published by Dunić et al. in [16]. Complex research
on shape memory materials subjected to various loading is presented by Tobushi et
al. in [17]. Pseudoelastic behavior of ferromagnetic SMA single crystal subjected to
compression loading - unloading cycles presented by Pieczyska in [18].

1.3 Application of SMA

As the active material, SMA are attracting the attention of engineers and scientist in
many fields. A possibility to convert thermal energy in mechanical work, reliability
and multifunctionality of the SMA, candidate such alloys to be employed in realistic
engineering solutions. SMA are very interesting in aerospace, aircraft and medical
industries, transportation, naval and oil industry. SMA are also applied in daily
used devices as i.e. in coffee makers, rice cookers, air-conditioners, headphones,
flexible eyeglasses etc., but the most popular applications are still in various kind of
biomedical devices.

Although the NiTi is the most expensive and more difficult to produce, it is
still the most popular and the most studied SMA alloy, because of the best prop-
erties: strong pseudoelasticity and SME, higher stability in cyclic application, high
strength and ductility, electrical sensitivity, resistance to corrosion and the most im-
portant for biomedical application - good biocompatibility. However, presence of Ni
is questionable, especially for some medical doctors, because the fear of possible Ni
release, which has been proved to cause toxic, carcinogenic, and immune-sensitizing
effects [19]. But, after many investigations, it was found that NiTi alloys are very
corrosion resistant and that fear is unreasonable, because Ti oxidized more rapidly
than Ni, protecting the surface by TiO2 film acting as barrier to Ni release [19].
If the exploitation conditions are extreme (like in a human body), spacial surface
modification techniques are used as additional protection [19].

By addition of various alloying elements to NiTi (Cu, Co, Fe, Nb, Mo), a set of
SMA with improved hysteresis, corrosion resistance, transformation temperatures,
fatigue behavior is provided [20].

Various SMA behaviors can be classified in two groups: primary and secondary
effects. Some of those effects can be used for application of SMA. The primary
effects are [20]:

• Shape Memory Effect,

• Pseudoelasticity.

The secondary effects can be also relevant in some practical application:
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• Tension-compression asymmetry,

• Generation of recovery stresses,

• High damping capacity (i.e. ability to dissipate vibration energy of structures
subject to dynamic loading),

• Work production capacity.

1.3.1 Medical application

The most common commercial application of SMA are connected with biomedi-
cal application using the pseudoelasticity effect. Biocompatibility after the surface
treatment of SMA based on NiTi and its good properties give unique advantage
for biomedical use (orthodontic, cardiovascular, orthopedic, surgical instruments
etc.) [20].

Orthodontic application

The first application of NiTi in medical purpose, since 1970s [19], is in orthodontic
arch wires production (Figure 1.9). Made of NiTiNOL, they have been used as more
effective solution for alignment purpose. The main advantage in comparison to steel
arch wires is ability to operate in pseudoelastic plateau where stress changes can be
neglected for large strain increment. That allows small force which can move the
teeth during the longer period without additional readjustment. Moreover, due to
almost constant temperature in the mouth cavity, it is possible to provide constant
force for large strains. Various kinds of SMA can be produced to allow optimal force
for different needs [3,20]. Application of SMA, allows readjustment of the wires only
a few times a year instead of every 3-4 weeks for stainless steel wires [19].

Figure 1.9: Orthodontic applications of SMA: Nitinol brace used for alignment
purposes in dental practice
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Figure 1.10: Orthodontic applications of SMA: Scheme of NiTi drill used for root
canal surgery [3].

Beside this, there are other orthodontic applications of SMA such as NiTi drills
used for root canal surgery procedures Figure 1.10 and for periodontal implants
Figure 1.11 [19].

Figure 1.11: Periodontal SMA implant [19]

Orthopedic application

To obtain an effective union between disjointed bone segments, it is essential to pro-
vide stable fixation and proper compression action between the bone segments. Ac-
cordingly, fractured bones are treated with a fixation device that should strengthen
the bone and keep the correct alignment during healing. Moreover, the fixation
should be minimally invasive, biocompatible, and should induce a biologically ap-
propriate compression for healing. SMAs can provide all these requirements in a very
efficient way by various SMA staples, fixations, implants, correction nails etc. [19].
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Figure 1.12: Intramedullary NiTi nail for ankle surgery [19]

Cardiovascular application

Cardiovascular application of SMA is of great importance because of minimal in-
vasive surgery and increasing number of cardiovascular problems (atherosclerosis,
hypertension, coronary heart disease, heart stroke) with high death rate [21]. The
cardiovascular devices can be categorized in three possible groups: (1) catheters
and guidewires; (2) embolic filters; and (3) stents. The best known cardiovascular
application is the self-expanding NiTi stent (Figure 1.13). It is used to support the
circumference of tubular passages in the body. When the stents are made of stainless
steel, often they do not fit well or the vessel can be damaged after the implantation.
On the other hand NiTi stent is self-expandable, so after the implantation the tem-
perature exceeds Af and the stent expands to its original larger diameter. The force
is not large because it works in pseudoelastic plateau, so the walls of the vessel are
gently moved [20].

The most important property of the stent is the fatigue life which is influenced
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Figure 1.13: A self-expanding NiTiNOL stent shown in the relaxed configuration
(above) and constrained state (below) [3]

by the pulsating blood response and by everyday life activities. In fact, stent can
experience up to 40 million loading-unloading cycles each year, making the fatigue
lifetime a major design criterion [19].

Other medical application

Among those presented popular applications of SMA, this materials also can be used
in medical purpose in [19]:

• General surgery - devices used for surgical interventions need to be flexible
and able to apply constant forces over a large deformation range (laparoscopic
surgery devices, foot staple used in foot surgery Figure 1.14 [22]),

• Colorectal surgery - expansion devices, sutureless anastomosis (ColonRing)
[19],

• Otolaryngology - stapes prosthesis in human ear,

• Neurosurgery - stents, coils, guidewires,

• Офталмологиjи - flexible eyeglasses frame,
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• Urology - urethral stents and prostatic stents Figure 1.15,

• Gynecology - implant for birthcontrol, devices for breast tumor location,

• Physiotherapy - to activate atrophied muscles using the gloves with TiNi wires.

Figure 1.14: Staple used for bone fixation after the foot surgery [22]

The example of foot staple used in foot surgery is used to fix bone segments
after the shortening of bones. During the shortening, the bone is cut into the
segments. Afterwards, the remaining bone segments have to be fixed to help them
grow together [22]. The function of the staple is shown in detail in Figure 1.14. As it
can be observed, at first, the initial sample is cooled down below the martensite finish
temperature Mf , then, it is opened mechanically by bending the legs of the staple
into the desired position [22]. Then the staple is heated above the austenite finish
temperature Af . It will recover the original shape if no obstacles are placed between
the staple’s legs [22]. Inserting the bone between the legs leads to a clamping effect
between the staple and the bone [22].

1.3.2 Technical application

Beside the popular medical application, SMA has become interesting for use in many
other areas. The number of commercial applications is growing each year, with the
largest application represented by actuators and motors [23]. The market of "smart
materials" has annual growth rate of 12.8% in period 2011–2016 [23].

One of the first applications of SMA was pipe couplings [24]. The advantage of
such connectors is the high durability, the easy installation, the lightweight of the
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Figure 1.15: Urethral Stent (a) Picture of the stent, Made of a Nitinol Framework
with a Polymeric Coating (b) Representation of an implanted urethral stent (Allium
Medical Ltd., Caesarea Industrial Park South, Israel) [19]

coupling devices, and the capability to connect different materials [24]. The coupling
principle is simple Figure 1.16: the connectors are manufactured in the austenite
phase and the connector inner size is smaller than the devices to be coupled [24]. The
connectors are cooled to a temperature below austenite start. In this temperature
region, the martensitic transformation can be induced by mechanical loading. After
unloading, there are residual inelastic deformations in the coupling device [24]. Now,
the assembling can be done Figure 1.16 by heating of the coupling device above the
austenite finish temperature what leads to a strong connection [24]. One of the well
known companies which produces such devices is Aerofit Inc. in USA [25].

(a)

(b)

Figure 1.16: Scheme of SMA connectors for pipe couplings [25]

Also, as important field of interest, recently, SMA application has been extended
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to control of civil structures [26]. This application should improve response of
civil structures to external disturbances and unexpected loading toward structural
safety [26]. The main desired functional properties are actuation, sensing, energy
dissipation, self accommodation, structure healing etc. [23]. Such improvements are
necessary in order to extend the structure lifetime and serviceability and the control
during the earthquakes. As it was stated by Song et al. in [26], the control of civil
structures can be active, passive and semi-active in a form of actuators, passive
energy dissipaters and dampers for civil structure control.

(a) A large crack during a loading test

(b) The crack closes after the loading test

Figure 1.17: A concrete beam reinforced with superelastic stranded cables via the
method of post-tensioning [26]
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Active and semi-active structural control

For the active control of civil structures, the applying of forces to the controlled
structure is necessary. The semi-active systems are similar to active systems, but
use less energy to control the structure. The SME is useful in application of SMA as
active and semi-active controllers of civil structures. Self-rehabilitation of civil struc-
tures (Figure 1.17) using low-temperature SMA is an example of active structural
control. An example of semi-active control of civil structures is a tuning of natural
frequency of civil structures using the SMA wires for vibration suppression [26].

Passive structural control

A passive control by response of SMA system is needed when an external force
induces the motion of the structure. The passive structure control is based on the
high damping capacity of SMA. A review of research on the damping properties of
SMA and dependence of the damping capacity on temperature, loading frequency
and the number of loading cycles is given in [26]. The SMA devices for passive
structural control can be set on lower temperatures (martensitic SMA) what cause
SME and on higher temperatures (austenitic SMA) with a pseudoelastic properties.
The martensitic SMA have a larger damping capacity but external heat is necessary
to restore its original shape. The austenitic SMA have a smaller damping capacity,
but a strong force needed to restore the initial position of the structure. This
classifies the SMA passive control devices in two groups: ground isolation systems
and energy dissipation systems.

Figure 1.18: Four cables of 45 m long in ELSA (European Laboratory for Structural
Assessment). (A) cable; (B) SMA dumper; (C) accelerometer [23, 27]

The examples of the ground SMA isolation systems described by Song et al. [26]
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are: bars for highway bridges, wire re-centering devices for civil buildings, spring
isolation system and tendon isolation system for a multi-degree-of-freedom shear
frame structure. In the same paper, Song et al. [26] gave the examples of the energy
dissipation systems: braces for frame structures, damping elements for cable-stayed
bridges Figure 1.18 or simply supported bridges, connection elements for columns
and structural reinforcement for earthquake retrofit.



Chapter 2

Review and analysis of existing
approaches to SMA modeling

Nowadays, the money and time are missing resources, so it is obligatory to pre-
dict behavior of materials in order to optimize their functionality and reliability of
construction. The complex thermomechanical response and the thermal sensitivity
of the SMA make the research to be very challenging. Hence, variety of constitu-
tive models have been introduced in order to predict the behavior accurately. This
chapter presents a review of existing models and approaches.

2.1 SMA constitutive modeling approaches

Depending on the scale of investigation, three major groups of the SMA constitutive
models can be distinguished [28, 29]: micromechanics-based models, micro-macro
and macro (phenomenological) models.

Micromechanical or micro- models need investigation of SMA microstructure at
the grain level (nucleation, interface motion, twinning etc.). Regions or grains of
martensite are modeled as unique subdomains. That causes existence of a large
number of internal variables what makes difficulties in engineering application, but
the fundamental phenomena of material behavior are more understandable.

Phenomenological or macro- models can capture the behavior of materials at the
macro-scale [30]. Such constitutive models are based on the experimental data. The
constitutive laws employ the phenomenological continuum thermodynamics with in-
ternal variables to successfully describe behavior of SMA. Usually, the martensitic
volume fraction is used as an internal variable. Such material models are more
suitable for implementation and application because of simplicity and quick compu-

42
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tations, but the microscopic details cannot be taken into account.
Micro-macro models are a combination of the micro- and macro- models. Based

on modeling of single grain with a homogenization as the necessary solution for easier
application, it is possible to predict the behavior of the material at macro-scale. The
thermodynamic laws are applied to estimate martensitic transformation. The micro-
structure behavior is used to describe interaction energy due to the transformation.
This is an advantage but some difficulties are still present because a number of
internal variables is still large.

2.2 Review of existing SMA models

Because, the idea of the research is to simulate macro (phenomenological) behavior
of SMA, as the appropriate approach for the numerical implementation and the ap-
plication on real problems the phenomenological approach is chosen in this research.
The main focus in the review of existing SMA models will be on such kind of models,
although, a few micro- and micro- macro models will be also mentioned.

The phenomenological SMA models can be classified in two groups [20]: models
with and without internal variables. Models without internal variables are described
by strain, stress, temperature and entropy without the variables which define phase
mixture. There are two kind of such models: polynomial potential and hysteresis
model [20]. Models with internal variables can describe material internal structure.
The constitutive equations can be derived to depend on internal variables and a
set of mechanical (stress or strain) and thermal (temperature or entropy) variables.
In this thesis, continuum thermodynamics with internal variables is used as the
appropriate solution for 3D SMA constitutive equations.

Models with internal variables based on the continuum thermodynamics

Many researchers from around the world are working on development of SMA con-
stitutive models. The most popular topics are certainly: hardening during the trans-
formation, asymmetric response in tension and compression, modeling of martensite
detwinning, two-way SME, the effect of reorientation, the accumulation of plastic
strains during the cyclic loading and the influence of thermo-mechanical coupling [3].

Although the 1D models are still interesting for SMA wire application, the com-
plex geometries, like in the case of stents, and industrial applications of SMA moti-
vated development of 3D phenomenological models. One of the first was presented
by Liang and Rogers in 1992 [31]. That model was thermomechanical based on
micro- and macro- mechanics and one internal variable: the martensitic volume
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fraction. As the benchmark example, the torsion of a SMA rod is used. Raniecki
and Lexcellent [32] in 1994 proposed a model capable to simulate complex stress
states. The model was based on observation of uniaxial stress states. A combina-
tion of thermodynamic laws and a relation between the second invariant of stress
and strain deviators was used for derivation of the model. A free energy func-
tion for pseudoelasticity models was presented with ideal pseudoelastic flow, with
isotropic linear, and nonlinear transformation hardening. As the extension of this
work, Leclercq and Lexcellent [33] in 1996 increased number of internal variables to
simulate SMA behavior. They used two internal parameters: "the volume fraction
of self-accommodating (pure thermal effect) and oriented (stress induced) product
phase". During the same year, Boyd and Lagoudas [34] presented the thermody-
namical constitutive model for monolithic SMA. They used a free energy function
and a dissipation potential to model PE and SME. They considered three cases
based on the number of internal state variables.

During the 1998, Raniecki and Lexcellent [35] continued their research propos-
ing the thermodynamic theory for pseudo-elastic behavior of SMA which takes into
account tension-compression asymmetry. During the same year, Souza et al. [36]
proposed 3D phenomenological model to describe the mechanical behavior of poly-
crystalline solids under stress loading. A transformation strain tensor is introduced
to take into consideration Stress Induced Martensitic Transformation (SIMT).

Qidwai and Lagoudas (2000) [37, 38] derived "constitutive relations in stress-
temperature space using Lagrangian formulation". They investigated various trans-
formation functions with idea to propose the most proper one. A numerical im-
plementation of SMA thermomechanical constitutive model was given using closest
point projection and the convex cutting plane return mapping algorithm which was
already used in plasticity. In 2001, Auricchio [39] presented efficient and robust al-
gorithm for 3D SMA model for large strains intended for analysis of SMA-based de-
vices. During the same year, Thamburaja and Anand [40] investigated super-elastic
behavior of SMA in tension-torsion. That is a polycrystalline model, where each el-
ement is a crystal with the orientation, texture etc. "The macroscopic stress–strain
responses are calculated as volume averages over the entire aggregate."

Also, Lexcellent et al. [41] done research under biaxial proportional loading ex-
perimentally on a CuZnAl and CuAlBe alloys to define initial phase transformation
surface. Auricchio and Petrini in 2002 [42] and 2004 [43, 44] continued research to
capture asymmetric behavior of SMA and thermo-mechanical coupling effect. In pa-
per published in 2002 they considered 3D model proposed by Souza et al. [36] and
suggested improvements needed for development and implementation of algorithm
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into FEM framework. In 2004 they presented model which can take into account
thermo-mechanical coupling in order to simulate such problems. Between those two
papers (2003), Helm and Haupt [45] developed the phenomenological model able
to capture multiaxial loading behavior of SMA with the one- and two-way SME,
pseudo-elastic and pseudo-plastic behavior. The model is based on a free energy
function and evolution equations for internal variables. In 2007, Popov and Lagoudas
in [46] introduced polycrystalline 3D SMA model based on modified phase diagram.
The model uses three internal variables to predict the martensitic transformation
and detwinning what makes it suitable for numerical analysis of complex thermome-
chanical loading problems. Panico and Brinson in 2007 [9] proposed a macroscopic
phenomenological model able to capture effects of multiaxial and non-proportional
loading alongside an evolution of twinned and detwinned martensite. The inelastic
strain is split into two parts: derived from creation of detwinned martensite and
reorientation of previously existing martensite variants.

Zaki and Moumni (2007) [47] used two internal variables: the martensite vol-
ume fraction and martensite orientation strain tensor to take into account self-
accommodation, orientation and reorientation of martensite with one-way SME and
pseudoelasticity. Also, they presented a procedure for material parameters identifi-
cation in order to compare the numerical and experimental results.

Reese and Christ during the 2008 [48] presented a new phenomenological con-
stitutive model extended to large strain problems. The reason for this is increasing
requirement to simulate NiTi stents. A year later in [22], they proposed a new ther-
momechanically coupled material model for SMA. The relations are presented for
the large strain case. A multiplicative decompositions of the deformation gradient
is used. The thermomechanical coupling is realized in a monolithic approach.

