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CaxeTak

Caxerak

Teopuja PuMaHOBUX U ceMU-PUMaHOBUX MTOAMHOTOCTPYKOCTH je jeTHa O] Ha-
JUHTEPECAHTHUJUX OOJACTH y KJACHYHO] W CaBPEeMEHO] JUdEepeHIIN]aTHO] Te-
omerpuju. Ilopen Tora, mudepeHnujaTHa TeOMeTpHja TTOIMHOTOCTPYKOCTH Y
nmpocTopuMa MHUHKOBCKOT je 00JIACT UCTpakuBarmba Koja je MOCTIeImeM IIepH-
Oy Hajla MHOT€ HOBE pe3ylTaTe, HApOUUTO Y TEOPHjHU CBETIIOCHUX ITOIMHO-
TOCTPYKOCTH.

V 0BOj TOKTOPCKO] AUCEPTAITHJU TPEICTABIBLEHE CY HEKE CICIHjalTHe BPCTE
KPHBUX, periepa U MOBPIH Y TpocTopuMa MUHKOBCKOT. JloOUjeHe Cy eKCIUTUTIN-
THE MapaMeTapcKe jeTHAUYMHE TPOCTOPHUX PEKTU(PUKAITUOHUX KPUBHX Y TTPOCTO-
py Munkosckor E? unja je mpojexuuja Ha IpOCTOPHY, BPEMEHCKY UM CBETIIOCHY
paBaH HopMaiHa KpuBa. Takobhe cy gaTe eKCIDTUIIMTHE MapaMeTapcKe jeTHAUMHE
MPOCTOPHUX HOPMAITHUX KPUBUX Y UCTOM IIPOCTOPY UMja je MPOjeKIIrja Ha CBE-
TJIOCHY paBaH y OJHOCY Ha M3a0paHy CKPWH JUCTPUOYIIH]Y PeKTU(PUKAITTOHA
W -xpuga.

JlokazaHo je 1a He ocToje HyJl MaHxajMoBe KpUBe Y TPOCTOPY MUHKOBCKOT
R3. Takobe je nokaszaHo 1a cy jeMHe Mceyno Hyl MaHxajMoBe KpUBE IICEYI0 HyJT
KPYXHHULE U TICEYA0 HyJ npase JuHuje. [lojam MaHxajMOBUX KPUBHX j€ J1aJbE
YOIINTEH YBOhEeHeM yomnTeHuX Hy) 1 MaHXajMOBUX KPUBHUX Y TPOCTOP-BPEMCHY
MunkoBckor. JlaTa je kapakTepusalija TAKBUX KPUBUX M FbUXOBUX YOI TCHUX
MPUIPYKEHUX KPUBHUX y TEPMUHUMA BUXOBHUX (QyHKIHja KpuBuHe. [locebHO,
mobujeHe cy penanuje u3Mely pemepa moMeHyTHX napoBa KpuBUX. Takohe cy
nedruHUCaHe YOTIIITeHe TIcey 10 Hy)T MaHXajMoBe KPHUBE U YOIIIIITEHE MapIHjaTHO
Hy1 MaHxajMoBe KpUBE y MpocTop-BpeMeHy Munkosckor R}, JlokasaHo je j1a
HE TIOCTOje HETEO Ie3NjCKe YOTIITeHE MaplujaTHo Hyll MaHxajMoBe KpUBE pas-
MaTpambeM MOTYhHOCTH J1a Cy ’bUMa IIpUIpYKeHe KPUBE IIPOCTOPHE, BPEMEHCKE,
Hyn KapTaHoBe, apiujaaHo HyJ, WK riceyno Hyln dpeHeoBe KpUBE.

VBenena je bakmyHmoBa TpaHchopMalmja rceyao Hya W Hyn KapraHose
KpUBEe y IpocTopy Munkosckor R? kao Tpanchopmaimja Koja MpeciukaBa
ricey 1o HyJ1 win Hy1 KapTanoBy xenucy y reey/1o HyJ1 win Hyi KapTaHoBy Xenucy
KOHT'PYEHTHY I0JIa3HO] Xenucu. HaBeneHu cy JOBOJbHM YCIOBH 3a TpaHchopMa-
M)y aBejy HyJ1 KapTaHOBHMX WU TICEy A0 HYJI KPUBHUX, IIPH KOJUMa Te KPUBE UMajy
jenHake W KoHcTaHTHe Top3mje. Ilomohy [a PuocoBe jemHadmHe BPTIONKHOT
BITAKHA KOja C€ 3aCHUBA Ha JIOKAJTHO] MHAYKIIM]CKO] AalIPOKCUMAIIU]H, U3BE/ICHA j&
jeTHauYMHA BPTIOKHOT BllakHa Hyn KapraHoBe kpuBe u ojipehena esonymona
jemHaunHa meHe Top3uje. Takole je moOWjeHa jegHAUMHA BPTIOXKHOT BIaKHA
Tceya0 HyJI KpUBE M TOKA3aHO [1a je €BOJYIMOHA jeTHAUMHA heHe Top3uje byp-
repoBa jeqHauYnHA.



CaxeTak

V mucepraumju cy nedunucanu buionoBu penepu Tceys0 HYJT KPUBE U
JTOKa3aHo je J1a ce HopMaHu bumonosu Bektopu Ny u Ny MOTY TO0OUTH TIpH-
MEHOM XUIepOOTNYKe pOTalije, OMTHOCHO KOMITO3UIIMje TPU POTAllfje OKO IBE
CBETIIOCHE U jemHe mpocTopHe oce Ha PpeHeose BekTope N u B penom. Takolhe
je nedunucan bummonos penep Hyl1 KapTaHoBe KprBe 1 TOKa3aHO A4 OJT CBUX HYJ
Kapranosux kpusux, jeauno nyia Kapranosa kybna kpuBa nma jiBa burmonosa
pernepa, 0J1 KOjuX ce je/laH MoKJana ca leHuM KapTaHoBuM periepom.