Thamburaja in 2010 [49] presented the thermo-mechanically coupled polycrys-
talline SMA constitutive model for large strain problems. The model is capable
to simulate behavior of SMA under multiaxial loading conditions. Arghavani et
al. [50] introduced a phenomenological constitutive model for SMA based on irre-
versible thermodynamics and internal variables: the amount of martensite and the
direction of variants. Using this variables, multiaxial non-proportional loadings can
be captured more accurately. Later in [51], Arghavani et al. extended the Panico
and Brinson [9] small strain model to solve finite strain problems by using a mul-
tiplicative decomposition of deformation gradient and an additive decomposition of
inelastic strain rate tensor into transformation and reorientation parts. During the
same year, Hartl et al. [52] considered "the generation and evolution of irrecoverable
viscoplastic strains in an SMA material". There are situations when such strains
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appear when they are subjected to high temperatures. They proposed a constitutive
model which can take into account that behavior.

In 2012 Lagoudas et al. [28] published work about the thermomechanical SMA
constitutive model. The improvements with respect to the Boyd and Lagoudas [34]
work are the smooth transition and dependence of thermodynamic force on applied
stress magnitude. Recently there were a few ideas of small strain constitutive mod-
els reformulation to be able to solve large strain problems [53,54]. Stupkiewicz and
Petryk [54] recently presented a model of pseudoelasticity in SMA and a method-
ology for extension of the model from the small-strain to finite-deformation regime.
They have employed the multiplicative decomposition of the deformation gradient
and exponential mapping of the logarithmic transformation strain. Also, Teeri-
aho [53] suggested the similar idea for the theory presented by Lagoudas [3]. He used
the Eulerian rate type formulation with an additive decomposition of the stretching
tensor.

Loading rate influence on SMA behavior

A special review will be presented for the influence of loading rate on the SMA
behavior. As it was observed by Pieczyska et al. [8, 13, 14], the behavior of SMA
is different for various loading rates. The stress-strain response hardens more and
the hysteresis loop becomes wider for the higher strain rates. In order to simulate
such behavior, Mirzaeifar et al. [55] used an explicit finite difference scheme to in-
vestigate the response of SMA in tension, taking into account the effect of generated
latent heat accompanying the transformation. They considered several case studies
with different specimen geometry, loading and unloading rates, as well as bound-
ary conditions. Morin et al. [56] examined the strain rate dependence of the SMA
mechanical pseudoelastic response by using the FEM and studied influences of the
strain rate and the environment conditions. Grandi et al. [57] performed a number
of numerical tests, which investigated the SMA mechanical behaviour in various
conditions. Yang and Dui also examined in [58] TiNi alloys under tensile loading.
They focused on the strain localization and propagation phenomena. Among others,
the rate-dependent stress-strain hysteresis was discussed by taking into account the
specimen temperature changes. Three kinds of boundaries at the testing specimen
ends were discussed.

TiNi SMA was experimentally analyzed under tension for various stress and
strain rates by Pieczyska et al. [8]. The nucleation and development of stress-induced
martensitic transformation were investigated based on the temperature distribution
on the specimen surface, measured by a fast and sensitive infrared camera. Details
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about stress-strain dependences were analyzed with respect to the loading manner.
Creation of numerous fine transformation bands was observed at different stages of
the martensitic forward and reverse transformation. The obtained effects, related
to the transformation, were discussed depending on the loading conditions.

Dunić et al. [16] investigated comparison of experimental data to the numerical
simulation results. The comparison have been done for SMA tension tests under
different loading rates. It was shown that the results are reproduced quantitatively
and qualitatively by the numerical FEM model, which verifies the accuracy of the
proposed investigation method.

2.3 Research topics and outline of the dissertation

The previous works and the increasing need for simulation of complex thermo-
mechanical response in realistic problems inspired the author to focus on several
topics important for accurate and efficient numerical analysis of the SMA behavior.

The purpose of the thesis is to successfully reformulate and numerically im-
plement a simple phenomenological constitutive model for the SMA presented by
Lagoudas and to capture experimentally measured results and observed effects. In
this scope, the model developed and implemented by Lagoudas et al. [3, 52] has
been reformulated by derivation of all variables to depend on effective values of
stress and strain, and internal parameter which describe fraction of martensite in
volume. Gibbs free energy is used as the thermodynamic potential.

To successfully simulate thermo-mechanical behavior of SMA, a partitioned cou-
pling approach is applied to couple programs for structural [59] and heat transfer
analysis [60]. A dissipative energy of martensitic phase transformation is employed
as variable which influences change of material temperature as an internal thermal
source.

The partitioned approach is realized using the block Gauss-Seidel algorithm [61,
62]. As a communication interface between the programs for structural and heat
transfer analysis, Component Template Library (CTL) [63] is used as middleware.
The software coupled in this way, allows thermo-mechanical analysis of SMA and
investigation of loading rate influence on the material behavior. Because the SMA
are very thermo-sensitive materials, this improvement is necessary for the accurate
simulation. The comparison of numerical and experimental results [8] of the SIMT
occurring in the same TiNi SMA has been studied. The experimental tests of the
SMA are performed under different loading rates and the initiation, development
and saturation of the phase transformation is observed.
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The experiments have been carried out at the Institute of Fundamental Techno-
logical Research (pol. Instytut Podstawowych Problemow Techniki - IPPT) (IFTR),
Polish Academy of Sciences (pol. Polskiej Akademii Nauk - PAN) (PAS) and at the
Aichi Institute of Technology (AIT), Japan [8, 13, 14, 17]. The SIMT development
and saturation in various loading conditions are also numerically simulated. The
obtained thermomechanical results are compared to the experimental data with fo-
cus on the rate-dependent response to present the ability and accuracy of such an
approach to quantitatively and qualitatively reproduce the experimental results.

Extension to the large strain problems has been realized by suggestions given in
[53,64,65]. The solution is based on multiplicative decomposition of the deformation
gradient. The logarithmic strain is employed for the simulation of several selected
examples to verify functionality and accuracy of such implementation.



Chapter 3

Improved constitutive model for the
analysis of SMA

Those who fall in love with practice without science are like a sailor who enters a
ship without a helm or a compass, and who never can be certain whither he is going.

Leonardo da Vinci

The strain nature determines a theory which needs to be used to accurately
describe behavior of the materials. Small strain theory is applicable for the small
strains and the small rotations, so the undeformed and deformed configurations
of the body are assumed to be identical. Finite or large strain theory is needed
for the large strains and the large rotations, where the undeformed and deformed
configurations are different.

This chapter gives an overview of some basic principles of continuum mechan-
ics (kinematics, conservation laws and constitutive equations) and thermodynamics.
The kinematics is needed to describe geometry of motion and deformation with-
out consideration of causes. The conservation laws describe how external forces
influence the motion. The constitutive equations define behavior of the material by
mathematical equations.

Continuum mechanics is a tool capable to explain physical phenomena without
knowledge of material micro-structure. So, for the good understanding of the macro-
scopic behavior of materials, the motion and deformation need to be explained. The
details necessary for correct definition of strain measure for the large strain theory
is given, as well as energetically conjugated stress measures. Presented continuum
mechanics and thermodynamics are used to describe SMA behavior based on the

49
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Lagoudas model [3] with the applied modification for more efficient implementation
and application. The logarithmic strain is used and the updated-Lagrangian-Hencky
(ULH) formulation [59,64,66].

3.1 Kinematics

3.1.1 Deformation gradient

A studying of the deformation of the continuum body between the reference and
current configuration, defined the necessity to introduce a deformation gradient as
two point tensor. The deformation gradient is given as [66–69]:

F =
∂x

∂X
, (3.1)

where X is the position vector in reference configuration and x the position vector
in current configuration. Also, the ratio of the current volume (v) and the reference
volume (V ) is described by the determinant of deformation gradient F [67]:

J = det F =
dv

dV
> 0. (3.2)

3.1.2 Polar decomposition of deformation gradient

The deformation gradient can also be decomposed by the polar decomposition into
a left v and a right U stretch tensor and a rotation tensor R as:

F = RU = vR, (3.3)

with the following properties:

R−1 = RT , U = UT , v = vT . (3.4)

The rotation tensor measures the local rotation. The relation F = RU is known as
the right polar decomposition, while F = vR is the left polar decomposition [67].
Using the spectral decomposition [70], the right stretch tensor U can be presented
as:

Ut0 =
∑
k

λk
t
0 pk

t ⊗ pk
t , (3.5)

where λk are the principal stretches and pk are corresponding principal directions
obtained by the eigenanalysis of C [64]. In the similar manner, it is possible to
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define the left stretch tensor [70]:

vt0 =
∑
k

λk
t
0 qk

t ⊗ qk
t , (3.6)

with the same principal stretches λk. The vectors pk and qk are the unit length
and denote the eigenvectors of C and b. These vectors form two orthonormal bases
(right and left) with the relation:

qk = Rpk. (3.7)

(a) Right decomposition F = RU

(b) Left decomposition F = vR

Figure 3.1: Scheme of deformation presented by polar decomposition [64]

In Figure 3.1 is given the deformation sequence in the x,y plane, where the third
principal vector is normal to the plane. In Figure 3.1(a), by applying the stretch U,
the circular material surrounding point P deforms into the ellipse with the principal
directions pk. As it can be noticed, all vectors (i.e. ~PA) containing the point P
change lengths and directions except the vectors ~PB and ~PD which change length
only. The final position of the material is obtained by the rigid rotation for the
angle θxy. The proposed sequence could be changed (Figure 3.1(b)), so that the first
rotate is made by rotation tensor R for the angle θxy and then stretch by the left
stretch tensor v [64].
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3.1.3 Deformation and strain tensors

Beside the deformation gradient, it is also possible to define other strain measures.
The right Cauchy-Green (or Green) tensor C and the left Cauchy-Green (or Finger)
tensor b can be defined as [66,67,69]:

C = FTF = U2, (3.8)

b = FFT = v2. (3.9)

Both tensors are symmetric and positive definite what means that:

C = FTF =
(
FTF

)T
= CT , (3.10)

b = FFT =
(
FFT

)T
= bT . (3.11)

According to (3.4), the stretch tensors can be related to the associated deformation
tensors as [66,67]:

U = C
1
2 , (3.12)

v = b
1
2 . (3.13)

The strain tensors also represent the finite strain measures. The strain tensors can be
represented as the function of the right Cauchy-Green deformation tensor as [66,67]:

E =
1

2
(C− I) =

1

2

(
FTF− I

)
, (3.14)

which is known as the Green-Lagrange strain tensor. The strain tensor also can be
represented as a function of the left Cauchy-Green deformation tensor as [66,67]:

eEA =
1

2

(
I− b−1

)
=

1

2

(
I− F−TF−1

)
. (3.15)

This tensor is well known as Euler-Almansi strain tensor.

3.1.4 Generalized strain measure

According to Hill [71], there is a function family g(λk) of the principal stretches λk
which can define a strain measure. The generalized strain in the principal directions
pk is defined as [64]:

E =
∑

g(λk)pk ⊗ pk. (3.16)
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This strain corresponds to the configuration reached by applying the stretch U. In
the current configuration, the principal stretches λk have directions of the left basis
qk, so it is possible to define the generalized strain measure as [64,70]:

Ê =
∑

g(λk)qk ⊗ qk, (3.17)

where the function g need to satisfy the conditions [64]:

g (1) = 0, (3.18)(
∂g

∂λ

)
λ=1

= g
′
(1) = 1. (3.19)

A general formula for the family of functions is given as [64]:

g(λk)
n =

1

2n

(
λk

2n − 1
)
. (3.20)

For the special case n = 0 [64]:

g(λk)
0 = lnλk, (3.21)

the Hencky strain is obtained in the direction of the right or the left basis. Тhe
Hencky strain of the right H and left h Cauchy-Green strain tensors are respectively
[70]:

H =
1

2
ln C = ln U =

3∑
k=1

(lnλk) pk ⊗ pk, (3.22)

h =
1

2
ln b = ln v =

3∑
k=1

(lnλk) qk ⊗ qk, (3.23)

where λk = ck
1
2 = bk

1
2 are the principal stretches or the principal values of strain

tensors. The principal directions of the left and right stretch tensor differ only for
rotation.

3.1.5 Rates of deformation tensors

Within this subsection, it will be shown how some of the strain tensors change with
time by knowing the motion [67]:

x = χ (X, t) , (3.24)
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where χ is the motion of the body. The velocity gradient or time rate of change of
the deformation gradient is [67]:

Ḟ =
∂

∂t

(
∂χ (X, t)

∂X

)
=

∂

∂X

(
∂χ (X, t)

∂t

)
=
∂V (X, t)

∂X
, (3.25)

where V (X, t) is material description of the velocity field. Spatial velocity gradient
l is defined as [67]:

l (x, t) =
∂v (x, t)

∂x
, (3.26)

where v (x, t) is spatial description of the velocity field. Now, it is possible to express
the spatial velocity gradient through the material velocity gradient as [67]:

l = ḞF−1. (3.27)

The spatial velocity gradient can be additively decomposed into the symmetric and
anti-symmetric (skew) part as [67]:

l = d + w, (3.28)

where d and w are the rate of the deformation tensor and spin (or vorticity) tensor
respectively [67]:

d =
1

2

(
l + lT

)
, d = dT , (3.29)

w =
1

2

(
l− lT

)
, w = −wT . (3.30)

Now, it is possible to express time derivatives of some strain tensors. Material
derivative of the Green-Lagrange strain tensor is [67]:

Ė =
1

2

(
Ḟ
T
F + FT Ḟ

)
= FT 1

2

(
lT + l

)
F = FTdF. (3.31)

This derivative is also known as material strain rate tensor. Also, base on (3.8) and
(3.14) the time rate of change of the right Cauchy-Green strain tensor is [67]:

Ċ = 2Ė = 2FTdF. (3.32)

Similarly, the derivative of the left Cauchy-Green strain tensor can be represented
as [67]:

ḃ = lb + blT . (3.33)
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3.1.6 Objective corotational rates

In the continuum mechanics, the constitutive relations are required to satisfy the
principle of the material objectivity (the principle of material frame-indifference)
[72]. Corotational rate of the Eulerian, objective, symmetric second-order tensor a

is defined as [53,72,73]:
å = ȧ + aΩ−Ωa, (3.34)

where ȧ is the material time derivative, Ω is an anti-symmetric spin tensor. The
form of the spin tensor specifies kind of corotational rate [72]. Two well known
corotational rates are [72]:

Jaumann
Ω = w, (3.35)

and Green-Naghdi:
Ω = ṘTR, (3.36)

where R is rotation tensor obtained by polar decomposition. Xiao et al. and Xiao
[73, 74] have shown that the corotational rate can be represented as a function of
the spin tensor as:

Ω = w +
n∑
i 6=j

h

(
bi
bj

)
qidqj, (3.37)

where h is function of spin which defines objective corotational rate, while bk and qk

are eigenvalues and corresponding eigenprojections of the left Cauchy-Green strain
tensor b. The spin function for the logarithmic rate is [53,75]:

h(z) =
1 + z

1− z
+

2

ln z
, (3.38)

where z is positive real variable, so h has a property [75]:

h
(
z−1
)

= −h (z) . (3.39)

In that case, logarithmic spin is [53,73]:

Ωlog = w +
n∑
i 6=j

(
bj + bi
bj − bi

+
2

ln bi − ln bj

)
qidqj, (3.40)

while the logarithmic rate of the Eulerian logarithmic strain is [53,73]:

h
˚log = ḣ + hΩlog −Ωlogh = d. (3.41)
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Here, it can be noticed that observer in a rotating frame defined by the logarithmic
spin Ωlog will observe that the rate of change of the logarithmic strain ln v is exactly
identical with the stretching d [74]. Furthermore, the logarithmic spin is the only
with such properties.

According to [53], if there is Euler second order tensor P, corotational rate Å

associated with the same rotation tensor R as the integration, then:∫
corot

Åds = A. (3.42)

By integrating (3.41) using the logarithmic corotational integration the Hencky
strain is [53]:

h =

∫
corot

h
˚logds, (3.43)

i.e. the logarithmic corotational integration of d is the Eulerian Hencky strain [53].

3.1.7 Elastic and inelastic deformation

Transformation strain is inelastic and it can be investigated similarly as plastic
strain. So, for the small strain case, total strain can be decomposed to elastic and
inelastic part by additive decomposition [73]:

e = eE + eIN , (3.44)

where:
ė = ėE + ėIN . (3.45)

Here, ėE and ėIN are the elastic and inelastic strain rate.
Small strain theory cannot be used for the correct numerical analysis simulation

when the large strains or rotations appear. The large strain problem is arguing
topic, what is represented by the number of bibliographical data (441) given by
Xiao in [73]. Extension to the large (finite) strain theory can be introduced in a few
different approaches.

The first approach is direct extension of the small strain theory by additive
decomposition of the strain rate tensor [73]:

d = dE + dIN , (3.46)

where dE and dIN are elastic and inelastic stretching in current configuration. In
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this case, hypo-elastic behavior of the material can be represented by the Hook law
as:

eE =
σ

2µ
− ν

1 + ν

trσ

2µ
I, (3.47)

or in the rate formulation:

ėE =
σ̇

2µ
− ν

1 + ν

trσ̇

2µ
I. (3.48)

Direct extension of the previous equation can be proposed by change of the elastic
strain rate ėE with dE. Obtained equation is not objective, so the objective stress
tensor need to be defined. If the objective rate of the Kirchhoff stress τ̊ is introduced,
the direct extension of the equation (3.48) to large strain theory can be given as [73]:

dE =
τ̊

2µ
− ν

1 + ν

trτ̊

2µ
I, (3.49)

or:
τ̊ = HdE, (3.50)

where H is the fourth-order elasticity tensor which generally depends on τ . Such
approach may not be integrable without additional care that all incremental relations
between the stress and strain have to be objective. This situation may result in
unwanted behavior such as hysteretic dissipation inappropriate for an elastic model
[76].

The second approach is hyperelastic behavior of elastic response using the multi-
plicative decomposition of deformation gradient to decompose deformation gradient
into elastic and inelastic part. Based on the Lee paper [77], it is possible to introduce
multiplicative decomposition of the total deformation gradient as [64,67,68]:

F = FEFIN , (3.51)

where FE and FIN are elastic and inelastic deformation gradient. The main idea is
introduction of the conceptual intermediate configuration which has local character
and can be obtained by relaxation from deformed to stress-free state. According to
Figure 3.2, it can be noticed that [73]:

dx = FINdX, (3.52)

dx = FEdx, (3.53)

dx = FdX. (3.54)
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So, does not undergo inelastic deformation to intermediate configuration and than
elastically transformed to current configuration.

Figure 3.2: Scheme of multiplicative decomposition of the deformation gradient

General hyperelastic behavior is consdered formulated relative to the material
(Lagrangian), spatial (Eulerian) or intermediate configuration. Introduction of inter-
mediate configuration needs clear understanding of strain tensors in corresponding
configurations. In each configuration, a metric tensor can be defined, so material
metric tensor is denoted with G, spatial with g and the metric tensor in interme-
diate configuration is G [76]. Applying the push forward and pull back operations
on metric tensors between the mentioned configurations, we obtain corresponding
strain tensors in chosen configurations [70].

In the material description, the local inelastic state of the material is character-
ized by the Lagrangian strain tensor E and inelastic Lagrangian strain [76]:

EIN =
1

2

(
CIN −G

)
, (3.55)

where, the right Cauchy-Green inelastic strain tensor is obtained by pull back trans-
formation of metric tensor in the intermediate configuration by inelastic deformation
gradient FIN :

CIN =
(
FIN

)T
GFIN . (3.56)
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Figure 3.3: Scheme of Cauchy-Green strain tensors in corresponding configurations

In this context, elastic Lagrangian strain EE is formally defined as [76]:

EE = E− EIN . (3.57)

Relative to intermediate configuration, the local inelastic state is characterized
by the Lagrangian strain tensor [76]:

E
E

=
1

2

(
C
E −G

)
, (3.58)

E
IN

=
1

2

(
G−

(
b
IN
)−1
)
, (3.59)

where, the right Cauchy-Green elastic strain tensor is obtained by pull back trans-
formation f metric tensor in current configuration by elastic deformation gradient
FE:

C
E

=
(
FE
)T

gFE, (3.60)

while the left inelastic Finger strain tensor is obtained by push forward transforma-
tion of metric tensor in reference configuration by inelastic deformation gradient:(

b
IN
)−1

=
(
FIN

)−T
G−1

(
FIN

)−1
. (3.61)
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In the current configuration, Almansi strain tensor is defined as [76]:

e =
1

2

(
g − (b)−1) , (3.62)

where the total Finger strain tensor is obtained by pull back transformation of metric
tensor in reference configuration by total deformation gradient:

(b)−1 = (F)−T G−1 (F)−1 . (3.63)

The elastic Almansi strain tensor is [76]:

eE =
1

2

(
g −

(
bE
)−1
)
, (3.64)

where the elastic left Finger strain tensor is obtained by pull back transformation
of metric tensor in reference configuration by elastic deformation gradient:

(
bE
)−1

= FE−TG
−1

FE−1. (3.65)

In this case, the inelastic strain can be defined as [76]:

eIN = e− eE. (3.66)

The advantage of such representation of the strain tensors is fact that all strain
measures in the neighbourhood point completely defined by difference between cur-
rent and reference metric tensor relative to any configuration [70].

Elastic and inelastic Hencky strain are defined as [67]:

H
E

=
1

2
ln C

E
, hE =

1

2
ln bE (3.67)

HIN =
1

2
ln CIN h

IN
=

1

2
ln b

IN
. (3.68)

As it can be noticed in Figure 3.4, total left Hencky strain h is given with respect
to current configuration, as well as elastic left Hencky strain hE. Also, inelastic left
Hencky strain measure h

IN is defined with respect to intermediate configuration.
In that scope, addition of the elastic and inelastic strain tensors is possible in the

same configuration [70] (Figure 3.5), so for the correct calculation of the inelastic
strain measure in the current configuration, it is possible to subtract the elastic
strain from the total strain defined in the same (current) configuration (3.66). So,
the transformation strain in current configuration (inelastic strain) can be calculated
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Figure 3.4: Scheme of strain tensors and configurations

from the left Hencky strains as:

etr = h− hE. (3.69)

Relative to constitutive model for metal plasticity, in the SMA case, total trans-
formation strain is needed for the stress integration direction of reverse martensitic
transformation what will be discussed in Chapter 4.

3.1.8 Stress tensors

The stress defined in the current configuration is called Cauchy stress tensor σ
(symmetric tensor) or true stress. Also, the stress can be defined with respect to
reference or intermediate configuration. This gives possibility to define alternative
stress measures i.e. the stress measure defined in the reference configuration is
the first Piola-Kirchhoff (or simply Piola stress) P which is generally unsymmet-
ric tensor. The relation between the Cauchy and Piola stress is known as Piola
transformation [67]:

P = JσF−T . (3.70)

Beside those two stress tensors defined in the known configurations and have physical
interpretations, there are other stress tensors used for practical nonlinear analysis.
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Figure 3.5: Scheme of compatible strain tensors and configurations.

The Kirchhoff stress tensor τ (symmetric tensor) differs from the Cauchy stress
tensor only by the volume ratio J defined by (3.2) [67]:

τ = Jσ. (3.71)

The second Piola-Kirchhoff stress tensor S is also symmetric and can be obtained
by the transformation [67]:

S = F−1τF−T . (3.72)

By the reverse transformation, the Kirchhoff stress can be obtained as [67]:

τ = FSF−1. (3.73)

The relationship between the first and the second Piola-Kirchhoff stress tensor can
be represented as [67]:

P = FS. (3.74)

Beside the previous stress measures, one more unsymmetric material stress tensor
is defined as:

TB = RTP. (3.75)
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The tensor TB is known as Biot stress tensor. Other examples of stress tensors [67]
are corotated Cauchy stress tensor σu, introduced by Green and Naghdi and the
Mandel stress tensor Σ which is unsymmetric in general. Those tensors are defined
with respect to an intermediate configuration. The relations which describe the
corotated Cauchy and the Mandel stress tensors are given as [67]:

σu = J−1USU = RTσR (3.76)

Σ = CS. (3.77)

Alternative conjugated (3.78) stress and strain measures [67] gives the equation of
the stress power (3.79). The alternative expressions of the energetically conjugated
pairs of stress and strain are given in [67] as:

wint(t) = Jσ : d = P : Ḟ = S : Ė = Σ :
1

2
C−1Ċ = Jσu : DR = symTB : U̇. (3.78)

3.1.9 Balance of mechanical energy

The rate of internal mechanical work (stress power) Pint is possible to be defined
with respect to (3.78) as [67]:

Pint(t) =

∫
tΩ

σ : ddv =

∫
0Ω

Jσ : ddV , (3.79)

where 0Ω is the reference and tΩ is the current volume, and d is the rate of defor-
mation tensor. The rate of internal mechanical work per unit reference volume is
wint. It describes the work conjugated stress and strain measures (work conjugated
pairs (3.78)). The balance of mechanical energy is given as [67]:

K̇(t) = Pext − Pint, (3.80)

where K is the kinetic energy, Pext is the rate of external mechanical work and Pint
is the rate of internal mechanical work. This means that the rate of kinetic energy
change K̇ is equal to the difference between the rate of external Pext and internal
Pint mechanical work.
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3.2 Continuum thermodynamics

Continuum which possesses both mechanical and thermal energy has a name a
thermodynamic continuum. The quantities which describe the system are thermo-
dynamic state variables. A thermodynamic state function describes a certain state
variables; relations which connect state variables are constitutive equations.

3.2.1 The First law of thermodynamics (Balance of Energy)

The first law of thermodynamics defines balance of work done on the continuum
body and internal energy in the deformable body. This is introduced as an equality
between the rate of the work and the rate of internal energy U̇ . The rate of work
done on the system can be done by mechanical forces Pint or can be added to the
system as heat Q, so the balance can be presented as [67]:

Pint(t) +Q(t) = U̇(t). (3.81)

According to the balance of mechanical energy (3.80), the balance equation is [67]:

K̇(t) + U̇(t) = Pext +Q(t). (3.82)

As it is given in [3, 67] by Lagoudas: "The law of conservation of energy states
that the time rate of change of the total energy (kinetic plus internal energy) of a
continuum body is equal to the rate at which external mechanical work is done to
that body by surface tractions and body forces plus the rate at which thermal energy
is added by heat flux, q and heat sources, q". The local form is given as [3, 67]:

ρu̇ = σ : d− div (q) + ρq, (3.83)

where u is the specific internal energy, ρ is the material density, σ is the stress tensor
and d is the deformation rate tensor.

3.2.2 The Second law of thermodynamics (Entropy

inequality principle)

The direction of the energy transfer cannot be determined according to the First law
of thermodynamics (3.83) because it only governs the energy transfer. The Second
law of thermodynamics is responsible for the direction of transfer process.

The entropy S as concept is needed to be introduced. The entropy is important
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property described by Clausius in 19th century. The entropy can be described as
"the quantitative measure of microscopic randomness and disorder. The difference
between the rate of change of entropy Ṡ and the rate of entropy input Q̃ into a
body determines the total production of entropy per unit time, which we denote by
Γ" [67].

The second law of thermodynamics states that the total production of entropy
is always greater than or equal to zero. The mathematical expression is [67]:

Γ(t) = Ṡ(t)− Q̃(t) ≥ 0. (3.84)

The entropy in continuum body is defined as [67]:

S(t) =

∫
Ω

s (x, t) dv, (3.85)

while the rate of entropy input consists of the entropy transferred across its boundary
surface ∂Ω by Cauchy entropy flux h̃ and the entropy generated by sources r̃ inside
the body [67]:

Q̃(t) = −
∫
∂Ω

h̃ · nds+

∫
Ω

r̃dv. (3.86)

Now we have explicit form of the second law of thermodynamics as [67]:

Γ(t) =

∫
Ω

ṡdv +

∫
∂Ω

h̃ · nds−
∫
Ω

r̃dv ≥ 0. (3.87)

As it is stated in [67], the next relations exist:

h̃ =
q

T
, r̃ =

q

T
, (3.88)

so the relation (3.87) is now [67]:

Γ(t) =

∫
Ω

ṡdv +

∫
∂Ω

q

T
· nds−

∫
Ω

q

T
dv ≥ 0, (3.89)

known as the Clausius-Duhem inequality. Using the Gauss transformation of integral
[67]: ∫

s

unds =

∫
v

divudv, (3.90)
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and the property of divergence [67]:

divFu = Fdivu + u∇F, (3.91)

this inequality can be expressed in local form as [3]:

ρṡ+
1

T
div (q)− 1

T 2
q · ∇T − ρq

T
≥ 0. (3.92)

Based on the physical observation, the heat only flows spontaneously from a hotter
material point to a colder one. Because T is always greater of equal zero, inequality
of the heat conduction is [3]:

q · ∇T ≥ 0 (3.93)

so the maximum of q · ∇T is equal to zero, so the term −1
2
q · ∇T is always equal to

zero, so the new form of Clausius-Duhem inequality is:

ρṡ+
1

T
div (q)− ρq

T
≥ 0. (3.94)

Substituting the eq. (3.83) into the previous, the Second Law of Thermodynamics
is obtained in the stronger Clausius-Planck inequality form [3]:

Dint =
1

ρ
σ : d− u̇+ T ṡ ≥ 0, (3.95)

which represents the internal dissipation or local production of entropy.

3.3 Free energy

The constitutive model for any solid material can be derived from a free energy
function. There are several alternate forms of thermodynamic potentials which
can be obtained by Legendre transformation. The Legendre transformation is a
procedure which provides possibility to replace one variable with the conjugated
one. The relationships between the internal energy u, enthalpy h and Helmholtz
ψ and Gibbs g free energy are given by Holzapfel [67] and Lagoudas [3] as it is
presented in Table 3.1.

The time derivative of the Gibbs free energy has following form [3]:

ġ (σ, T , ζ) = u̇− ṡT − sṪ − 1

ρ
σ̇ : ε− 1

ρ
σ : ε̇. (3.96)

The Gibbs free energy depends on the stress σ, the temperature T and the tem-
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Table 3.1: Legendre transformation between the thermodynamic potentials [3, 67]

Thermodynamic potential Symbol Trasformation
Internal energy u u

Enthalpy h h = u− 1
ρ
σ : ε

Helmholtz energy ψ ψ = u− sT
Gibbs energy g g = u− sT − 1

ρ
σ : ε

perature gradient T = ∇T and the set of internal state variables ζ [3]. The total ġ
derivative of the Gibbs free energy is in that case as follows [3]:

ġ =
∂g

∂σ
: σ̇ +

∂g

∂T
Ṫ +

∂g

∂T
· Ṫ +

∂g

∂ζ
· ζ̇. (3.97)

The time derivative of the Legendre transformation (3.96) substituted into the sec-
ond law of thermodynamics (Clausius-Planck inequality) (3.94), gives the following
form [3]:

− ρġ − σ̇ : ε− ρsṪ ≥ 0. (3.98)

After substitution of (3.97) into the (3.98) it can be obtained:

− ρ
(
∂g

∂σ
: σ̇ +

∂g

∂T
Ṫ +

∂g

∂T
· Ṫ +

∂g

∂ζ
· ζ̇
)
− σ̇ : ε− ρsṪ ≥ 0. (3.99)

Because Ṫ can be positive or negative, (3.99) can be satisfied if ∂g
∂T
≡ 0. By fixing

constant, all but one variable, the following relations are obtained [3]:

s = − ∂g
∂T

(3.100)

ε = −ρ ∂g
∂σ

. (3.101)

Substituting the entropy and strain, the Clausius-Planck inequality results in [3]:

− ρ∂g
∂ζ
· ζ̇ ≥ 0. (3.102)

The set of internal variables is identified as etr, ξ [3], where etr is the transformation
strain and ξ is the martensitic volume fraction [3]. The Clausius-Planck inequality,
(3.99), assumes the following form:(

−ρ ∂g
∂etr

)
: ˙etr +

(
−ρ∂g

∂ξ

)
ξ̇ ≥ 0. (3.103)
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3.4 SMA constitutive model - Lagoudas

The phase transformation model for SMA formulated by Boyd and Lagoudas [34]
and Lagoudas [3] is basic framework for this thesis. Thermodynamic potential given
by Gibbs free energy function g is defined for the forward and reverse transformation
(see Section 1.2). The free energy can be derived in a quadratic polynomial form
as [3]:

g (σ, T ) = − 1

2ρ
σ :M : σ − 1

ρ
σ : α (T − T0) +

c

[
(T − T0)− T ln

(
T

T0

)]
− s0T + u0,

(3.104)

where T0 is the reference temperature. The variable σ is the Cauchy total stress, T is
the temperature of the SMA specimen, ξ is the martensitic volume fraction and etr is
the transformation strain. The function f(ξ) is a transformation hardening function.
The material parameters c, u0, s0,M, α are the effective specific heat, the effective
specific internal energy, the effective specific entropy, the effective compliance tensor
and the effective thermal expansion tensor, respectively. These effective material
parameters can be determined using pure phases parameters and the martensitic
volume fraction ξ by the rule of mixture.

Using the (3.100), the entropy s and the strain ε can be obtained as:

s =
1

ρ
σ : α+ c ln

(
T

T0

)
+ s0, (3.105)

ε =M : σ +α (T − T0) . (3.106)

The basic form of Gibbs free energy (3.104), which depends on internal state vari-
ables, presented by Qidwai and Lagoudas [37] is given as follows:

g (σ, T , ξ, etr) = − 1

2ρ
σ :M : σ − 1

ρ
σ : [α(T − T0) + etr] +

c

[
(T − T0)− T ln(

T

T0

)

]
− s0T + u0 +

1

ρ
f(ξ)

. (3.107)

Using the Legendre transformation (Table 3.1) between Gibbs free energy g, the
internal energy u and the first and second law of thermodynamics substituted into
the Clausius-Planck inequality, it is shown that in irreversible processes the internal
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dissipation of energy is greater or equal zero [3]:

Dint = σ : ˙etr +

(
−ρ∂g

∂ξ

)
ξ̇ ≥ 0. (3.108)

The main assumption for the evolution of this constitutive model is that "any
change in the current microstructural state of the material is strictly a result of a
change in the martensitic volume fraction" [3, 28,34,37]:

˙etr = Hntrξ̇. (3.109)

The transformation direction will be in the direction of the deviatoric stress S
′ during

the forward transformation, while, during the reverse one, it will be in the direction
of transformation strain tensor etr [3]:

ntr =

{
3
2
S
′

S
; ξ̇ > 0

etr
etr

; ξ̇ < 0
, (3.110)

where H is the maximal effective transformation strain.
The deviatoric stress tensor S

′ , the effective (von Mises equivalent) stress S and
the effective transformation strain etr are defined as:

S
′
= σ − σmI, (3.111)

S =

√
3

2
S′ : S′ , (3.112)

etr =

√
2

3
etr : etr, (3.113)

where σm is mean stress.
Substituting the (3.109) into the Clausius-Planck inequality (3.108), it can be

obtained: (
σ : ntrH − ρ

∂g

∂ξ

)
ξ̇ = Πξ̇ ≥ 0 (3.114)

where Π is the general thermodynamic force. For the given Gibbs free energy (3.107),
the explicit evaluation of Π is [3]:

Π(σ, T , ξ) = σ : ntrH +
1

2
σ : ∆M : σ + σ : ∆α (T − T0)−

ρ∆c

[
(T − T0)− T ln

(
T

T0

)]
+ ρ∆s0T − ρ∆u0 −

∂f(ξ)

∂ξ

, (3.115)
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where ∆M = MM −MA, ∆α = αM − αA, ∆c = cM − cA, ∆s0 = s0
M − s0

A,
∆u0 = u0

M − u0
A, where А and М detones austenitic and martensitic phases,

respectively. Effective properties of the material can be determined as function
of the pure phases and the martensitic volume fraction ξ by the rule of mixture [3]:

M (ξ) =MA + ξ
(
MM −MA

)
=MA + ξ∆M,

α (ξ) = αA + ξ
(
αM −αA

)
= αA + ξ∆α,

c (ξ) = cA + ξ
(
cM − cA

)
= αA + ξ∆c,

s0 (ξ) = s0
A + ξ

(
s0
M − s0

A
)

= s0
A + ξ∆s0,

u0 (ξ) = u0
A + ξ

(
u0

M − u0
A
)

= u0
A + ξ∆u0.