Ha xpajy maucepranuje je yBeleH IojaM YBHjeHMX IOBPIIH APYIe BpPCTE Y
npoctopy Munkosckor R?. KnacupukosaHe cy cBe HelleTeHEPATUBHE YBHjEHE
MOBPIIU APYre BPCTE€ KA0 PABHE, MUHUMAJIHE, WJIM Ca KOHCTaHTHOM ["aycoBom
WJIU CPEIbOM KPUBUHOM Y OJTHOCY Ha U3a0paHU CBETIOCHU TPAHCBEP3ATHH BEK-
TOpckH cHom. Takole je Joka3zaHo /1a Cy CBETIOCHE YBHjEHE TOBPIIU JIPYre
BpCTE y OAHOCY HA U3aOpaHU CBETIOCHU TPAHCBEP3aTHU BEKTOPCKU CHOII CBe-
TJIOCHU KOHYCH, CBETJIOCHE OMHOPMAJIHE MOBPIIU ca TICEYI0 HYNl TUPEKTPUCOM
U CBETIIOCHE TIPEHOCHE MOBPIIU ca HYJ IMpeHOCHMa UMja TUPEKTpHUca JIeKU Ha
CBETJIOCHOM KOHYCY.

Kibyune peun

[Tpocrop MuHkoBcKOT, MaHXxajMoOBa KpUBa, peKTUPHUKAIIOHA KPUBA, HOP-
MalHa kKpuBa, bumionos penep, bakinynnosa TpaHcopMaliyja Kpuse, BpTIOKHO
BITAKHO, YBHjeHA TTOBPII APYTe BPCTE



Abstract

Abstract

The theory of Riemannian and semi-Riemannian submanifolds is one of the
most interesting areas in classical and modern differential geometry. Besides,
differential geometry of submanifolds in Minkowski spaces is the reasearch
area that recently has given many new results in investigations, in particular
in the theory of lightlike submanifolds.

In this thesis, we present some special types of curves, frames and surfaces
in Minkowski spaces. We obtain explicit parameter equations of the space-
like rectifying curves in Minkowski space R? whose projection onto spacelike,
timelike and lightlike plane is a normal curve. We also obtain explicit pa-
rameter equations of the spacelike normal curves in the same space whose
projection onto lightlike plane with respect to a chosen screen distribution,
is a rectifying W-curve.

In this thesis it is proved that there are no null Mannheim curves in
Minkowski space R3. It is also proved that the only pseudo null Mannheim
curves in Minkowski space R? are pseudo null straight lines and pseudo null
circles. The notion of Mannheim curves is further generalized by introduc-
ing the generalized null Mannheim curves in Minkowski space-time. Such
curves and their generalized Mannheim mate curves are characterized in
terms of their curvature functions. In particular, the relations between their
frames are obtained. In this thesis we also define the generalized partially
null Mannheim curves and the generalized pseudo null Mannheim curves in
Minkowski space-time R}. We prove that there are no non-geodesic gener-
alized partially null Mannheim curves, by considering the cases when the
corresponding mate curve is spacelike, timelike, null Cartan, partially null,
or pseudo null Frenet curve.

We introduce Béacklund transformation of pseudo null and null Cartan
curve in Minkowski space R? as the transformation which maps pseudo null
or null Cartan helix to another pseudo null or null Cartan helix, congruent to
the given one. We give the sufficient conditions for a transformation between
two null Cartan curves, or two pseudo null curves, such that these curves have
equal constant torsions. By using the Da Rios vortex filament equation based
on localized induction approximation, we derive the vortex filament equation
for a null Cartan curve and obtain evolution equation for its torsion. We also
obtain the vortex filament equation for a pseudo null curve and prove that
the evolution equation for its torsion is the viscous Burger’s equation.

In this thesis the Bishop frames of the pseudo null curves are derived
and it is shown that the normal Bishop vectors N; and N, can be obtained



Abstract

by applying the hyperbolic rotation and the composition of three rotations
about two lightlike and one spacelike axis to the Frenet vectors N and B
respectively. We also derive the Bishop frame of a null Cartan curve and
show that among all null Cartan curves in R3, only the null Cartan cubic
has two Bishop frames, one of which coincides with its Cartan frame.

Finally, we introduce the notion of the second kind twisted surfaces in
Minkowski space R?. We classify all non-degenerate second kind twisted
surfaces in terms of flat, minimal, constant Gaussian and constant mean cur-
vature surfaces, with respect to a chosen lightlike transversal vector bundle.
We also prove that a lightlike second kind twisted surfaces with respect to
a chosen lightlike transversal vector bundle, are the lightcones, the lightlike
binormal surfaces over pseudo null base curve and the lightlike ruled surfaces
with null rulings whose base curve lies on lightcone.