(3.116)

The transformation function Φ is introduced by Lagoudas as [3, 37]:

Φ =

{
Π− Y ; ξ̇ > 0

−Π− Y ξ̇ < 0
(3.117)

where Y is threshold value which depends on transformation hardening function
[3, 78]. The transformation function Φ needs to satisfy the condition Φ = 0 during
transformation. It represents transformation surfaces for 0 < ξ < 1 and the two
boundary surfaces for ξ = 0 and ξ = 1 of each transformation surface family [3].

It is important to stress that suggested directions of transformation can be dif-
ferently implemented depending on applied approach. Using the (3.111), (3.112),
(3.113), it is possible to transform the thermodynamic force (3.115) into a scalar
form, what allows solving of one nonlinear equation in integration point. Evolution
of suggested improvement is given in the next section.

3.5 Evolution of the transformation function

In this terms the decomposition on the deviatoric and mean stress (3.111) can be
used in the equation (3.115) with the approximation that the proposed direction of
the transformation (3.109) is constant and equal to the value from the beginning of
the time step (S′ = S

′
∗ and etr = tetr).

The first term in the eq. (3.115) can be derived for the forward transformation
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(ξ̇ > 0) as:

σ : ntrH =
(
S
′
+ σmI

)
:

3

2
H

S
′
∗

S∗
=

3H

2S∗

(
S
′
: S
′
∗ + σm����

I : S
′
∗

)
=

3H

2S∗

S
′
∗S

S∗
S
′
∗ =

SHS∗
2

S∗
2 = HS.

(3.118)

The second term in the eq. (3.115) is the same for both, the forward and reverse
transformation, but with different sign. The derivation is given as follows:

1

2
σ : ∆M : σ =

1

2
σ :
(
MM : σ −MA : σ

)
=

1

2
σ :
(
eM − eA

)
=

=
1

2

(
S
′
+ σm : I

)
:

(
S
′

2GM
+
σmI

cmM
− S

′

2GA
− σmI

cmA

)
=

=
1

2

(
1

2
S
′
: S
′
(

1

GM
− 1

GA

)
+ 3σm

2

(
1

cmM
− 1

cmA

))
=

=
1

2

(
1

3
S2

(
1

GM
− 1

GA

)
+ 3σm

2

(
1

cmM
− 1

cmA

))
.

(3.119)

The third term in the eq. (3.115) is also the same for both directions of transforma-
tion but with different sign and it can be derived as:

∆α : σ
(
T − T0) =

(
αM −αM

)
: (S

′
+ σmI

)
∆T =

=
(
S
′
+ σmI

)
: αMI∆T −

(
S
′
+ σmI

)
: αAI∆T =

= 3σm
(
αM − αA

)
∆T .

(3.120)

In (3.118) and (3.119), we have the effective deviatoric stress S∗ and the trans-
formation strain etr, the mean stress σm and the shear modulus as:

GA =
EA

2 (1 + ν)
GM =

EM

2 (1 + ν)
, (3.121)

for austenite and martensite and cmA and cmM which are 1/3 of bulk modulus KA

and KM for austenite and marteniste phases, respectively:

cm
A =

EA

1− 2ν
cm

M =
EM

1− 2ν
. (3.122)

The final form of the transformation function is obtained by substituting of
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previous equations into (3.117) as:

Φ =



HS + 1
2

(
1
3
S2
(

1
GM − 1

GA

)
+ 3σm

2
(

1
cmM − 1

cmA

))
+ 3σm

(
αM − αA

)
∆T+

ρ∆s0 (T −Ms)− ∂f(ξ)
∂ξ

; ξ̇ > 0

−S
′
∗ : tetr

H
tetr

+ 3G∆ξH2 − 1
2

(
1
3
S2
(

1
GM − 1

GA

)
+ 3σm

2
(

1
cmM − 1

cmA

))
−

3σm
(
αM − αA

)
∆T − ρ∆s0 (T − Af ) + ∂f(ξ)

∂ξ
; ξ̇ < 0

(3.123)
The integration procedure given in [3] considers the change of integration direc-

tion in the time step and calculation of total stress without the decomposition on
deviatoric and volumetric part what has negative influence on the implementation
efficiency. This integration procedure solves vector equation on the integration point
level. The implementation given in [3] is rate formulation, it is necessary to calculate
increment of transformation strain and total stress in the time step, using the total
strain increment as input variable.

On the other hand, such evolution of transformation function in effective form,
it is possible to solve only one scalar nonlinear equation on integration point level.
This allows better efficiency of the stress integration and possibility of easy extension
of stress integration to large strain problems. Functionality of proposed approach is
verified by literature examples results and the comparison to experimental results.

3.6 Hardening functions

Various hardening functions can be used to simulate the behavior of the material
more realistically. By choice of the hardening function. it is possible to obtain
different shape of the stress-strain dependence. The hardening functions f(ξ) are
take into account the interaction between the phases and martensite variants [3].
Various hardening functions influence the different simulation results for the same
constitutive model. So, a few hardening functions can be found in the literature:

• the exponential model proposed by Tanaka [3, 79]

f(ξ) =

{
ρ∆s0
aM

[(1− ξ) ln (1− ξ) + ξ] + (µ1 + µ2) ξ; ξ̇ > 0

−ρ∆s0
aA

ξ [ln ξ − 1] + (µ1 − µ2) ξ; ξ̇ < 0
(3.124)
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• the cosine model proposed by Liang and Rogers [3, 80]

f(ξ) =


ξ∫

0

−ρ∆s0
aM

[π − arccos(2ξ − 1)] dξ + (µ1 + µ2)ξ; ξ̇ > 0

ξ∫
0

−ρ∆s0
aA

[π − arccos(2ξ − 1)] dξ + (µ1 − µ2)ξ; ξ̇ < 0

(3.125)

• the polynomial model proposed by Boyd and Lagoudas [3]

f(ξ) =

{
1
2
ρbMξ2 + (µ1 + µ2) ξ; ξ̇ > 0

1
2
ρbAξ2 + (µ1 − µ2) ξ; ξ̇ < 0

(3.126)

• the smooth hardening function proposed by Machado and Lagoudas [3, 81]

f(ξ) =


1
2
ρbM

(
ξ + ξn1+1

n1+1
+ (1−ξ)n2+1

(n2+1)

)
; ξ̇ > 0

1
2
ρbA

(
ξ + ξn3+1

n3+1
+ (1−ξ)n4+1

(n4+1)

)
; ξ̇ < 0

(3.127)

In above equations aM , aA, µ1, µ2, ρb
M , ρbA, n1, n2, n3, n4 denote transformation hard-

ening parameters available in [3, 81].
For the transformation function, the first derivative of f(ξ) with respect to ξ is

necessary. The first derivative of f(ξ) with respect to ξ can be described as follows:

• the exponential model proposed by Tanaka [3, 79]

df(ξ)

dξ
=

{
ρ∆s0
aM

[− ln (1− ξ)] + (µ1 + µ2) ; ξ̇ > 0
ρ∆s0
aA

[ln ξ − 1] + ξ
ξ−1

+ (µ1 − µ2) ; ξ̇ < 0
(3.128)

• the cosine model proposed by Liang and Rogers [3, 80]

df(ξ)

dξ
=

{
−ρ∆s0

aMc
[π − arccos (2ξ − 1)] + (µc1 + µc2) ; ξ̇ > 0

−ρ∆s0
aAc

[π − arccos (2ξ − 1)] + (µc1 − µc2) ; ξ̇ < 0
(3.129)

• the polynomial model proposed by Boyd and Lagoudas [3]

df(ξ)

dξ
=

{
ρbMξ + (µ1 + µ2) ; ξ̇ > 0

ρbAξ + (µ1 − µ2) ; ξ̇ < 0
(3.130)
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• the smooth hardening function proposed by Machado and Lagoudas [3, 81]

df(ξ)

dξ
=

{
1
2
ρbM (1 + ξn1 − (1− ξ)n2) ; ξ̇ > 0

1
2
ρbM (1 + ξn3 − (1− ξ)n4) ; ξ̇ < 0

(3.131)



Chapter 4

Numerical implementation of SMA
stress integration procedure

4.1 Basic assumptions

This approach of implementation is motivated by Kojić and Bathe [64], Simo and
Hughes [82], Qidwai and Lagoudas [28, 37], Weber and Anand [83], Henann and
Anand [84] and Caminero et al. [85]. The most common strategy for implicit stress
integration procedure for the rate independent models is the return mapping al-
gorithm [64, 82]. It consists of two steps: (1) prediction of the trial elastic state
(elastic predictor) and (2) stress correction due to the phase transformation (inelas-
tic corrector). In [3], the convex cutting plane algorithm is used, what means that
the direction of the inelastic corrector is changing during the iterations, while the
method presented in [64, 84], that directions keep constant in time step. According
to the rate formulation for transformation strain given by equation (3.109), similarly
to the rate independent plasticity, the increment of transformation strain in time
step is [3]:

∆etr = H∆ξntr. (4.1)

The trial deviatoric stress S
′
∗ can be calculated as [64]:

S
′
∗ = 2Ge

′
∗ (4.2)

where G is the shear modulus and e
′
∗ is the trial elastic deviatoric strain. With

known increment of the transformation strain ∆etr, the final deviatoric stress can
be obtained as [64]:

S
′
= S

′
∗ − 2G∆etr. (4.3)
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Introducing the eq. (4.1), we obtain deviatoric stress for the forward transformation:

S
′
= S

′
∗ − 2GH∆ξntr. (4.4)

According to the relation (3.109), for the forward transformation, we have:

S
′
= S

′
∗ − 2GH∆ξ

3

2

S
′

S
, (4.5)

S
′
∗ = S

′
(

1 +
3GH∆ξ

S

)
, (4.6)

S
′
=

SS
′
∗

S + 3GH∆ξ
. (4.7)

Introducing this into the term for effective deviatoric stress, we can derive:

S =

√
3

2
S′ : S′ =

√
3

2

SS′∗

S + 3GH∆ξ
:

SS′∗

S + 3GH∆ξ
, (4.8)

S =
S S∗

S + 3GH∆ξ
, (4.9)

S = S∗ − 3GH∆ξ. (4.10)

Finally, we obtain that deviatoric stress is derived as:

S
′
=
SS

′
∗

S∗
. (4.11)

Using the same procedure, the deviatoric stress and effective stress can be obtained
for the reverse transformation as:

S
′
= S

′
∗ − 3GH∆ξ

etr
etr
, (4.12)

S =

√
3

2
S′ : S′ =

√
S∗

2 − 6GH∆ξ
S′∗ : etr
etr

+ 9G2H2∆ξ2. (4.13)

4.2 Local Newton-Raphson algorithm

The transformation function (3.123) is calculated with the trial deviatoric stress
(4.2), the temperature change ∆T = T − T0 and the assumption that ξt+∆t (0) = ξt .
The condition Φt+∆t (0) ≤ 0 is checked for violation [28]. If there is no violation, the
elastic solution is accepted as final. If condition Φt+∆t (0) ≤ 0 is violated, correction
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of the solution should satisfy Φ = 0. This condition leads to solution of nonlinear
equation by parameter ∆ξ with appropriate limitations (0 ≤ ξ ≤ 1). The iterative
scheme given in Table 4.2 continues until Φt+∆t (k+1) is smaller than some tolerance
or ξt+∆t reaches a boundary values of 0 or 1.

Table 4.1: Proposed algorithm for decision about transformation direction

1. Transformation direction assumed to be the same as in the previous time step

2. Calculate transformation function Φt+∆t (k) according to formula (3.123)

3. If Φt+∆t (k) > tolerance then
Continue transformation in same direction
Else
Transformation direction assumed to be in opposite direction
Calculate transformation function Φt+∆t (k) according to formula (3.123)
If Φt+∆t (k) > tolerance then
Continue transformation in new direction
Else
Solution is elastic - go to the next time step

The decision about the direction of the martensitic transformation is important
for the correct integration of the transformation function. Firstly, it is assumed that
the transformation direction (forward or reverse) is the same as in the previous time
step. Then, the transformation function value is calculated with the trial values of
stress and strain and value from the previous step of the martensitic volume fraction
using the eq. (3.123). If the condition Φt+∆t ≤ 0 is violated, then the transformation
directions is unchanged and the integration procedure is employed. If the condition
is not violated, then the transformation function is calculated with the opposite
value of ξ̇

t+∆t

∗. If the condition Φt+∆t ≤ 0 is violated now, then the transformation
direction is changed. If the condition is not violated again, the solution is elastic
and we can proceed to the next time step. The algorithm is given in Table 4.1.

4.3 Stress integration for small strains

In the case of the small strains, the trial elastic deviatoric strain e
′t+∆t E
∗ , the mean

strain em
t+∆t and the thermal strain eth

t+∆t can be presented as follows:

e
′t+∆t E
∗ = et+∆t − em

t+∆t I − etr
t −∆ etr

t+∆t , (4.14)

em
t+∆t =

1

3

3∑
k=1

et+∆t
kk, (4.15)
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Table 4.2: Newton-Raphson algorithm for SMA constitutive model

1. Let k = 0, ξt+∆t (0) = ξt , Gt+∆t (0) = Gt , αt+∆t (0) = αt , cm
t+∆t (0) = cm

t

2. Calculate transformation function (3.123)

Φt+∆t (k) = Φ
[

S
′t+∆t
∗, ξt+∆t (k), Tt+∆t , σm

t+∆t
]

If Φt+∆t (k) ≤ tolerance then
Solution is elastic - go to the next time step
Else
Continue to transformation

3. Compute increment of martensitic volume fraction in iteration

Φt+∆t (k) + d Φt+∆t (k) = Φt+∆t (k+1) = Φt+∆t (k) +
∂ Φt+∆t (k)

∂ξ
d ξt+∆t (k) ' 0

d ξt+∆t (k) = − Φt+∆t (k)

∂ Φt+∆t (k)

∂ξ

4. The step increment of martensitic volume fraction and the current martensitic
volume fraction are updated as follows:

∆ ξt+∆t (k+1) = ∆ ξt+∆t (k) + d ξt+∆t (k)

ξt+∆t = ξt + ∆ ξt+∆t (k+1)

5. Update of the effective deviatoric stress:

St+∆t =


St+∆t
∗ − 3 Gt+∆t H∆ ξt+∆t ; ξ̇ > 0√

St+∆t
∗2 − 6 Gt+∆t H∆ ξt+∆t S′t+∆t

∗: etrt

etrt + 9 Gt+∆t 2H2∆ ξt+∆t 2; ξ̇ < 0

Let k = k + 1 and go to the step 2.

eth
t+∆t = αt+∆t ∆T , (4.16)

where αt+∆t is the thermal expansion coefficient which depends on ξ. The total strain
at the end of time step and the transformation strain from the end of the previous
time step are t+∆te and tetr, respectively. Firstly, by a thermoelastic prediction it is
assumed that the transformation strain increment ∆ etr

t+∆t is equal to zero (4.14).
The trial elastic deviatoric stress S

′t+∆t E
∗ and the mean stress σm

t+∆t are calculated
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with the assumption that there is no phase transformation in the time step:

S
′t+∆t E
∗ = 2 Gt+∆t e

′t+∆t E
∗ , (4.17)

σm
t+∆t = cm

t+∆t
(

em
t+∆t − eth

t+∆t
)
, (4.18)

where Gt+∆t is shear modulus, cm
t+∆t is bulk modulus which depends on ξ. Now,

we proceed to the algorithm given in Table 4.2.
Finally, with known value of martensitic volume fraction ξt+∆t and the variables

updated during the integration, the deviatoric stress at the end of time step can be
calculated as:

S
′t+∆t E =


St+∆t E

St+∆t E
∗

S
′t+∆t E
∗ ; ξ̇ > 0

S
′t+∆t E
∗ − 2 Gt+∆t H∆ ξt+∆t etrt

etrt ; ξ̇ < 0

.

The total stress and the transformation strain (using the equation (4.1)), at the end
of time step are given as:

σt+∆t = S
′t+∆t + σm

t+∆t I (4.19)

etr
t+∆t = etr

t +


3H∆ ξt+∆t

2 St+∆t S
′t+∆t ; ξ̇ > 0

H∆ ξt+∆t

etrt etr
t ; ξ̇ < 0

. (4.20)

This algorithm uses stress decomposed on deviatoric and mean part and with the
approximation (4.1) the solution is based on one nonlinear equation. The algorithm
is simplified, comparing with the radial return algorithm used in [3] where total stress
is used. For such numerical implementation of the stress integration algorithm, in
the case of proportional loading, we have exact solution [64, 84]. In the case of
arbitrary loading, an error is dependent on time step size. This will be shown and
analyzed in the section with numerical examples. Also, this iterative procedure can
be used also for large strain problems and it will be described in the next section.

4.4 Stress integration for large strains

By the proposed improvements of stress integration, it is possible to use the small
strain procedure to solve large strain problems taking care of geometric relations
important for finite strains. Various strain measures correspond to various energet-
ically conjugated stress measures given in (3.78). Choosing a proper strain measure
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as input variable, it is necessary to adjust algorithm to correspond to a proper con-
jugated measure of stress measure. In this section, the stress integration for Eulerian
logarithmic strain (Hencky strain) obtained from left Cauchy-Green strain tensor is
presented.

Also, it should be stressed that the elastic response will be considered as in
case of metal plasticity. The idea is to decompose the deformation gradient into
deviatoric and volumetric part using the multiplicative decomposition. In that case,
we introduce according to [70, 86], the next relation for modified relative and total
deformation gradient F

t+∆t

t и F
t+∆t

0 :

F
t+∆t

t =
(
det Ft+∆t

t

)− 1
3 Ft+∆t

t F
t+∆t

0 =
(
det Ft+∆t

0

)− 1
3 Ft+∆t

0 , (4.21)

where det F = 1.
The total left Cauchy-Green deformation tensor b

t+∆t can be calculated using
the known modified deformation gradient F as [64,70]:

b
t+∆t

= F
t+∆t

0 F
t+∆t T

0 . (4.22)

Also, the trial elastic left Cauchy-Green deformation tensor b
t+∆t E

∗ can be calculated
using known data for b

t E from previous step [64,70] as:

b
t+∆t E

∗ = F
t+∆t

t b
t E

F
t+∆t T

t . (4.23)

In the case of logarithmic strains, the total Hencky strain ht+∆t and the trial
elastic Hencky strain e

′t+∆t E
∗ are:

ht+∆t =
1

2
ln b

t+∆t
=

3∑
k=1

ln
(

λk
t+∆t

)
qk

t+∆t qk
t+∆t , (4.24)

e
′t+∆t E
∗ = hEt+∆t

∗ =
1

2
ln b

t+∆t E

∗ =
3∑

k=1

ln
(

λk
t+∆t E

∗

)
qk

t+∆t qk
t+∆t , (4.25)

where λk
t+∆t and λk

t+∆t E

∗ are the total principal stretches and the trial elastic
principal stretches, respectively. qk

t+∆t are the corresponding principal directions
of the tensors b

t+∆t and b
t+∆t E

∗ .
For calculation of logarithmic strains, it is necessary to find spectral decom-

position of b
t+∆t and b

t+∆t E

∗ to find principal stretches λk
t+∆t and λk

t+∆t E

∗ and
directions qk. The logarithmic strain tensor has many interesting properties. It
is known as natural strain measure and is used for direct extension of stress inte-
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gration procedure developed for small strain to large strain problems. Also, using
the logarithmic strain, it is possible to express volume change using the principal
strains. This is important for plasticity and SMA materials because the inelastic
deformations are deviatoric.

In this case, according to (3.69), the trial transformation strain, which will be
final for the elastic case without phase transformation. The trial transformation
strain can be calculated as:

etr
t+∆t

∗ = ht+∆t − hEt+∆t
∗. (4.26)

This transformations strain is used as the direction of stress integration for the
reverse martensitic transformation. This assumption defines correct direction of
stress integration for the large strain problems.

For known trial elastic state the same integration procedure described for small
strain case in Table 4.2 is applied for large strain problems.

Update of the left Cauchy-Green tensor b
t+∆t E is defined by exponential mapping

of inelastic deformation gradient in citeHenannAnand,Caminero2011:

FINt+∆t = exp (∆etr) FINt . (4.27)

Inverse relation is given as:

FINt+∆t −1 = FINt −1exp (−∆etr) . (4.28)

Using the multiplicative decomposition (3.51), FE = FFIN−1 добиjа да jе:

FEt+∆t = FEt
∗exp (−∆etr) , (4.29)

since:
FE
∗ = Ft+∆t FINt −1. (4.30)

Using the approximations proposed in [84]:

exp (−∆etr) = (1−∆etr) , (4.31)

it can be shown that:

b
t+∆t E

= b
t+∆t E

∗
(
1− 2∆ etr

t+∆t
)
. (4.32)

For the case of the logarithmic strain, the update of transformation strain at the
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end of time step can be calculated as:

etr
t+∆t = ht+∆t − hEt+∆t , (4.33)

where
hEt+∆t =

1

2
ln bEt+∆t . (4.34)

As it can be noticed, stress integration procedure is the same for small and large
strains. The difference is based on geometric relations using the appropriate stress
and strain measures. In order to achieve that, the finite strain measures are used,
which need to be updated in a proper way. So, using the multiplicative decompo-
sition, polar decomposition and total strain measures in proposed algorithm, it is
possible to solve large strain problems easily [64,84].



Chapter 5

Thermo-mechanical coupling of
structural and heat transfer analysis
in SMA

It is well known from both experimental investigation and modeling that a thermo-
mechanical coupling is very strong in SMA materials, especially at high strain rates,
since the process is close to adiabatic conditions [8, 13]. Latent heat production or
absorption influence the material temperature increase or decrease responsible for
changes of the SMA material characteristics. It was shown in [3] that the latent
heat production is strongly correlated with the amount of martensitic phase (the
martensitic volume fraction).

5.1 Coupled energy balance equation

Starting with the first and the second law of thermodynamics it was shown that the
internal dissipation can be presented by eq. (3.95). By introduction of Gibbs free
energy and Legendre transformation, we have obtained the final form of the Clasius-
Planck inequality (3.114). From this point of view, it can be proposed that [3]:

Πξ̇ = σ : d− ρu̇+ ρT ṡ. (5.1)

Returning into the first law of thermodynamics, eq. (3.83), we can obtain that [3]:

ρṡT − Πξ̇ = −div(q) + ρq. (5.2)

83
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According to eq. (3.100), (3.97) and (3.114), we can define derivative of the entropy
ṡ as [3]:

ṡ = − ∂ġ
∂T

=
∂2g

∂T∂σ
: σ̇ +

∂2g

∂T 2
Ṫ +

1

ρ

∂Π

∂T
ξ̇. (5.3)

The Gibbs free energy g and the thermodynamics force Π are given by equations
(3.107) and (3.115), respectively. By its derivation in entropy rate relation (5.3), we
obtain [3]:

∂2g

∂T∂σ
= −α

ρ
(5.4)

∂2g

∂T 2
= − c

T
(5.5)

1

ρ

∂Π

∂T
=

1

ρ
∆α : σ −∆c ln

(
T

T0

)
+ ∆s0. (5.6)

The explicit form of the entropy rate can be obtained by substitution in (5.3) [3]:

ṡ = −α
ρ

: σ̇ − c

T
Ṫ +

(
1

ρ
∆α : σ −∆c ln

(
T

T0

)
+ ∆s0

)
ξ̇. (5.7)

Now the eq. (5.2) has the following form [3]:

− Tα : σ̇ − ρcṪ +

(
−Π + T∆α : σ − ρ∆cT ln

(
T

T0

)
+ ρ∆s0T

)
ξ̇ = −div(q) + ρq

(5.8)
This is thermomechanical coupled energy balance equation for SMA. The first term
is related to the influence of stress state on the temperature changes. The second
term is related to the specific heat, while the third term show the temperature
change with respect to a variation of the martensitic volume fraction. By assuming
∆α = 0 and ∆c = 0 the heat transfer equation has the form:

− Tα : σ̇ − ρcṪ + (−Π + ρ∆s0T ) ξ̇ = −div(q) + ρq. (5.9)

5.2 Thermomechanical coupling and methods

For consideration of thermomechanical coupling a partitioned approach is used [61].
The structural and heat transfer FEM programs are connected using a component
based software engineering - CTL [63]. CTL is used to provide communication
interface. The CTL has already been used for the partitioned coupling algorithm
(fluid-structure interaction) [62]. Using the CTL, the coupling components are inde-
pendent of location and can be connected through a communication channel such as
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Transmission Control Protocol and Internet Protocol (TCP/IP), Message Passing
Interface (MPI), Secure Shell (SSH), etc.

The realization thermo-mechanical coupling requires at least two program codes
which simulate the heat transfer and the mechanical behaviour of materials, inde-
pendently. Each of these programs can solve only one kind of a physical phenom-
ena. In order to simulate multiple physical models or multiple simultaneous physical
phenomena, the efficient algorithm for communication between the codes has been
developed.

For this purpose, the partitioned approach established on the fundamentals of
nonlinear Block-Gauss-Seidel numerical procedure for strong coupling [61] is used.
The algorithm is based on the exchange of information between the two programs.
The solid mechanics program computes the dissipative energy released during the
phase transformation (or plastic deformation for plasticity). The energy produces
the internal heat which further is used in the heat transfer program for computation
of a temperature change. The temperature change influences change of transforma-
tion function and thermodynamic force (or material characteristics and additional
change of the inelastic strains). The solid mechanics program also computes the
thermal strains induced by the temperature change. The interaction effects are ac-
counted for by synchronization of coupled state variables: the martensitic volume
fraction (or effective plastic strain) and the temperatures.

5.2.1 Heat transfer program - PAK-T

The heat transfer program of Program za Analizu Konstrukcija, in serbian (PAK)
software (PAK-T) [60] provides possibility to solve problems of heat transfer through
the solids using FEM with the boundary conditions: convection on the part of the
surface, prescribed surface flux, prescribed temperature, radiation, etc. Following
the fundamental principle of energy conservation, the following procedure is used to
solve the energy balance equation [66,87]:

dQ
dt

=
dU
dt
, (5.10)

where Q is the heat added to the system and U is the internal energy. The internal
energy change is identified with [87]:

dU
dt

=

∫
V

ρc
dT

dt
dV , (5.11)
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where ρ is the material density, c is the specific heat and dV is the elementary
volume. The heat energy change can be described as [87]:

− dU
dt

=

∫
V

div q dV , (5.12)

where q is heat flux over elementary volume dV .
From the Fourier’s Law of heat conduction [87]:

q = −k∇T , (5.13)

the energy balance equation is derived as [3]:

− ρc∂T
∂t

+∇T (k∇T ) + q + (qdis − T0αcm ˙em) = 0, (5.14)

where q is the local heat source, k is the material’s conductivity, T = ∇T is
the temperature gradient and qdis is the elementary dissipative energy. The term
−T0αcm ˙em describes the Gough-Joule effect (piezocalorimetric or thermoelastic ef-
fect also known as Lord Kelvin formula) [88] which gives a temperature decrease
when the material is under elastic tension and increase under compressive load-
ing [89].

The term in brackets represents dissipative energy defined by eq. (5.15) and
thermoelastic effect [88]. The elementary dissipative energy qdis of the phase trans-
formation converted into the heat is given as [3]:

qdis = η (Π− ρ∆s0T ) ξ̇, (5.15)

where η is the dissipative factor, Π is the thermodynamic force of the martensitic
transformation, ξ̇ denotes the martensite volume fraction rate, the product ρ∆s0 is
the stress influence coefficient and ∆s0 is the difference of effective entropy at zero
stress for martensitic and austentic phase [3]. One can notice that the amount of
dissipative energy is proportional to the rate of martensitic volume fraction. The eq.
(5.15) describes also the temperature change due to a variation of the martensitic
volume fraction, associated with the latent heat of the phase transformation [3]. The
energy induced by phase transformation is calculated on an integration point level
in the structural analysis program PAK-S. The energy is then transferred via CTL
to the program for heat transfer (PAK-T) [60] as an internal heat source. The PAK-
T calculates the temperature change and sends it back to the PAK-S for further
stress integration. The thermomechanical coupling scheme using the CTL interface
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is presented in Figure 5.1.
Multiplying eq.(5.14) by weight function hI (Galerkin method) [66, 87], it is

obtained:

−
∫
V

ρchI
dT

dt
dV +

∫
V

hI
(
∇Tk∇T

)
dV +

∫
V

hIqdV+

∫
V

hI (qdis − T0αcm ˙em) dV = 0 ∀hI .
(5.16)

Applying the Green formula on the second integral of equation (5.16) and using the
same interpolation functions for the temperature, it can be obtained [87]:

∑
J

∫
V

hI
(
∇Tk∇hJ

)
dV

T J = −
∑
J

∫
V

(∇hIk∇hJ) dV

hJ +

∫
S

hIqndS,

(5.17)
where T J are the nodal temperatures, hJ are the interpolation functions, which
means that the temperature at any point of volume is:

T (x, y, z) =
∑
J

T JhJ(x, y, z). (5.18)

Also, qn = nTq is the total heat flux on the surface boundary which consists of
prescribed heat flux input on part of the surface (qS), convective flux:

qc = hc (T0 − T ) , (5.19)

and radiative flux:
qr = hr (Tr − T ) . (5.20)

This gives [87]:

∫
S

hIqnds = QS
I +

(
Qc
I −

∑
J

Kc
IJT

J

)
+

(
Qr
I −

∑
J

Kr
IJT

J

)
. (5.21)

From previous equations, the energy balance is obtained as [87]:

CṪ + KT = Q, (5.22)

where:
CIJ =

∫
V

ρchIhJdV , (5.23)
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KIJ = Kk
IJ +Kc

IJ +Kr
IJ , (5.24)

Kk
IJ =

∫
V

∇hIk∇hJdV , (5.25)

QI = Qq
I +QqS

I +Qc
I +Qr

I +Qdis
I . (5.26)

Discretizing in time by implicit Euler, the nonlinear energy balance equation can be
solved in an iterative procedure [87]:

1

∆t
C(i−1)

(
t+∆tT(i−1) − tT + ∆T(i)

)
+ K(i−1)

(
t+∆tT(i−1) + ∆T(i)

)
= t+∆tQ(i−1),

(5.27)

∆T(i) =
(
K̂(i−1)

)−1
t+∆tQ̂(i−1), (5.28)

where:
K̂(i−1) = K(i−1) +

1

∆t
C(i−1), (5.29)

t+∆tQ̂(i−1) = t+∆tQ(i−1) −K(i−1)t+∆tT(i−1) − 1

∆t
C(i−1)

(
t+∆tT(i−1) − tT

)
. (5.30)

This iterative procedure continues until the temperature increment is greater than
some tolerance. Also, upper left indexes t and t + ∆t denote the previous and
current time step, respectively. Note that the coordinates of the element nodes are
updated in the current time step according to the mesh deformation obtained from
the PAK-S. This means that the temperature gradient and the integration procedure
are performed with respect to current configuration.

5.2.2 Structure analysis program - PAK-S

The structure analysis program of PAK software (PAK-S) has possibility to solve
linear and nonlinear structural problems. Firstly, we introduce the relations neces-
sary to describe FEM formulation for 3D element. Relation for the interpolation of
geometry and displacements are given as [87]:

xp = Hintxn, (5.31)

up = Hintun, (5.32)

where xp and up are the position vector and the displacement of the material point,
xn and un are the position vector and the displacement of the element nodes and
Hint is the interpolation matrix. The total strain vector e is determined in the
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material point by the relation [87]:

e = Bun, (5.33)

where B is the matrix of the coordinate derivative of the interpolation function. For
the elastic and thermoelastic material, the stress is determined by the constitutive
relation:

σ = Cel (e− ethI) , (5.34)

where Cel is the elastic constitutive matrix and eth is the thermic strain. The
equilibrium equations can be derived in the following form [61,62,90]:

− div(τ ) = rs, (5.35)

τ = 2Gh + cm(trh)I, h = ln v, b = FFT = v2 (5.36)

in which "tr" indicates the trace function, τ is the Kirchhoff stress, h is the Hencky
(logarithmic) strain, F is the deformation gradient, v is the left stretch tensor, b is
the left Cauchy-Green deformation tensor and rs is the body load.

From this point of view we can define the stiffness matrix of the element as [87]:

K =

∫
V

BTCelBdV . (5.37)

The forces in the element nodes can be determined from the virtual power equilib-
rium [87]:

δPint =

∫
V

δeTσdV = δun
T

∫
V

BTσdV = δun
TFint, (5.38)

so we have:
Fint =

∫
V

BTσdV . (5.39)

From here, we obtain that [87]:

Fint = Kun. (5.40)

So, the displacement un is a linear function of the internal forces vector Fint

what means that the eq. (5.40) corresponds to a linear analysis. If that is not a
case, we speak about geometric and material nonlinear behavior of the material.
Classification of nonlinear behavior can be considered depending on the type of
analysis. The formulations are given in Table 5.1.
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Table 5.1: Classification of nonlinear analysis [66]

Type of analysis Formulation Stress and strain mea-
sure

Material-nonlinear-only Material-nonlinear-only
(MNO)

Engineering stress and
strain

Large displacement,
large rotations, but
small strains

Total Lagrangian (TL) Second Piola-Kirchhoff
stress, Green-Lagrange
strain

Updated Lagrangian
(UL)

Cauchy stress, Almansi
strain

Large displacement,
large rotations, and
large strains

Total Lagrangian (TL) Second Piola-Kirchhoff
stress, Green-Lagrange
strain

Updated Lagrangian
(UL)

Cauchy stress, logarith-
mic strain

Using the equilibrium (5.35) and the kinematic and constitutive equations (5.36),
a nonlinear system of equations is formulated using the standard procedure described
in [66]. That system can be solved using the classical iterative Newton-Raphson
technique [66,87] as follows:

Kt+∆t (i−1)∆un
(i) = rs

t+∆t − Fint
t+∆t (i−1), (5.41)

un
t+∆t (i) = un

t+∆t (i−1) + ∆un
(i), (5.42)

with the initial conditions:

un
t+∆t (0) = un

t Kt+∆t (0) = Kt Fint
t+∆t (0) = Fint

t , (5.43)

where Kt+∆t (i−1) is the tangential stiffness matrix of the structure [66], ∆un
(i) is the

vector of nodal displacement increment, rs
t+∆t is the external force and Fint

t+∆t (i−1)

is the internal force.
Depending on the used formulation, two possible approaches can be distin-

guished: Total Lagrangian (TL) and Updated Lagrangian (UL). In the Total La-
grangian solution scheme, all static and kinematic variables are referred to the initial
configuration, while the Updated Lagrangian is based on the same procedure but
all variables are referred to the last i.e.. current configuration. More details and
comparison of both formulations are given in [66].