Key words

Minkowski space, Mannheim curve, rectifying curve, normal curve, Bishop
frame, Backlund transformation of curve, vortex filament, twisted surface of
the second kind
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ITpearosop

N3paia oBe TOKTOPCKE TUcepTaIuje peanu3oBana je Ha [IpupoHno—martema-
TUYKOM (Qakynrery YHuBep3utera y Kparyjesuy, mojg MEHTOPCTBOM Ipod. 1p
Emunuje Hemosuh, BanpenHor mpodecopa I[IpupogHo—maTeMaTudkor dakyi-
TeTa YHUBep3uTeTa y KparyjeBily. Pesynratu ucrpaxuBama 00jaB/beHH CY
y OKBHUPY pajia Ha Tpojekty ,,I'ecomerpuja, oOpa3oBame M BHU3yeau3alyja ca
npumeHama" (#174012), koju punancupa MUHHUCTAPCTBO TIPOCBETE, HAYKE U
TEXHOJIOITKOT pa3Boja Perryomuke Cpowuje.

Hudepenuujanna reomeTpuja MHOTOCTPYKOCTH Y TPOCTOPY MUHKOBCKOT je
obacT reoMeTpHje Koja je TocleIhbUX TOAUHA Jajla HOBE pe3ylTaTte y UcTpa-
KUBAHUMA, HAPOUUTO y TEOMETPUJU CBETIOCHUX (JCTEHEPATUBHUX) MHOTO-
cTpykocTu. CBETIOCHE MHOTOCTPYKOCTH CY Mojelu KoHauHor, KormjeBor u
KpyckamoBor Xxopu30oHTa KOjU ce MPOyYaBajy y TEOPHUjU pelaTUBHOCTH. [e-
OMETPHU]jCKE OCOOMHE MPOCTOPHUX U BPEMEHCKUX MHOTOCTPYKOCTHU Yy TPOCTOpUMA
MUHKOBCKOT €y aHaJOoTHe ocoOMHaMa PumaHOBUX MHOTOCTpykKocTu. Meby-
THUM, CBETJIOCHE MHOTOCTPYKOCTH UMajy HOBE OCOOMHE KOje C€ HE MOTY CPECTH y
HeJICTCHEpaTUBHOM ciy4dajy. HajsHauajauja pasmuka naMel)y gereHepaTUBHUX U
HeICTEHEPATUBHUX MHOTOCTPYKOCTH OTJIE/A CE Y YMEH-CHHITH J1a HOPMAJHU CHOTI
JIeTeHePaTUBHUX MHOTOCTPYKOCTH Ceue FbUXOB TAHT€HTHU CHOIL

Tema OKTOpCKe AucepTaldje Cy HeKe CIelfjaTHe BpcTe KPUBUX, perepa 1
MOBPINH Y 3-TUMEH3UOHATTHOM U 4-TUMEH3UOHATTHOM MTPOCTOPY MUHKOBCKOT.
Huceprammja je mojesbeHa HA YETUPU TJIaBE, 4 CBaKa TJiaBa je MOJIeJbeHA Ha
rmornasiba. IIpBa raBa je yBOJHOT KapakTepa W oOyXBaTa MaTepHjy uuje je
MMO3HABAE HEOIIXO/IHO 3a MPE/ICTABIbAE OPUTUHAIIHUX PE3yITaTa KOju ¢y 00ja-
BIbeHHU y pedepentiama [37]- [40] u [42]- [45].

V mornasby 1.1 gaTH ¢y OCHOBHH IOJMOBH Y MpocTopy MuHKOBCKOT R3,
IMornasswe 1.2 mocseheHo je ceMr-PruMaHOBUM MHOTOCTPYKOCTHMA Ca HATJIACKOM
Ha KpHUBaMa Kao jeHOIMMCH3UMOHAIIHUM MHOTOCTPYKOCTUMA. Y mornaBiby 1.3
TOBOPHUMO O pasfiaramby TAHT€HTHOT CHOIIA CBETIOCHUX MOMHOTOCTPYKOCTH. Y
nornasspbuMa 1.4 u 1.5 nat je npernien oarosapajyhux @peneoBux u KapraHoBux
pernepa KpMBMX y mpocTopuMa MunkoBckor R u R{. EnemenTapHa reomMeTpHja
MOBPIIU Y TTPOCTOPY MUHKOBCKOT M3J105KE€HA je Y TOrIaBiby 1.6, JOK Cy HEKe
KapaKTEPUCTUYHE KJlace MOBPIIM pa3MmaTpaHe y nornasby 1.7. Ilornassme 1.8
mocBeheHo je HOPMaJTHUM U PEeKTU(DUKAIIMOHUM KpUBaMa y €YKIIUJICKOM TTpo-
cTopy U mpoctopy MunkoBckor. O MaHXajMOBUM NapOBUMa KPUBUX Y €y-
KIIUICKOM MPOCTOPY U Y MPOCTOPY MUHKOBCKOT, TOBOPUMO Y TMONIaBiby 1.9.
baknyngose tpanchopmalije KpUBUX U jeHAUMHA BPTIIOKHOT BJIAKHA Y €Y-
KJIUICKOM MPOCTOPY U MPOCTOPY MUHKOBCKOT M3JI0KEHU ¢y y noraassby 1.10.



IIpenrosop

V nornasmy 1.11 nata je nepununuja bumonosor penepa (pemaTUBHO Mmapa-
JISITHOT QIaNITUPAHOT perepa) KPUBUX Y €YKIMICKOM TIPOCTOPY U Y MPOCTOPY
Munkosckor. Ilocrnenme noriasibe 1.12 mocBeheHo je yBUjeHUM MOBPLIUMA U
IbUXOBUM MapaMeTpHu3alujama.