Depending on choice of the formulation, the balance equation of the finite element
can be [66]:
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• Material-nonlinear-only analysis:

Kt ∆un = rs
t+∆t − Fint

t , (5.44)

• Total Lagrangian:

(
Kt0 L + Kt0 NL

)
∆un = rs

t+∆t − Fint
t
0 , (5.45)

• Updated Lagrangian:

(
Ktt L + Ktt NL

)
∆un = rs

t+∆t − Fint
t
t , (5.46)

where:
Kt , Kt0 L, Ktt L - linear stiffness matrices,
Kt0 NL, Ktt NL - nonlinear stiffness matrices (geometric).
It should be noted that the linear stiffness matrices can be obtained as:

KL =

∫
V

BTCBdV , (5.47)

KNL =

∫
V

BT
NLσBNLdV , (5.48)

where:
C =

∂σ

∂e
, (5.49)

is the tangent stress-strain matrix. The convergence of the Newton-Raphson scheme
is influenced by the correctness of the derivation of tangent stress-strain matrix
[64,66].

5.3 Implementation of partitioned coupling

algorithm

5.3.1 Mathematical description

The thermo-mechanical problem needed to be solved by using the partitioned pro-
cedure can be generally described as a nonlinear system of equations [90]:

f(un, T ) = 0, (5.50)
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g(un, T ) = 0, (5.51)

where f and g are thermal and structural subproblems, respectively. The numerical
simulation of the first equation is provided by a PAK-T program, while the numer-
ical simulation of the second equation is done by using the PAK-S program. The
exchange of data between these two components happens such that the solution of
the thermal subproblem f is temperature T for given displacements un, while so-
lution of the structural subproblem g are displacements un for the temperature T
as given parameter. Due to nonlinearity of system given in eq. (5.50), (5.51) the
block-Gauss Seidel procedure for coupling is used [61,90]. The algorithm solves the
system in a fixed point iteration form as:

T k+1 = F (un
k, T k), (5.52)

un
k+1 = G(un

k, T k+1), (5.53)

where k is the iteration counter of a global iteration procedure.
In order to compute the influence of the mechanics on the temperature field, the

PAK-T requires the knowledge on the dissipative energy which causes the temper-
ature change as an internal source. Therefore, the dissipative energy of martensitic
transformation caused by the displacements is calculated in each integration point
of the structure and is delivered to the PAK-T as coupled state variable. The energy
can be computed as:

qdis
k
i = η

(
Πk
i − ρ∆s0T

k
i

)
ξ̇
k

i , (5.54)

where i is the current number of the integration point, η is the dissipative factor,
Πk
i , T ki and ξ̇

k

i are the thermodynamic forces, the temperature and the martensitic
volume fraction rate in corresponding iteration and integration point. For the de-
livered energy, PAK-T computes new temperature distribution in the structure and
sends them back to the PAK-S for the correction of the displacements via integra-
tion procedure given in Chapter 4. This process repeats until the global convergence
criterion:

qdis
k − qdisk−1

qdisk−1
< tolW , (5.55)

is satisfied. Here, qdisk is the dissipative energy of whole construction and tolW is
the tolerance which define convergence of global iterations. Finally, the dissipative
energy of the whole construction can be evaluated as:

qdis
k =

P∑
i=1

qdis
k
i (5.56)
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where P is the total number of integration points.

5.3.2 Implementation

For communication between the heat transfer and structural software components,
CTL is used as the most fitting middleware. The component is a unit of distributed
program structure that encases its implementation behind an interface which con-
sists of services provided by the component to other components in the system.
Although it is based on C++ generic template programming, CTL provides C,
FORTRAN or C++ interfaces. The components are independent of location and
can be accessed through a communication channel such as TCP/IP, Message Passing
Interface (MPI), SSH (Secure Shell), etc.

The realization of coupling is performed by creating the components out of two
individual programs by use of CTL. The client application had to be made in C++,
which calls the components. For the heat transfer (PAK-T) component, the FOR-
TRAN CTL interface was used even though its functionality is limited, since a
FORTRAN code is not object oriented programming language. The CTL C++
interface is employed for the structural component PAK-S, because it needs to re-
ceive pointer to an instance of PAK-T object. Also, it was necessary to write a C++
wrapper around PAK-S code, because the PAK-S program is written in FORTRAN.
All this had to be done in this manner such that PAK-S component could directly
interface the PAK-T component.

The partitioned coupling scheme is given in Figure 5.1. The client application
is used for initialization of the components. Firstly, the PAK-T component is ini-
tialized and passed to the PAK-S component as an initialization argument. After
initialization of the components, the paksCI_solve_step function performs one
time step in the loop over time steps. The initial temperatures for the current time
step are evaluated by calling paktCI_solve and further delivered from the PAK-
T component via paktCI_gettemperatures to PAK-S. At this point, all variables
needed for a stress and strain calculation have been acquired. The next block repre-
sents the iteration loop within the time step of PAK-S component. At the beginning
of each iteration, the stresses and strains are being calculated. At the same time, the
dissipative energy is computed for all integration points. Afterwards, the dissipative
energy is sent to the PAK-T component, where it is being used as a volumetric heat
source. At the end of each iteration, the convergence criterion is evaluated. If the
convergence is achieved, the PAK-S component exits the iteration loop and returns
to the client loop over time steps. However, in the case that the convergence crite-
rion is not met, the whole procedure is repeated all over again. In order to reduce
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Figure 5.1: Thermo-mechanical coupling scheme using CTL interface (thanks to
Nenad Busarac)

the number of iterations, the internal iteration loop of PAK-S component is also
used for the global iterations.



Chapter 6

Verification of coupled
thermo-mechanical model by
comparison to experimental results

6.1 Experimental details of SMA tension tests

The experiments have been conducted on TiNi SMA, produced by Furukawa Electric
Co., in IFTR, PAS1 (Poland) and AIT2 (Japan). The TiNi alloy microstructure is
obtained from high-resolution Transmission Electron Microscopy (TEM) (Jem 310,
JOEL Co.) (Figure 6.1 [8]). As it is noticed by Pieczyska et al. in [8]: "the
microstructure was characterized by uniformly distributed, regular grains with a
diameter of approximately 80 nm." [16]

The SMA specimens are mechanically loaded and unloaded on electro-mechanical
Instron 5867 testing machine at room temperature (approximately 250C) above the
Af temperature, manifesting pseudoelastic behaviour. The machine can be con-
trolled by a force or displacement. In the case of the tests loaded by the stress
rates 12.5 MPa/s, 25 MPa/s and 50 MPa/s the machine was controlled by a force.
Whereas, for the strain rates 10−3 s−1, 10−2 s−1 and 10−1 s−1 the machine was con-
trolled by displacement. Several series of loading-unloading cycles have been per-
formed for each experimental test. Furthermore, fast and sensitive FLIR Co infrared
camera was used in order to estimate effects of thermomechanical coupling accom-
panying the Stress Induced Martensitic Transformation (SIMT) [8]. A scheme of
the experimental set-up is shown in Figure 6.2, while its photograph in Figure 6.3(a)

1Institute of Fundamental Technological Research, Polish Academy of Sciences, IPPT PAN
2Aichi Institute of Technology (AIT), Toyota-City
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Figure 6.1: TEM image of the TiNi SMA reference state (courtesy of Danuta Stroz,
University of Silesia, Poland) [8]

and Figure 6.3(b) presents the TiNi SMA in grips of testing machine [8, 16].

Figure 6.2: Scheme of experimental set-up designed for thermomechanical investi-
gation of SMA (GL denotes gauge length of the testing machine extensometer) [16]

The experimental data received during the SMA tension for various stress- and
strain-rates are analyzed by thermo-mechanically coupled FEMmodeling, modifying
the phenomenological Lagoudas constitutive model [3] implemented into the PAK
software for structure [59] and the heat transfer [60] analysis. The results obtained
from the experiment and FEM modeling are compared to each other and discussed
in this chapter.

Belt type specimens (160 mm × 10 mm × 0.38 mm), cut from a TiNi SMA
(50.5at% Ni) strip have been placed in a specially designed holder in order to pro-
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(a) TiNi SMA in grips of testing
machine

(b) testing machine and infrared measurement system

Figure 6.3: Photographs of experimental set-up designed for thermomechanical in-
vestigation of SMA [14]

vide a correct functioning of the system composed of TiNi specimen, mechanical
extensometer and grips of the testing machine (Figure 6.3) [14, 16]. Mechanical ex-
tensometer with parameter 25mm+50% was used. The proper functioning of the
measuring system was verified during the initial validation procedure, involving ten-
sion tests carried out by using also a laser extensometer, which allows measuring
of the strain independently of the testing machine influence [8]. Not until a good
agreement between the strain values recorded by the laser and mechanical exten-
someters were found, the experimental procedure was carried out. Only the mechan-
ical extensometer can be used during the experimental evaluation of the effects of
thermomechanical coupling, since the laser beam can influence the infrared measure-
ments. The obtained values of the stress and the strain, presented in the diagrams
(Figures 6.5 to 6.16), were related to the current cross-section of the specimen. True
stress and true strain values of stress and strain are [16]:

σtrue =
l + ∆l0
l0S0

F, εtrue = ln
l + ∆l

l0
, (6.1)

where l0 is the length of the specimen prior the loading, ∆l is its elongation, S0 is
the area of the specimen cross section and F is the applied force. The infrared cam-
era enables obtaining the temperature changes from the sample surface in various
manners: as average value from the chosen area, line, points, etc. The temperature
results presented in the diagrams ((Figures 6.5 to 6.16),) were calculated as average
from the specimen surface [18]. The temperature changes presented as a function
of strain or time indicates current progress of the martensitic forward and reverse
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transformation process [16].

6.2 Description of FEM model

The experimentally tested specimens behavior is modelled by the FEM 3D ele-
ments [16]. The FEM mesh consists of 400 elements (80× 5 × 1) with 972 nodes
(Figure 6.4). The dimensions of the model are the same as the dimensions of the ex-
perimentally tested specimen given in Section 6.1. Three kinds of possible boundary
conditions for such a modeling case are discussed by Yang and Dui in [58]. As one of
the appropriate solutions for large metallic grips of the testing machine with respect
to the thickness of specimens, the first kind presented in [58] is applied as constant
temperature of the specimen ends in the FEM model and the grips of the testing
machine are modeled as perfect heat sinks [16]. The working length of the specimen
is limited by the testing machine grips to 100 mm, so the 15 rows of elements on
the left-hand side of the specimen are fixed and the 15 rows of elements on the
right-hand side are loaded. Free convection is prescribed on the elements between
the grips, with the convection coefficient adopted according to the literature [58].
The same boundary conditions have been used for all considered tests discussed in
this thesis. The same FEM mesh is used for the mechanical and the heat transfer
analysis with the boundary conditions shown in Figure 6.4 [16].

Figure 6.4: Example of the FEM mesh with boundary and loading conditions for
tension tests

The TiNi SMA material parameters used for all numerical tests are given in
Table 6.1. Identification of the material and thermodynamic parameters for the
applied TiNi alloy, necessary for the SMA modeling, was presented by Pieczyska
in [13,14]. To this end, a wide program of especially prepared initial experiments was
performed, e.g., DSC and additional tension test carried out in a thermal chamber
at three various temperatures with low strain rate. From the obtained results, it was
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Table 6.1: Material parameters of SMA in stress- and strain- controlled tension tests
in Section 6 [16]

EA EM αA αM
59.2 GPa 45 GPa 11.0 · 10−6K−1 11.0 · 10−6K−1

M0s M0f A0s A0f

213K 209K 270K 276K
H ν ρ∆sA ρ∆sM

0.06 0.41 −0.378 MPa K−1 −0.378 MPa K−1

h cp λc ρ
6.5 W m−2K−1 460 J kg−1K−1 18 W m−2K−1 6.29 g cm−3

n1 n2 n3 n4

0.2 0.2 0.25 −0.35

possible to define a slope of the SMA phase diagram cM,A which can be presented
as cM,A = ρ∆s0

H
[78]: where H denotes the maximal effective transformation strain.

Martensite start (Ms) and finish (Mf ) as well as austenite start (As) and finish
(Af ) temperatures have been estimated from the results obtained for the TiNi SMA
tension test and were compared to the DSC results in [13]. The estimated values of
the SMA parameters differ slightly depending on the technique applied, also because
that in the DSC process the transformation develops in all directions while during
the tension one direction is privileged. For the TiNi SMA used in this research
it was found that the Af equals to approximately 276 K, so it is obvious that the
SMA manifests PE behaviour during deformation at room temperature. The smooth
hardening function have used exponents n1, n2, n3, n4 for the desired level of curve
smoothness at the start and finish stage of the phase transformation [3]. The given
parameters are chosen with respect to the shape of the stress-strain curves obtained
during the tension loadings.

6.3 Experimental and numerical results

The experimental and numerical results of true stress and average temperature
changes vs. true strain, obtained during the TiNi SMA tension for various strain
and stress rates, are presented in Figures 6.5 to 6.7 and in Figures 6.8 to 6.10, re-
spectively. The obtained diagrams confirm an exothermic character of the forward
SIMT and the endothermic character of the reverse one, since the SMA specimen
temperature increases during the loading and decreases during the unloading pro-
cess. At the higher strain rates higher temperature changes are observed, which
significantly influences the stress level of the forward and reverse transformation [8].
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6.3.1 Strain-controlled tension loading: experimental and

numerical results

The experimental stress and the average temperature change vs. strain curves of
the TiNi SMA, subjected to the loading-unloading tension tests at strain rates of
10−3 s−1, 10−2 s−1 and 10−1 s−1 are presented in Figures 6.5(a), 6.6(a) and 6.7(a),
while their related numerical results in Figures 6.5(b), 6.6(b) and 6.7(b), respec-
tively. Looking at Figure 6.5, one can notice that during the loading the specimen
average temperature increases for approximately 20 K. However, at the true strain
value of about 0.055 the temperature starts to decrease. That means that the
martensitic forward transformation has almost been completed at this stage of the
SMA loading: the heat conduction to grips of the testing machine and the heat
convection is higher in comparison to the heat production related to the exothermic
martensitic forward transformation. In Figure 6.5, it can be noticed that the average
temperature of the specimen is lower that the initial temperature after the end of
the reverse transformtion. At the higher strain rate, e.g. 10−2s−1, the stress-strain
loop is much narrower, which was caused by the significant influence of the effects
of thermomechanical coupling, e.g. the SMA sample temperature increase for 39 K
(Figure 6.6(a)). At the strain rate of 10−1s−1, the stress-strain hysteresis loop is the
narrowest (Figure 6.7(a)). A huge temperature increase for 56 K is observed and the
temperature change vs. strain curves for the forward and the reverse transforma-
tion almost overlap. This indicates that the test was carried out in almost adiabatic
conditions.

The maximal total strain applied for the numerical analysis was 8%. All the
numerical tests considered for various strain rates were performed in 160 equal time
steps with the proper size which depends on the loading rate. The numerical results
show the similar qualitative and quantitative behaviour of the stress vs. strain and
the average temperature change vs. strain curves for all the tests; Figures 6.5(b),
6.6(b) and 6.7(b) compared to those obtained during the experiment; Figures 6.5(a),
6.6(a) and 6.7(a). It should also be noted that similar values of saturation effect
of the martensitic forward transformation were found at the strain rate of 10−3s−1

(Figure 6.5). Furthermore, the effects of the transformation saturation were also
confirmed by the modeling for the strain rates 10−2s−1 and 10−1s−1 (Figures 6.6
and 6.7).
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(a) experimental results

(b) numerical results

Figure 6.5: Comparison of true stress vs. true strain and temperature change vs.
strain curves for TiNi SMA during tension at strain rate 10−3s−1 [14, 16]

6.3.2 Force-controlled tension loading: experimental and

numerical results

Experimental curves of the stress and the average temperature change vs. strain,
obtained for the TiNi SMA subjected to loading-unloading tension cycles at stress
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(a) experimental results

(b) numerical results

Figure 6.6: Comparison of true stress vs. true strain and temperature change vs.
strain curves for TiNi SMA during tension at strain rate 10−2s−1 [14, 16]

rates 12.5 MPa/s, 25 MPa/s and 50 MPa/s, are presented in Figures 6.8(a), 6.9(a)
and 6.10(a), while their related numerical results are shown in Figures 6.8(b), 6.9(b)
and 6.10(b), respectively. Similarly to the above presented results, in the initial
tension stage the temperature does not change, however it starts to increase slightly
even before the stress-strain knee [8, 12–14, 18]. Soon, due to the heat production
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(a) experimental results

(b) numerical results

Figure 6.7: Comparison of true stress vs. true strain and temperature change vs.
strain curves for TiNi SMA during tension at strain rate 10−1s−1 [14, 16]

caused by the exothermic martensitic forward transformation, the average specimen
temperature increases very rapidly for 33 K with the stress rate of 12.5 MPa/s (Fig-
ure 6.8) and over 40 K for the stress rate 50 MPa/s (Figure 6.10). Moreover, at the
advanced state of the transformation, a decrease in the specimen temperature was
observed, signalling the saturation stage of the martensitic forward transformation,
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similarly to those observed in Figures 6.5 to 6.7 for the strain-controlled tension test.

(a) experimental results

(b) numerical results

Figure 6.8: Comparison of true stress vs. true strain and temperature change vs.
strain curves for TiNi SMA during tension at stress rate 12.5 MPa/s [14,16]

All numerical stress-controlled tests have been performed in 72 equal time steps
with the proper size depending on the loading rate; the maximal applied stress was
900 MPa. The numerical analysis gave similar qualitative and quantitative results
for stress vs. strain and temperature change vs. strain curves (Figures 6.8(b),
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(a) experimental results

(b) numerical results

Figure 6.9: Comparison of true stress vs. true strain and temperature change vs.
strain curves for TiNi SMA during tension at stress rate 25 MPa/s [14,16]

6.9(b) and 6.10(b)) compared to those found during the experiment (Figures 6.8(a),
6.9(a) and 6.10(a)). Moreover, similar saturation effects of the martensitic forward
transformation for both experimental and numerical results have been obtained for
all the stress rates applied [8, 16].
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(a) experimental results

(b) numerical results

Figure 6.10: Comparison of true stress vs. true strain and temperature change vs.
strain curves for TiNi SMA during tension at stress rate 50 MPa/s [14,16]

6.4 Discussion of verification results

Comparison of the experimental and numerical results obtained for TiNi SMA during
tension, for the various loading, is presented in Figures 6.11 to 6.14. Experimental
results of the stress vs. strain comparison is presented in Figures 6.11(a) and 6.13(a),
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while their related temperature changes comparison is presented in Figures 6.11(b)
and 6.13(b), respectively. Numerical results of the stress vs. strain comparison is
presented in Figures 6.12(a) and 6.14(a), while the corresponding comparison of
temperature changes vs. strain are shown in Figures 6.12(b) and 6.14(b), respec-
tively [15].