Y 1pyroj IaaBu U3JI0KESHH CY OPUTUHATTHU PE3YJITATH TOKTOPCKE AUCEPTALIU]E
KOjH CE OJIHOCE HA HEKE CIEIUjaTHE BPCTEC KPUBUX Y TTpocTOprUMa MHUHKOBCKOT
R3 u R]. V nornmasmy 2.1 mat je npukas pesynTtata W3 pama [45], Tie ce To-
BOpHU O PEKTU(UKAMOHUM U HOPMATHUM KpUBama y MpocTopy MUHKOBCKOT
R3. TlpemusHuje, mate cy Bese m3Mely MPOCTOPHE PeKTH(UKAIMOHE KPUBE U
IbEHE OPOTOHAJTHE MPOJEKIIMje HA HEKY MPOCTOPHY WJIM BPEMEHCKY paBaH, IIpU
YeMy Ce 3aXTEBa Jla TAKO MPOjJeKTOBAHA KpUBa Oy/ic HOpMAalHA KpHUBa, U 00p-
uyro. Cajapxaj mornasmba 2.2 o0yxBata pesynrate o0jaBibeHe y pady [38] u
OTHOCH C€ Ha HYJ U Mceyao Hyl MaHxajMoBe KpuBe y IpocTOpy MUHKOBCKOT
R3. JlokasaHo je ma Hyn MaHxajMoBe KpUBe y IpocTopy MuHKoBckor RS He
MocToje, JOK Ticeymo Hyn MaHXajMoBe KpHBE IOCTOje caMO Kao CIelujaiaH
cnyyaj. Y mornasibuma 2.3 v 2.4 cy MpUKa3aHU OPUTUHAHU PE3YJATATH PAIOBA
[37] u [42]. dedunucane cy yoruTeHe HyJI, YOIIITEHE MCEY/I0 HYI U YOTIIITEHE
napuyjagHo Hyl MaHxajMoBe KpHBe U 100HjeHe cy Be3e usmely perepa KpuBux
KOje YMHe Map YOMUTeHnX MaHXajMOBUX KpUBUX. Y mornarbuma 2.5 u 2.6
M3ITOKEHU Cy OPUTMHAITHU pe3yntaTtu pagosa [40] u [39] pemom xoju ce omHoce
Ha Bakmynnose Tpanchopmanmje nceyao vyl u vyl Kapranosux kpusux. Ipu-
MeHoM Jla PuocoBe jesHaumHe BPTIIOKHOT BaKHA, JTOOWjCH je BEKTOP Op3uHEe
BPTJIOKHOT BJIAKHA IICEYy0 HYJ KpuBe U Hyll KapTaHOoBe KpuBe, Ka0 U €BOTYLIU-
OHE jelHaurHe KPUBUHE U TOP3Uje TOMEHYTUX KPUBUX.

Tpeha rnaBa npeacTaBsba Mperiea OPUTHHAIHUX pe3yliTaTa TOKTOpCKe Tu-
cepraiuje Koju ¢y nyonukosanu y paay [43]. ¥ oBoj riasu yBesieH je bumonos
periep {71, N1, No} nicey o nyn u 1y KapraHoBe KpUBE y TPOJAUMEH3UOHATIHOM
npocropy Munkosckor. 3a bumonos pernep {77, N1, No} miceyno Hyn kpuse
BAXKM 14 Cy BeKTOpcKa mosba N1’ 1 No' KonMHeapHa ca TAHTEHTHUM BEKTOPCKUM
nosbeM T} Tor periepa, 1ok kof buronosor peniepa {77, N1, No } nyn Kapranose
KPUBE UMaMO KOJIMHEAPHOCT BEKTOPCKMX moba Ny’ u No' ca BEeKTOpCKMM HO-
mweM N, Tor peniepa. Oxapelene cy Bese uzmelhy buinonosor u dpeneoBor penepa
TICeyJI0 HYJI KpUBE, OJHOCHO n3Mel)y bummomnosor u Hyn KapTaHoBor pernepa HyJ
Kapranose kpuBe U HaBeJIeHe Cy TeOMETPHjCKe HHTEPIIPETaIlje TUX Be3a.

Y 4eTBpTOj TNIaBU JATU Cy OPUTUHAIIHU Pe3ylITaTH JOKTOPCKE AUCEpTALH]je
o6jaBmbeHn y pany [44]. V 10j ce TOBOPH O CIIENHjaTHUM BPCTaMa MOBPIIH Y
npocTopy Munkosckor R?, koje mpe/cTaBibajy yOmITEHe POTAMOHUX HOBPUIT
U KOje Ce Ha3WBajy JTBOCTPYKO POTAIIMOHE TIOBPIIU, UK YBUJCHE MTOBPIITH JIPyTe
Bpcte. JlaTe cy mapaMeTpusaliyje MOMEHYTUX MOBPIIHU, a 3aTUM je U3BpIIeHA
KIacuduKayja CBeTIIOCHUX U HeleTeHEpATUBHUX YBUjEHUX ITOBPIIU IPYTe BPCTE.
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IIpenrosop

Kopuctum mpunuky 1a u3pa3uM UCKPEHY M HEU3MEPHY 3aXBAITHOCT CBOM
MeHTOPY pod. n1p EmMunnju Hemmosuh Ha yka3aHOM MU TOBEPEHY U MOTUBAIH]U
na ce 6aBUM AUQEpeHITNjaTHOM TeOMETPHjOM MHOTOCTPYKOCTH Y IIPOCTOpUMA
MMUHKOBCKOT, U MPHUjaTEbCKO] MOJIPIIIN TOKOM JOKTOPCKUX CTYIMjda U TOKOM
u3pajie OBe JJOKTOPCKE JMcepTalje.

Ca 3a710BOJbCTBOM C€ 3aXBaJbyjeM W UIaHOBUMA Komucuje mpod. ap Mu-
pocnasu Ilerpopuh-Topraimes, npod. np Mupjaau ‘bopuh u npod. ap Muhu
CrankoBuh Ha KOHCTPYKTUBHUM ITpUMen0amMa, mpeaio3uMa U ujaejaMa Kojuma
CY JIOTIPUHENN MOO0JBINALY paHe Bep3uje OBe TUCEepTalIHje.

Maprt 2020. ronunHe AyTop
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1 VYBoa

IIpBa rmasa je yBogHOT KapakTepa. Y H0j Cy AaTe JePUHUIN]E OCHOBHUX IT0j-
MOBa U3 ceMU-PrUMaHOBe reoMeTpHje KOjU Cy OUIN HEOMXO/IHU 32 TOKA3UBAHE
OPUTHHATIHUX pe3yiTaTa JHUcepTallje, a KOju CYy HaBeleH! y Apyroj, Tpehoj u
yeTBpTOj ri1aBu. Kao mro je Harosemteno y IIpearosopy, y mornasmbuma 1.1-
1.12 mpBe TnaBe j1aTa je geunuimja ceMru-PuManoBe MHOTOCTPYKOCTH U YBEJICH
je TTojaM Kay3aJHOT KapaKTepa T€ MHOTOCTPYKOCTH, Ka0 M ojroBapajyhux moT-
nmpoctopa. etasbHo cy onucane @peneone u Kapranose hopMyIie MpoCTOPHUX,
BPEMEHCKMX M HyJl KPMBHX y IpocTopuMa Munkosckor R u R]. Takobe cy
OTIMCAHU periepu KPUBE Y YKINICKOM IIPOCTOPY U IpocTOpuMa MUHKOBCKOT ca
CBOJCTBOM MHMHHMMaJIHE poTauuje (bUionosu penepu), Ka0 U HEKE CHCIUjaTHE
KJTace KPUBUX M TOBPINHM y THM TipoctopuMa. Cajapikaj mornasiba 1.1 3acHuBa
ce Ha pedepernama [58],[62],[69].

1.1 OcHoBHHM nOjMOBH Yy IpocTOpy MHUHKOBCKOT

Hedununuja 1.1. Cumeisipuuna bununeapna ¢hopma Ha KOHAUHO-TUMEH3MOHATHOM
peatHOM BeKTOpckoM Tipoctopy V' je R-Oununeapua ¢pyukmuja B : V x V' — R
TakBa 1a je B(u,v) = B(v,u),3a u,v € V.

Hedpununuja 1.2. Cumerpuuna 6ununeapra popma B : V X V — R je:

(1) @osuimusno (ne2aimiueno) gegunuimna, ako je B(v,v) > 0 (B(v,v) < 0) 3a
cBako v # 0;

(2) dtosuitiuso (nelaitiueno) cemu-gedunuinina, axo je B(v,v) > 0 (B(v,v) < 0)
3acBako v € V;

(3) negezenepaitiugna, axo u3 penauuje B(u,v) = 03a cBakou € V cnequ v = 0.

Hedununuja 1.3. Hngexc cumetpuune omnmuHeapHe ¢popme B @ V x V' — R Ha
peagIHOM BEKTOPCKOM MpocTopy V' 03HadaBa JuMeH3Hjy HajBeher moampocropa
W C V ua kome je Bly ueratusho jeduHuTHA.

Nepununuja 1.4, Crarapnu ipoussog (-,-) Ha KOHAYHO-TUMEH3UOHATHOM pE-
aJTHOM BEKTOPCKOM IpocTopy V' je HellereHepaTHBHA CHMETpUYHA OHITMHEeapHA
dopma. AKo je cKaJapHU IPOM3BO IMO3UTHUBHO U HETaTUBHO Ae(UHUTAH, Taaa
Jj€& OH uHgeuHuizian.

12
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Nedumumuja 1.5. Ipocitiop Munkosckoz R? je peanan TpoIMMEH3MOHATHH BEK-
Topcku npoctop R? cHabneseH MHAeGUHUTHUM CKaTapHUM MPOM3BOAOM WH-
nekca 1, TakBUM 114 je

(v,u) = —vyuy + Voug + vaug
3a CBaKa JBa BeKTOpa v = (V1, Vg, v3) M u = (uy, Uy, u3) mMpocTopa R3.

Kako BpeqHoct ckanapHor npoussoia (v, v) y Jdedunuumju 1.5 moxe 6Guru
MO3UTUBHA, HETATMBHA, I jeIHAKA HYJIH, UMaMO cieneha Tpu kaysanna kapak-
ifiepa BEKTODA.

Je¢punuunja 1.6. Tpousossan BekTop v # 0 mpoctopa R? je apociwiopnu, epe-
MeHCKU WITH HYJ, ako je penom (v,v) > 0, (v,v) < 0 umu (v,v) = 0. INocebHo,
BEeKTODP v = () je MPOCTOPHU BEKTOP.

HNedunuuuja 1.7. Ceeitinochu kornyc y mpoctopy Munkosckor R je kBagpuka
C = {(v1,v9,v3) € R}| — 0] +v3 +v5 = 0}\{(0,0,0)}.