(a) stress vs. strain

(b) temperature change vs. strain

Figure 6.11: Comparison of experimental curves obtained during TiNi SMA tension
at strain rates 10−1s−1, 10−2s−1 and 10−3s−1 [14, 16]
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(a) stress vs. strain

(b) temperature change vs. strain

Figure 6.12: Comparison of numerical curves obtained during TiNi SMA tension at
strain rates 10−1s−1, 10−2s−1 and 10−3s−1 [14, 16]

At the higher loading rates higher values of the stress and temperature change
were obtained for all the tests irrespectively of the loading manner (Figures 6.11
to 6.14). The SMA temperature becomes higher since the martensitic forward trans-
formation is accompanied by a huge heat production; in the case of the higher loading
rates there is less time for the released heat to be transferred out. As a result, the
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(a) stress vs. strain

(b) temperature change vs. strain

Figure 6.13: Comparison of experimental curves obtained during TiNi SMA tension
at stress rates 12.5 MPa/s, 25 MPa/s and 50 MPa/s [14,16]

specimen temperature increases, causing a higher level of the stress observed during
the SMA loading and a higher slope of the stress-strain curves. The significant tem-
perature increase, accompanying the SMA loading at the higher strain rate, causes
the higher level of temperature during the unloading process, which results in a
higher stress level of the reverse endothermic transformation and narrower hysteresis
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(a) stress vs. strain

(b) temperature change vs. strain

Figure 6.14: Comparison of numerical curves obtained during TiNi SMA tension at
stress rates 12.5 MPa/s, 25 MPa/s and 50 MPa/s [14,16]

loop. Since the obtained differences of the temperature changes between the for-
ward and the reverse transformation are becoming smaller, the temperature changes
vs. strain curves are also narrower (Figures 6.11(b), 6.12(b), 6.13(b) and 6.14(b)).
The observed effects point to strong thermomechanical coupling, causing complex
mechanical and thermal state during the stress-induced martensitic transformation,
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especially when the test conditions become close to adiabatic, i.e. at the higher
loading rates [91].

It was also found due to the fast and sensitive infrared camera, that after the
SMA unloading the specimen temperature decreases below its initial temperature,
quite largely at the lower strain rates (Figures 6.11(b) and 6.13(b)). This thermal
effect [8,18] important for other kind of the SMA application as cooling elements, is
also confirmed by the proposed model (Figures 6.12(b) and 6.14(b)). Such results
verifies high accuracy of the used equipment and experimental approach, as well as
correctness of the applied model.

In order to explain a difference of the SIMT conditions between the two applied
experimental approaches (strain and stress-controlled tests) in more details, the
strain and temperature changes vs. time for the stress rate 25 MPa/s and strain rate
10−2s−1 are presented for experimental and numerical case in Figures 6.15 and 6.16,
respectively [12]. The graphs prove why such stress and strain rates have been taken
into consideration. Namely, the rate of deformation, which seems to be mainly
responsible for the transformation conditions, is similar for just these two chosen
tests during the main (middle) stage of the SMA loading with strain rate 10−2s−1,
since its estimated value equals to approximately 6.6× 10−3s−1 (Figure 6.16(a)).

One can notice in Figures 6.15 and 6.16 that in the case of the stress rate keeping
constant the SMA is deformed with various strain rates. As it was stressed in [8],
the stress-controlled tests should assure a constant stress rate, while the strain rate
changes according to the transformation progress. The three different stages can be
distinguished during the loading with the stress rate 25 MPa/s, according to the
strain rate and the transformation progress: the first stage where the strain rate is
low, the second with intense growth of the strain rate reflecting intense run of the
SIMT and the third stage related to the lower strain rate close to the transformation
saturation stage (Figures 6.15(a) and 6.16(a)). For the strain-controlled tests, the
strain rate is constant during the loading and unloading process for the forward and
reverse transformation and equal to established value of 10−2s−1 (Figures 6.15(b)
and 6.16(b)) [16].
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(a)

(b)

Figure 6.15: Experimental results. Comparison of strain and temperature change
versus time curves for TiNi SMA during tension at (a) stress rate 25 MPa/s and (b)
strain rate 10−2s−1 [14, 16]
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(a)

(b)

Figure 6.16: Numerical results. Comparison of strain and temperature change versus
time curves obtained for TiNi SMA during tension at (a) stress rate 25 MPa/s and
(b) strain rate 10−2s−1 [14, 16]



Chapter 7

Numerical analysis of problems and
modeling of real SMA structures

7.1 Numerical analysis of benchmark examples

To verify functionality of the constitutive model and its implementation, the pro-
posed SMA phenomenological effects (pseudoelasticity and SME) need to be success-
fully simulated. The benchmark examples are intended to verify the correctness of
the implemented integration procedure. As introductory tests, the uniaxial tension
loading examples are prepared and the obtained results are compared to the litera-
ture. The investigation will be extended on multiaxial loading tests from literature
to additionally show correctness of the model.

7.1.1 Uniaxial tension loading

The uniaxial tension loading examples are designed according to literature [78].
The unit cube made of SMA has been prepared as 3D FEM model. The model con-
sists of two equal 3D 8-node finite elements. The boundary and loading conditions
and the material parameters have been applied according to the literature (Fig-
ure 7.1) [3, 78]. The material parameters required for computation are the Young’s
modulus for austenite and martensite phases EA and EM , the thermal expansion
coefficients αA and αM , the martensite start and finish Ms, Mf as well as austenite
start and finish temperatures at zero stress, As and Af , the maximum transforma-
tion strain H, the austenite and martensite stress influence coefficients ρ∆sA and
ρ∆sM . The material parameters from [78], used in those examples, are given in
Table 7.1. In addition, for the investigation of the smooth hardening function, the
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smooth hardening parameters n1, n2, n3, n4 are necessary to be chosen. Comments
about choosing of smoothness parameters (n1, n2, n3, n4) also are given.

Figure 7.1: The FEM mesh with boundary and loading conditions for uniaxial
tension loading examples

Table 7.1: Material parameters of SMA used in uniaxial loading examples [78]

EA EM αA αM
70.000 MPa 30.000 MPa 22.0 · 10−6K−1 22.0 · 10−6K−1

Ms Mf As Af
291K 271K 295K 315K
H ν ρ ∆sA ρ ∆sM

0.05 0.33 −0.35 MPa K−1 −0.35 MPa K−1

Pseudoelasticity effect example

The pseudoelastic behavior of the SMA is expected phenomenological effect in this
example. The process is carried out on constant temperature 325 K under isother-
mal conditions. The temperature is higher than the austenitic finish temperature
Af = 315 K. The cube is loaded quasi-statically by uniaxial tension stress of σ = 600

MPa in 100 equal time steps until full martensitic phase is achieved. The material is
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then unloaded in 100 equal steps to stress free configuration. As it can be seen in Fig-
ure 7.2(a), all transformation strains were fully recovered. The simulation has been
done for exponential, cosine and polynomial hardening functions in order to compare
the obtained results (Figure 7.2(a)) to the literature results (Figure 7.2(b)). The
exactly same results can be noticed looking at the Figure 7.2(a) and Figure 7.2(b).

(a) simulation results (b) literature results obtained from [3,78]

Figure 7.2: Comparison of stress-strain diagrams presenting the SMA pseudoelas-
ticity effect

Furthermore, the polynomial and cosine hardening functions are compared to
the smooth hardening function. Using the smooth function, by correction of the
smoothness parameters, it is possible to tune the results with respect to experimental
measurements. By smooth coefficients variation n1, n2, n3, n4 the dependence curve
behaves in smooth fashion. For the case n1 = n2 = n3 = n4 = 1.0, the obtained
results are the same as for polynomial hardening function. For the smoothness effect,
Ms and Af are needed to decrease, while As and Mf should be increased in order
to achieve better matching the applied experimental results [3, 52, 81].

Shape memory effect example

This example demonstrates a capability of the modified model to catch the shape
memory effect. A starting temperature of the SMA specimen is fixed on 295 K which
is between the austenitic As and martensitic Ms start temperature. The uniaxial
tension stress of σ = 600 MPa is applied quasi-statically in 100 equal time steps until
the maximal transformation strain is achieved. Then the cube is relaxed in another
100 steps to zero stress. In this case, it was assumed that the loading and unloading
process are without influence of the thermo-mechanical coupling effect. After the
relaxation, there are residual strains and the material is in the martensitic phase.
Then, the temperature of the cube is increased in all nodes above the austentic finish
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Figure 7.3: Comparison of smooth hardening function to the polynomial and cosine
for SMA pseudoelasticity effect

temperature Af to 350 K in 100 steps and the transformation strains are completely
recovered as it is given in Figure 7.4. The obtained results (Figure 7.4(a)) have been
compared to the literature data (Figure 7.4(b)). The excellent agreement has been
achieved.

(a) simulation results (b) literature results obtained from [3,78]

Figure 7.4: Stress-strain diagrams presenting SMA shape memory effect

Finally, the smooth hardening function (with hardening coefficients n1 = 0.2, n2 =

0.3, n3 = 0.4 and n4 = 0.5) have been compared to the polynomial and cosine [3]
hardening law. The simulation results is presented in Figure 7.5.
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Figure 7.5: Comparison of smooth hardening function to the polynomial and cosine
for SME

Phase transformation induced by temperature change

The SMAmodel with proposed modifications also need to have capability to simulate
a temperature-induced phase transformation. To present that, this example has been
prepared according to the literature [3, 78]. The initial temperature of the alloy is
350 K (above Af ). Small uniaxial stress 40 MPa (not sufficient to initiate phase
transformation) is applied on one side of the cube while the opposite is fixed. The
material temperature decreases below martensitic finish temperature Mf to 250 K
and the phase transformation occurs. After heating to initial temperature, during
the reverse phase transformation, all transformation strains are recovered. The
strain-temperature dependence is presented in Figure 7.6. The simulation results
(Figure 7.6(a)) have been also compared to the literature data (Figure 7.6(b)). The
same strain-temperature dependences were noticed.

The smoothness hardening parameters have been also examined in this case and
compared to the polynomial and cosine [3] hardening. The obtained results are
presented in Figure 7.7.

7.1.2 Multiaxial loading

Two multiaxial loading examples are prepared to extend verification of the proposed
modifications. The FEM model is the cube of dimension 2×2×2. The loading con-
ditions are proposed as axial and shear stress in proportional and non-proportional
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(a) simulation results (b) literature results obtained from [3,78]

Figure 7.6: Temperature-induced martensite transformation in SMA

Figure 7.7: Comparison of smooth hardening function to the polynomial and cosine
for the temperature-induced martensite transformation

manner. The material parameters used for those simulations are in accordance with
literature [28] and are given in Table 7.2. As an interesting selection for harden-
ing function, the smooth hardening law [3, 78, 81] has been used. The smoothness
parameters has been set as n1 = n2 = n3 = n4 = 0.3.
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Table 7.2: Material parameters of CuAlZnMn alloy used in multiaxial loading ex-
amples [28, 92]

EA EM αA αM
30.000 MPa 10.000 MPa 10.0 · 10−6K−1 10.0 · 10−6K−1

M0s M0f A0s A0f

269K 183K 188K 283K
H ν ρ∆sA ρ∆sM

0.035 0.30 −0.28 MPa K−1 −0.28 MPa K−1

Proportional tension - shear loading example

The modified model is further examined by prediction of behavior under multiaxial
loading in pseudoelasticity range. The SMA temperature has been set to be constant
and equal to 308K during the analysis. As it was proposed in [92] the temperature
is 25K higher than Af = 283K. The loading path, given in Figure 7.8, is chosen
according to [50] where tension is governing loading and shear is applied with a
proportionality factor. The tension amplitude is 370 MPa, while the maximum
shear stress is 80 MPa. Unloading is also conducted proportionally. The obtained
stress - strain results are given in Figure 7.9.

Figure 7.8: Stress path in proportional loading

As it can be noticed the both the tension and shear have pseudoelastic re-
sponse (Figure 7.9). Both, loading and unloading are performed simultaneously
(Figure 7.10), what presents the capability of the model to simulate behavior of the
SMA under the proportional loading conditions.

Also, the influence of the time step increment on the accuracy for proportional
loading example is analyzed. The analysis has been performed in 200 time steps and
the results have been compared with the the results of simulation in 10 times bigger
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Figure 7.9: Tension and shear stress-strain diagrams for proportional loading

Figure 7.10: Axial-shear strain diagrams for proportional loading

step (20 time steps analysis). As it can be noticed in Figure 7.9, the stress-strain
dependence is the same in the coincident steps, but the path can be different because
it depends on the loading phase (phase transformation or elastic conditions).
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Non-proportional tension-shear loading example

This example has been inspired by experimental results [92] and numerical simula-
tions [28,50] from literature. The modified implementation of the constitutive model
has been examined for capability to perform the simulation for non-proportional
loading for pseudoelasticity effect. In this scope, the temperature of the SMA spec-
imen is set to 308 K (25 K more than austenitic finish temperature Af = 283 K).
The experimental results of similar example were obtained from tension-torsion ex-
periment of thin wall specimen [92] made of CuAlZnMn alloy and the obtained data
are available in literature [28,29,92].

Figure 7.11: Axial stress vs. shear stress diagram presenting non-proportional load-
ing

In simulation of the experiment, the axial stress of 240 MPa and then the shear
stress of 200 MPa were applied combined at the same side of the cube (2 × 2 × 2)
which consists of one 3D element, while the opposite side is constrained (Figure 7.11).
Firstly axial stress was unloaded and than shear strains were recovered. The material
parameters in this analysis are set in accordance to the literature [28]. For the axial
and shear stress applied, the axial strain-shear strain dependence is presented in
Figure 7.12. Furthermore, the relations between axial stress and strain and shear
stress and strain are presented in Figures 7.13 and 7.14, respectively.

As it can be noticed, for the non-proportional loading, accuracy depends on
step size because of constant direction of stress integration during the time step.
In proportional loading, that difference does not exists because the direction is



CHAPTER 7. NUMERICAL EXAMPLES 123

Figure 7.12: Axial strain vs. shear strain diagram presenting non-proportional load-
ing

Figure 7.13: Axial stress vs. strain diagram presenting non-proportional loading

constant. Good agreement between the results for different time steps justifies the
proposed assumptions about the stress integration in time step.
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Figure 7.14: Shear stress vs. strain diagram for non-proportional loading

7.2 Large strain examples

7.2.1 Simple shear with superposed rigid rotation

In order to demonstrate the objectivity of constitutive equations and the frame-
indifference of the stress integration, simple shear SMA loading example has been
carried out with the superposed rigid rotation [84,93].

The simple shear is defined by displacement described as function of rotation
about e1-axis as following:

x = R [X + (ẋt)X3e2] , (7.1)

where the rotation tensor R is defined as:

R = (e2 ⊗ e2 + e3 ⊗ e3) cos (ωt) + (e2 ⊗ e3 − e3 ⊗ e2) sin (ωt) + e1 ⊗ e1. (7.2)

The material parameters used for the numerical calculation are the same as given in
Table 7.1. The angular velocity of the rotation is ω = 0.02π radians per second for
t ∈ [0, 100], so that θ = ωt ∈ [0, 2π]. The velocity of the deformation is positive in
the first half of rotation ẋ = 0.0025 per second for t ∈ [0, 50] so that ẋt ∈ [0, 0.125].
While, the velocity of the deformation in the second half of the rotation process is
negative ẋ = −0.0025 per second for t ∈ [50, 100] so that ẋt ∈ [0.125, 0]. The time
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Figure 7.15: Representative positions of simple shear loading example with super-
posed rigid rotation

step of ∆t = 1s is fixed and corresponds to a shear strain increment of ∆γ = 0.0025

and a rotation increment is ∆θ = 3.6◦. The results of the shear component of the
"unrotated" Kirchhoff stress versus amount of shear γ obtained from the numerical
calculation is shown in Figure 7.16.

The two obtained curves overlap each other what demonstrates good agreement
between the two calculation approaches. The view on the initial and deformed
geometry at a several representative positions of the simple shear plus superposed
rotation are shown in Figure 7.15.

7.2.2 Cantilever beam with moment at free end

The large deflection of beams can be find in many industrial applications such as
aerospace engineering, structural designs, suspension bridges, and various kinds of
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Figure 7.16: Comparison of results obtained for SMA shear with superposed rotation
against shear with no superposed rotation

manufacturing processes. So as popular problem, a rectangular cross-section can-
tilever beam loaded with a moment at free end is considered in this work (Fig-
ure 7.17).

Figure 7.17: Scheme of cantilever beam subjected to end moment

The beam is made of SMA with the same material parameters as given in Ta-
ble 7.1. The dimensions of the model are 100 mm × 40 mm × 10 mm. The FEM
mesh is divided into 320 (20 × 16 × 1) 3D elements. The model is loaded at the free
end by the moment given as pressure in the direction of the cantilever length. The
pressure is positive at upper half of the cross section and negative on the lower part
distributed as uniformly varying load (linear function) over the vertical coordinate.