ITpocTopHU BEKTOPHU ce Hala3€ U3BAH CBETIIOCHOT KOHYCA, JIOK CY BPEMEHCKU
BEKTOPU YHyTap OBOT KOHYCA U UNHE 6DEMEHCKU KOHYC

T = {(Ul,vg,vg) < R:ﬂ — U% +U§ + Ug < O}

Kako ckanapuu npousBos (v, v) MOXKe OUTH HETATUBAH peasiaH Opoj, Hopma
BeKTOpa y mpoctopy R? je jaTta mzpazom

[o]] = V/I(v, v)].

Hopma cBeTnocHux BeKTOpa jeHAKA j¢ HYNIH, & JCAUHUYHU (HOPMUPAHH) BEK-
TOPH Cy BEKTOPH 3a Koje Baxu ||v|| = 1.

Cras 1.1. Axo je B = {ey, e, €3} opfionopmupana basa apociwopa R3, m 6poj
BPEMEHCKUX GeKillopa Y Toj 6asu u V' maxcumanar dowapocitiop Apocitiopa R:{’ Ha
KoMe je cKaiaphu Upouseoq He2aiueno gedunuitian, waga je m = dim(V).

[MocTojame kay3aTHOT KapakTepa BEKTOPA MOBJIAUH U ITOCTOjabe Kay3aTHOT
kapakTtepa notmpoctopa U C R? xoju ompeljyjeMo Ha 0cHOBY 0cOOMHA cKanap-
HOT mpom3Boa ( , )|y uHgykoBanor Ha U.

Nepunumuja 1.8. Heka je U notnpoctop mpocropa R?. Tana je U apociwiopiu,
BPEMEHCKU WA CBCNOCHU (HY]l, geZeHepaifiuear) Homiupociiop, ako je pPemoM
MeTpuka ( , )|y TMO3UTUBHO NeUHUTHA, HeleTeHepATUBHA M WHAeKkca | win
JereHepaTHUBHA.
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[TpocTopHu U BpeMEHCKU MOTIPOCTOPH CE HAZUBA]Y HegeceHepaitiueHUM TIOT-
npocropuma. HamoMeHHMO 1a je kaysanHu kapaktep nortnpocropa Lin{v}
TeHePHCAHOT BEKTOPoM v € R?, yjelHo M Kay3aaHM KapaKTep BEKTOPA v.

Nepunumuja 1.9. Bextopu u n v y mpoctopy R? ¢y opimiozonannu, axo je (u, v) =
0.

HMuTtepecantHa ocoOMHA CBETIOCHUX BEKTOPA, 4 TPUTOM jOj HE ITOCTO]U €KBU-
BaJICHT Y €yKIIUACKOM IIPOCTOPY, j€ J1a je CBaKH CBETIOCHH BEKTOP OPTOTOHAJIAH
Ha MCTH BeKTOp. be3 063upa Ha MOMEHYTY pa3IuIUTOCT, OPTOTOHATHUA KOMILTE-
menT U~ motnpocropa U 'y R? nedunmIe ce Ha MCTH HAYMH KAO Y €YKIHUICKOM
criy4ajy, Tj.

Ut ={z eR}|(z,U) =0}.

Cras 1.2. Axo je (, ) ckanapuu iipouseog geuuucan Ha n-guMeH3UOHAIHOM 6¢K-
wopckom dpocidopy V', a U doi@ipociwiop woé apocitiopa, iaga je:

(1) dim(U+) = n — dim(U).

2) (U =U.

(3) Axo je U negesenepaitiusan noimapocitiop, Waga je u opitioEoHAIHU KOMILIEMEHIT
U negezenepaitiuean aoiiapociiop.

(4)V =U @ U+ axo u camo axo je ckarapnu ipoussoq { , Y|y negezenepaimiusart.

Kay3zanHu kapakTep nmotmnpocTtopa oapeljyje kay3aaHu KapakTep oAronapa-
jyher opToroHaHOT KOMITJIEeMeHTa Ha ciefehn HauuH.

Cras 1.3. Hexa je U tomiipocitiop fipocitiopa R3. Taga je:
(1) U apocmiopnu tomipocimiop axo u camo axo je UL epemencku domapociiop;
(2) U epemencku fommapocimiop axo u camo axo je UL Gpociiopnu dom@ipociiop;

(3) U ceettinocnu fiommpociiop axo u camo axo je UL ceetlinocnu fotapociiop.

Mocaemmma 1.1. Ako je v dpocitiopnu (peclieKiiuéHO 8peMencKY, HYJ) 8eKIop,
waga je v = Lin{v}* epemencku (peciiexitiusno apocimgoptu, Hyn) GoMwAPOCITIOP.

Cras 1.4. Y apocitiopy Munroecko2 R? easice cregeha wmiephersa:

(1) gsa Hyn éexiliopa cy opillOZOHAIHA AKO U CAMO aKo Apuilagajy ucitioj dpasoj Ha
CBClU/IOCHOM KOMYC).

(2) axo ¢y u u v 8peMeHcKU U Ky 8eKIHoOp, Taga OHU HUCY MehyCcoOHO OpIOZOHATHU.
(3) ne tiocitioje gea mehycobno opiliocoHaAINA 8PEMENCKA BEKITOPA.

(4) 3a ceettinocnu dotmipocitiop U saxcu dim(U NUL) = 1.
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Cneneha Tpu cTaBa OMUCY]y HEKE KAPAKTEPUCTUKE BPEMEHCKHMX U CBETIOCHUX
MOTIPOCTOPA.

Cras 1.5. AxojeV pasany apocitiopy R3, waga cy cregehu yciosu exeusaneniin.
(1) V je spemencka pasan,
(2) V cagpotcu gea nuneapro ne3asucHa ceeliiocHa eeKimopa,

(3) V' cagpoicu epemencku eexitiop.

Cras 1.6. Axo je V fomipociiop og R3, @aga cy cregehu ycnosu exeusaneniinis.
(1) V je ceettinocnu tiotwipocitiop;

(2) V' ne cagpaicu 8pemeHcKu 8eKIop, a cagpicu C8EIoCHU eKIOp,

(3) VNC=L\{(0,0,0)} udim(L) = 1, 2ge je C ceeiminoctu konyc.

BeKTOPCKH M MELIOBUTH IIPOM3BOJ BEKTOPA y MpocTopy MuHKOBCKor R3
nMajy MUPOKy mpuMeHy. Hapoaumo meduHUIIM]e THX IPOU3BOAA, KOje Cy
AHAJIOTHE BbUXOBUM JIcHUHHUIIU]aMa Y €YKJIHUICKOM CITy4ajy.

HNedunuuuja 1.10. Beximiopcku fipouzéog BeKTopa u U v mpoctopa RS je je-
JTUHCTBEHH BEKTOP U X v TaKaB JIa 3a CBakKo w € R? Baxu jemHaKoCT

(u x v,w) = det(u,v,w).

BexTopcky mpou3Bo] BEKTOPA 1 U U ce U3pauyHaBa 1o GopmMyiIn

—€1 € €3
U X V= Uy U U3
V1 V2 U3

rae je u = (ug, ug, ug), v = (v1,v2,v3) U {€1, €2, €3} cTaHmapaHa 6a3a MPocTopa
RS.

Cras 1.7. Axo ¢y u u v eexitiopu idpocitiopa Munkosckoé R3, iwaga je:

(1) uxv=—vXxu

(2) sexitiop u X v je opilioZoHAIAH HA BEKTOPUMA U U U,

(3)uxv= 0 ako u camo axo Cy U U U KOAUHEAPHU,
(4) <u XU, u X U> = <U,U>2 - <U,U><U,U>.

JNepunuunja 1.11. Mewosuitiu ipouseog BeKTOpa u, w K v y mpoctopy R? rmacn

Uy Uz U3
[u,v,w] = (u X v,w) = det(u,v,w) =| v1 vy U3
w; W2 W3
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Hzomerpuje y ceMu-PumanoBoj TeOMETpHJU Cy BP0 BAKHE TCOMETPH]CKE
Tpanchopmanuje. OHe ce yBoae ciaeachom geduHUIjOM.

HNepununuja 1.12. Juneapna tpanchopmammja f : R — R? je usomempuja, axo
yyBa CKallapHU IMPOU3BOJ] BEKTOPA, Tj. aKo je

sau,v € R,

Hzometpujcka Tpanchopmanuja y mpoctopy MUHKOBCKOT ce Takole Ha3uBa
u Jlopenyosom lapancgopmayujom, a CKyI CBUX MaTpHIla OBUX TpaHchopmalmja
ca CTaHIapIHOM OTepallljoM MHOXeHa MaTpUIlA YUHU JIopeHnyogy Zpyiiy.

Poitiayuje y npoctopy Munkosckor R? cy msomeTpuje koje cBaky Tauky
Ha OCHM pOTalMje MpeciuKaBajy y ucty tauky. C o03upoM jJia oca poTaruje
MO3ke OUTH MIPOCTOPHA, BPEMEHCKA WU HYJI, UMaMO Pa3TuyuTe OOJIUKe MaTpUIld
portaumje. Heka je {e1, €, €3} cranmapmHa 6asa mpocropa R3.

(1) Axo je oca porarmje p epemencka @pasa, tana je p = Lin{ei}, ma je
MaTpHIla IPOCTOPHE poTalyje (poTalrje y IpOCTOPHO] paBHU HOPMAJTHO)]
Ha OCy p) 3a yrao ¢ o0IuKa

1 0 0
A=1]0 cosp —sing
0 sing cosy

(2) Ako je oca poraumje p @pocimiopna dpasa, tTana je p = Lin{es} wmu p =
Lin{es}, ma marpuile BpeMEHCKHX poTalja (poTaluja y BPEMEHCKUM
PaBHMMa HOPMAJTHUM Ha OCY P) 3a yTrao (o riiace

coshp sinhg 0 coshep 0 sinhep
A= | sinhy coshp 0 |, A= 0 1 0
0 0 1 sinh¢p 0 coshep

(3) Ako je oca portammje p cgeilliocna fipasa, Tana je p = Lin{e; + ey}.
Martpuiia CBETIIOCHE pOTAlllje OKO CBETIOCHE OCE P 3a Yyrao (o IIIAcH

2 2
I+ -5, ¢
A=l 5 1-%
@ —p 1
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1.2 Cemu - PuManoBe MHOTOCTPYKOCTH

Hepununuja 1.13. Meitipuuku itienzop g Ha TIaTKO] MHOTOCTpykoctu M je
CUMETPUYHO HezmereHepaTusHo (0, 2)-TeH30pcKo Mmojbe Ha M KOHCTAHTHOT HH-
JeKca.

Hedununuja 1.14. Cemu-Pumarnosa MHOZOCHIPYKOCHI j€ TIATKa MHOTOCTPYKOCT
M cHaOpeBeHa METPUUIKUM TEH30POM g.

Hedunnnuuja 1.15. Hugexc v cemu-PuManoBe MHOTOCTPYKOCTH TpeACTaBIba UH-
JIEKC CKAJIAPHOT TIPOU3BOJIA ¢, Ha TAHTeHTHOM mipocTopy 1,(M) MHOTOCTpPYKO-
ctu M, nmpuuemy je 0 < v < dim M.