In Figures 7.19(a), 7.19(c) and 7.19(e) it can be noticed that during the loading
the axial stress in direction of the cantilever length is changing in expected fashion
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Figure 7.18: Force – displacement dependence at the loaded SMA cantilever end

(symmetric with respect to the neutral line). The stress has highest value in the
outermost points looking from the neutral (middle) line where the axial stress is zero.
When the martensitic phase transformation begins in 8th step (Figure 7.19(d)) a
cumulation of the martensitic volume fraction can be noticed at the free end of
the cantilever. The reason for this is a deflection of the cantilever what influences
asymmetry of the problem. The concentration of the martensite is the highest
in 10th step (Figure 7.19(f)), while it becomes lower when the unloading begins
(Figures 7.20(b), 7.20(d) and 7.20(f)) and it disappears when we come back to the
elastic zone.

7.2.3 Stent unit cell

For the numerical analysis of complex SMA structures exhibited large strains, fi-
nite deformation constitutive model is necessary for correct simulation. To show
capability of the implemented constitutive model, a behavior of stent unit cell is
modeled with initial geometry given in Figure 7.21 [49, 94]. Due to the symmetry,
the FEM model of one-quarter of the stent unit cell is given in Figure 7.22. Material
parameters used in this analysis are given in Table 7.3.

The prescribed boundary conditions for the stent unit cell are: the nodes on the
bottom face are describing a Y-symmetry, on the left face are describing X-symmetry,
while on the top face a displacement profile is prescribed along direction-Y for all
the nodes. All the nodes have the same initial temperature of 298 K. The FEM sim-
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(a) Stress distribution along the cantilever
length in the 6th step

(b) Martensitic volume fraction in the 6th step

(c) Stress distribution along the cantilever
length in the 8th step

(d) Martensitic volume fraction in the 8th step

(e) Stress distribution along the cantilever
length in the 10th step

(f) Martensitic volume fraction in the 10th step

Figure 7.19: Stress distribution along the cantilever length and martensitic volume
fraction in chosen steps during the loading

ulation was conducted with and without influence of thermo-mechanical coupling
on material behavior. In Figure 7.23, the force vs. displacement dependency ob-
tained from the loading–unloading cycle with thermo-mechanical coupling and with
constant temperature prescribed in nodes is presented. The force is obtained as
constrained forces along the Y-direction for all the nodes at the top face. From the
curve presented in Figure 7.23, one can notice pseudoelastic uniaxial response (flag-
like). Also, it can be observed that thermo-mechanical coupling strongly influences
force-displacement diagram, what was also noticed during the model verification in
uniaxial tension tests [16]. Presented dependency show that during the exploitation
of SMA structures, significant temperature change is possible what is very important
for cyclic loading and high loading rate deformation.

From the curve given in Figure 7.23, it can be noticed that the uniaxial (flag-like)
pseudoelastic response exhibited. Also, the martensitic volume fraction through-
out the stent unit cell is determined at any point of the loading process. In Fig-



CHAPTER 7. NUMERICAL EXAMPLES 129

(a) Stress distribution along the cantilever
length in the 12th step

(b) Martensitic volume fraction in the 12th step

(c) Stress distribution along the cantilever
length in the 14th step

(d) Martensitic volume fraction in the 14th step

(e) Stress distribution along the cantilever
length in the 16th step

(f) Martensitic volume fraction in the 16th step

Figure 7.20: Stress distribution along the cantilever length and martensitic volume
fraction in chosen steps during the unloading

ure 7.24 are given contours of the martensitic volume fraction at the initial state
(Figure 7.24(a)) and at the maximum loading i.e. the highest concentration of
martensite volume fraction (Figure 7.24(b)).

Also, martensitic volume fraction in stent unit cell is determined in each point
of loading process. In Figure 7.24, martensitic volume fraction in initial state (Fig-
ure 7.24(a)) and at the maximal loading i.e. the highest concentration of martensitic
volume fraction (Figure 7.24(b)) are given. Change of stent temperature in adia-
batic conditions, is presented in Figures 7.25 to 7.27. The initial temperature is
given in Figure 7.25. After the loading by displacement rate v = 2.82mm/s in 20
time steps to the maximal displacement of 2.82mm, phase transformation energy
transformed into the heat imposed the temperature change presented in Figure 7.26.
In the next 20 steps, the same displacement rate was used during the unloading,
what imposed the reverse phase transformation and temperature change given in
Figure 7.27. As it can be noticed, forward phase transformation release the heat
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Table 7.3: Material parameters of SMA for stent unit cell

Parameter Value
Austenitic Young modulus EA = 6.20 · 105MPa
Martensitic Young modulus EM = 3.10 · 105MPa

Poisson’s ratio ν = 0.33
Maximal transformation strain H = 0.047

Density ρ = 6290 kg
m3

Austenitic coefficient of thermal expansion α = 1.0 · 10−5

Martensitic coefficient of thermal expansion α = 1.0 · 10−5

Conductivity k = 18 W
m2K

Convectivity λc = 6.5 W
m2K

Capacity c = 0.46 · 10−9 MJ
kgK

Austenitic stress influence coefficient ρ∆sA = −0.364MPa
K

Martensitic stress influence coefficient ρ∆sM = −0.364MPa
K

Martensitic start temperature M0s = 251.3K
Martensitic finish temperature M0f = 213K
Austenitic start temperature A0s = 260.3K
Austenitic finish temperature A0f = 268.5K

Figure 7.21: Specimen geometry for a stent unit cell of thickness 0.53 mm [49,94]
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Figure 7.22: Undeformed mesh of one-quarter of the tested stent unit cell

Figure 7.23: Одзив сила-померање добиjена FEM анализом jедниничне ћелиjе
стента под псеудоеластичним условом

and material temperature increases, while the reverse phase transformation, absorbs
the heat and some parts of the stent are cooled below the initial temperature.

This phenomenon has been already observed for the various strain rates in ex-
perimental and numerical investigation of SMA samples. It was noticed that the
specimen temperature after unloading, for the small strain rates, drops under the ini-
tial temperature. This verifies functionality of thermo-mechanical implementation
of SMA constitutive model for the large strain problems.
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(a) the initial state and upon full reversal of the deformation to the initial
position

(b) the state at the maximum loading conditions

Figure 7.24: Contours of martensite volume fraction within the stent unit cell with-
out thermo-mechanical coupling
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Figure 7.25: Temperature field of stent unit cell at initial state

Figure 7.26: Temperature field of stent unit cell at maximal loading
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Figure 7.27: Temperature field of stent unit cell at unloaded state



Chapter 8

Conclusions

Fascinating properties of SMA and phenomenon exhibits during its behavior, pro-
vide wide application of SMA in reliable constructions. Demands appointed by the
researchers and engineers around the world, motivated the author to start an in-
vestigation of the SMA behavior. The idea to efficiently and accurately simulate
SMA behavior is very useful for many scientific problems and industrial solutions
where SMA finds application. There are many mathematical models and several
approaches which describe phenomenological behavior of SMA, so, it is difficult to
choose the proper solution. So, the simplification and improvements are obligatory
if we want to make the implementation more efficient and accurate. Decomposition
of the deformation gradient to deviatoric and volumetric part and using the effective
variables, provided possibility of further extension of the constitutive model.

One of the important properties is high thermal sensitivity of SMA, noticed dur-
ing the experimental investigation. This causes problems during the exploitation
and production, but also this motivates analysis of temperature change influence.
Beside the external factors which causes the temperature change of SMA, the dis-
sipative energy of martensitic phase transformation and its influence on the SMA
behavior are of great importance for the correct simulation of the material behav-
ior. As the most appropriate solution, the partitioned approach for the coupling
of structural analysis and heat transfer components is chosen as the most powerful
solution for thermo-mechanical problems.

The simulation of the complex stress states and 3D FEM models for large strains
up to 10% for SMA, makes the need for extension of the constitutive model to
the large strain theory problems. Using the multiplicative decomposition, the well
known techniques of constitutive models extension for large strain problems and the
improvements of the constitutive model, give a popular software solution powerful

135
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to solve thermo-mechanical SMA problems for complex stress states.
For the successful realization of the objectives several tasks were necessary to be

solved:

1. • The theory presented by Lagoudas in his book [3], was inspiration and
the base for the thinking about the mathematical description of the SMA
behavior. Details given in the book and published papers, motivated the
author to extend the research in the framework of the phenomenological
SMA models.

• After the starting application of the given theory, necessary simplifica-
tions were adopted in order to use the method proposed by Kojić and
Bathe [64] for the efficient integration of the constitutive equations.

• It was necessary to modify the critical thermodynamic force to match
new integration method. The total stress is decomposed into deviatoric
and mean part and the stress integration is done in direction of the trial
deviatoric stress or the trial transformation strain. That simplified the
constitutive model to solution of only one scalar non-linear equation in
iterative procedure. Already given examples given by Lagoudas in [78] are
investigated as benchmark tests for the correctness and functionality of
the implemented constitutive model. Three uni-axially loaded examples
[78] are analyzed to verify described modifications and the same results
were obtained.

2. • Furthermore, the results of wide program of the experimental tests per-
formed at the IPPT, PAN and AIT in Japan, available in published pa-
pers, verified strong thermo-mechanical coupling during the pseudoelastic
loading and unloading. The experiments were performed under the var-
ious stress and strain rates, what was necessary request for the correct
numerical analysis. The experiments have been carefully conducted and
the important data were measured, systemized and compared to show
influence of the various loading rates on the material behaviour. The
obtained results show great sensitivity of the SMA stress-strain curves to
the loading rates and their related temperature changes due to the strong
thermomechanical coupling.

• Thermal sensitivity and the specific behavior of the SMA under the var-
ious loading rate are new demands which need to be achieved for the
accurate and correct numerical simulation.
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• Those observations imposed further extension of the SMA constitutive
equations. The necessary capability of the SMA constitutive model to
simulate thermo-mechanical coupled problems expanded the field of in-
terest to thermal properties of phase transformation. Separate FEM soft-
ware components for the structural and the heat transfer analysis were
available. The partitioned coupling approach was established as consid-
erable solution due to possibility to model complex stress and thermal
states and to take into account mutual influence.

• Further, such coupling approach provides re-use of existing FEM software
in order to accurately predict the SMA behavior. To show the advantages
of the coupled analysis, the experiments have been modeled realistically
with included boundary and loading condition for both structural and
heat transfer analysis.

• The obtained results have been compared with the experimental one for
all stress and strain rates. The comparison of the experimental and nu-
merical results indicates good qualitative and quantitative agreement,
since the model confirms stress as well as temperature variations.

• Both the experimental and numerical data significantly depend on the
applied loading rate.

• The numerical model also confirms the saturation stage of the exothermic
martensitic forward transformation, as well as the temperature decrease
during the reverse transformation and even its decline below the initial
SMA specimen temperature after the unloading. The temperature change
caused by the exothermic phase transformation, has a significant influence
on the SMA behavior.

3. • As an answer on the request to model the complex SMA structures, the
multiplicative decomposition of total deformation gradient is assumed.

• The trial elastic deviatoric strain can be calculated by using the Green-
Lagrange or logarithmic strain tensor and the further integration proce-
dure is the same as in the case of small strains.

• That provides possibility to use same iterative procedure for computing
of large strain problems. As the benchmark verification examples several
multiaxial loading examples have been prepared.

• To extend the application of the introduced implementation, the can-
tilever beam loaded by the moment at the free end is modeled. The
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presented results show that the contours for the stress and the marten-
sitic volume fraction are obtained as expected. At the end, the stent
unit cell is modeled to show applicability of the implementation. The ob-
tained results are compared with the literature results and the satisfying
matching of the results have been achieved.

Further research

During the research presented in this thesis, several possible directions of further
investigation have been recognized.

Experimental research of the cyclic loading of SMA specimens has become the
challenging because of the change of material characteristic. The numerical simu-
lation of such problems is one of the task which should present the applicability of
the given implementation and to define necessary improvements. Also, one of the
possible problems observed during the experimental investigation is accumulation
of martensitic volume fraction during the cyclic loading.

A special case of the subloop cyclic loading is necessary to be examined as real
demand in SMA exploitation. In this scope, also there are question about the fatigue
investigation of SMA.

In this thesis, benchmark examples have been presented as well as selected exam-
ples from literature which present functionality of the given approach. Further FEM
modeling of real structures and simulation of the possible complex stress states is
challenge and commitment in the further research of such materials. Details which
should be investigated with special care are possibility of plastic deformation along
the transformation strains due to higher stress states and maximal transformation
strain dependency on stress. Also, different tension-compression behavior (asymme-
try) of SMA is interesting phenomenon which need to be described.

Also, various multiphysical problems which require interaction of several physical
fields can be interesting i.e. during the stent implementation into the human body
there are interaction between the stent and the blood vessel what is dangerous
operation. After the implementation, the stent is in the specific environment in
permanent contact with fluid flow, so a simulation f such behavior using the fluid-
structure interaction could help to prevent undesired consequences. Also, due to
the good electro-conductivity, SMA effects can be used by Joule heating effect in
electric cables.

A special group of SMA with the magnetic properties have been recognized as
useful and applicable. So, it is necessary to extend the coupling to thermo-magneto-
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mechanical level and provide possibility to solve such multiphysics problems. A
separate component capable to solve magnetic field problems is necessary to be
developed and coupled with the already used components. Also, according to already
published papers of experimental investigation of such materials [18], it is necessary
to analyse physical demands of the coupling.
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Appendix A

Time integration procedure

In this appendix, the detail about the time - integration procedure for the rate
independent phenomenological constitutive model are presented. By t is denoted
the current time, ∆t is the time increment.

Given : { Ft0 , Ft+∆t
0 , ξt , etr

t , Tt , Tt+∆t , σt , bEt }
Calculate : { σt+∆t , ξt+∆t , etr

t+∆t , bEt+∆t }
The steps of the computation procedure:
Step 1. Calculate the trial deviatoric elastic strain e

′t+∆t
∗:

b
t+∆t

= F
t+∆t

0 F
t+∆t T

0 .

F
t+∆t

t =
(
det Ft+∆t

t

)− 1
3 Ft+∆t

t F
t+∆t

0 =
(
det Ft+∆t

0

)− 1
3 Ft+∆t

0 ,

b
t+∆t E

∗ = F
t+∆t

t b
t E

F
t+∆t T

t .

e
′t+∆t E
∗ = hEt+∆t

∗ =
1

2
ln b

t+∆t E

∗ =
3∑

k=1

ln
(

λk
t+∆t E

∗

)
qk

t+∆t qk
t+∆t ,

Step 2. Calculate the trial mean strain em
t+∆t and the thermal strain eth

t+∆t :

em
t+∆t =

1

3
ln
[
det
(

Ft+∆t
0

)]
eth

t+∆t = αt+∆t ∆T
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Step 3. The trial transformation strain:

ht+∆t =
1

2
ln b

t+∆t
=

3∑
k=1

ln
(

λk
t+∆t

)
qk

t+∆t qk
t+∆t ,

etr
t+∆t

∗ = ht+∆t − hEt+∆t
∗,

Step 4. Calculate the trial deviatoric stress S
′t+∆t
∗ and the mean stress σm

t+∆t :

S
′t+∆t
∗ = 2 Gt+∆t e

′t+∆t
∗

σm
t+∆t = cm

t+∆t
(

em
t+∆t − eth

t+∆t
)
,

Step 5. Calculate transformation function Φ:

Φ =



HS + 1
2

(
1
3
S2
(

1
GM − 1

GA

)
+ 3σm

2
(

1
cmM − 1

cmA

))
+ 3σm

(
αM − αA

)
∆T+

ρ∆s0 (T −Ms)− ∂f(ξ)
∂ξ

; ξ̇ > 0

−S
′
∗ : etr

t
∗
H

tetr
+ 3G∆ξH2 − 1

2

(
1
3
S2
(

1
GM − 1

GA

)
+ 3σm

2
(

1
cmM − 1

cmA

))
−

3σm
(
αM − αA

)
∆T − ρ∆s0 (T − Af ) + ∂f(ξ)

∂ξ
; ξ̇ < 0

Step 6. If Φt+∆t (k) ≤ tolerance then

∆ξ = 0

Solution is correct - go to step 11.

Step 7. Compute increment of martensitic volume fraction in iteration

Φt+∆t (k) + d Φt+∆t (k) = Φt+∆t (k+1) = Φt+∆t (k) +
∂ Φt+∆t (k)

∂ξ
d ξt+∆t (k) ' 0

d ξt+∆t (k) = − Φt+∆t (k)

∂ Φt+∆t (k)

∂ξ

Step 8. The step increment of martensitic volume fraction and the current
martensitic volume fraction are updated as follows:

∆ ξt+∆t (k+1) = ∆ ξt+∆t (k) + d ξt+∆t (k); ξt+∆t = ξt + ∆ ξt+∆t (k+1)
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Step 9. Update of the effective deviatoric stress:

St+∆t =


St+∆t
∗ − 3 Gt+∆t H∆ ξt+∆t ; ξ̇ > 0

√
St+∆t
∗2 − 6 Gt+∆t H∆ ξt+∆t S′t+∆t

∗: etrt
∗

etrt + 9 Gt+∆t 2H2∆ ξt+∆t 2; ξ̇ < 0

Let k = k + 1 and go to the step 5.
Step 10. The deviatoric stress at the end of time step S

′t+∆t :

S
′t+∆t =


St+∆t

St+∆t
∗

S
′t+∆t
∗; ξ̇ > 0

S
′t+∆t
∗ − 2 Gt+∆t H∆ ξt+∆t etrt

etrt ; ξ̇ < 0

.

Step 11. The total stress σt+∆t and the increment of the transformation strain
at the end of time step are given as:

σt+∆t = S
′t+∆t + σm

t+∆t I; ∆etr
t+∆t =


3H∆ ξt+∆t

2 St+∆t S
′t+∆t ; ξ̇ > 0

H∆ ξt+∆t

etrt etr
t ; ξ̇ < 0

.

Step 12. Update of the left Cauchy-Green tensor b
t+∆t E

b
t+∆t E

= b
t+∆t E

∗
(
I − 2∆ etr

t+∆t
)
.

Step 13. The update of transformation strain at the end of time step etr
t+∆t :

etr
t+∆t = ht+∆t − hEt+∆t ,

где jе:

hEt+∆t =
1

2
ln b

t+∆t E
.
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