CeMu-PuMaHOBe MHOTOCTPYKOCTH C€ UECTO Ha3MBajy W Iceyno-PuMaHoBe

MHOTOCTPYKOCTH.
ITocebno, ako je v = 0 muoroctpykoct M je Pumanosa mnoZocitipyKkocid.
Axo je v = 1 u dim M > 2, mHoroctpykoct M ce HaszuBa Jlopenyosa

mHozoctapyrociti. Muorocrpykoct R” cHabaeBeHa METPUUKHUM TEH30POM KOH-
CTAaHTHOT WHIEKCAa V HA3UBa Ce ceMu-eyKIugcKu dpocifiop N o3HayaBa ca R.
IIpocitiop Munkosckoé R nuMeHsuje n je n-IUMEH3MOHAIHN CeMHU-€YKIUACKU
MPOCTOP MHACKCA 1.

Kpuse y mpocropy MHUHKOBCKOT MOCMATpPaMO K40 jeTHOIUMCH3MOHAIIHE
MHOTOCTPYKOCTH TOT MTPOCTOPA.

Hedpununuja 1.16. Kpusa o Ha cemu-PumanoBoj MHOTOCTpYKOCTH M je rinaTko
MpecnukKaBame « : [ — M, mpu uemy je I OTBOpEeHH MHTEPBAIl peaHe mpase.

KpuBa « je pegyaapna axo je o' (t) # 03a cBako t € . Bekiiop 6p3uie KpUBE
« je BeKTOp (1), TAHTEHTAH HA KPUBY Y Ta4uku o (t).

Hedpununuja 1.17. Kpusa o : [ — M nHa cemu-PumanoBoj MHOTOCTpyKOCTH M
j€& TOKAJIHO HApoCiliopHA, 6DeMeHCKd VTN HYJL (C8eTLIOCHA, U30TIPOTiHA), AKO CY CBU
IbE€HU BEKTOPU Op3UHE peOoM MPOCTOPHU, BPEMEHCKH WIH HYI.

KpuBa o He Mopa UMaTH UCTH Kay3aTHU KapaKTep HA YUTABOM JIOMEHY [.

He¢pununuja 1.18. Axo je o : I — M He-Hyn kpuBa Ha ceMU-PrUMaHOBOj MHO-
roctpykoctu M, Tama QyHKIH]Y

5= s(t) = / o ()

HA3UBAMO (DYHKYUjOM gYIHCcUHe NYKa KPUBE (.
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Kako je koj He-Hyn kpuse s'(t) = ||o/(t)|| # 0, kpuBy o MOXKeMO Tmapame-
TPU30BaTH (PYHKIIMjOM TyKUHE TTyKa s = s(t).

Hedpununuja 1.19. He-nyn xpuBa « je dpupogro dapameifipuzosand, ako je ma-
paMeTpuU30BaHa Iy KHHOM IIyka s. Jly)kKuHa JTyka s ce Ha3uBa IMPUPOIHUM Mapa-
METPOM.

AKO je KpHBa « PUPOIHO MTapaMeTPU30BaHa, TaJa j€ ’eH BEKTOp Op3uHe y
CBAKOj TAYKH jeqUHUYHH, Tj. ||/ (s)|| = 1.

Hyn kpuse ce He MOTY MapaMeTpU30BaTH QPYHKIIMJOM JIy)KUHE JIyKa Kao He-
HYJT KPUBE, jeP je BbUXOB TAHTCHTHU BEKTOP HYJ BEKTOP. 3a TAKBE KPUBE UMAMO
nmoceOHy (PyHKITH]Y KOJOM ce OHE MOTY IapaMeTpu30BaTH, a Kojy je yeo W.DB.
Bonnor ([13)).

He¢pununuja 1.20. Axo je o« : I — M wyn xpuBa Ha ceMu-PumaHOBOj] MHO-
roctpykoctu M, Tama QyHKIH]Y

HA3UBAMO (YHKYUJoOM Tceyqo gyarcune iyKa KPUBE Q.

3a HyJI KpUBY (v KAKEMO JIa j€ TapaMeTPU30BaHa TAPAMETPOM dceyqo gyicune
ayka s, ako je (o”'(s),a”(s)) = 1. IlomeHyTa Hyn KpuBa ce Haszusa Hyi1 Kap-
{WaAn080M KPUBOM.

Hepununuja 1.21. Heka je o xpuBa Ha ceMH-PHUMaHOBO] MHOTOCTPYKOCTH M
v nmudepeHIjabuITHO BEeKTOPCKO MOJbe QYK Te KpUBE. 3a BEKTOPCKO TOJbE U
Ka)XeMO J1a je dlapaenno TyX Kpuse «, ako je Vv = 0.

Hedpununuja 1.22. KpuBa o Ha3UBa ce 2e0ge3ujckom Kpugom, ako je BEKTOPCKO
oJjbe ¢ TapajenHo AyK «, OJXHOCHO ako je Vo' = Aa/ 3a HeKy IJIaTKy
dbyHKUHjY A 1y) . CrielijanHo, He-HyJI KpUBa (v MOXKe Ce PUPOIHO TapaMeTpH-
30BaTH Tako 1a je Vo' = 0.

I'eones3ujcka KprBa MMa UCTH Kay3aTHU KapaKTep Y CBAKO] CBOjO] TAUKH, jep
je (o/, o) = constant.
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1.3 TaHreHTHH CHON CBETJIOCHHUX NOAMHOTI'OCTPYKOCTHN

TaHreHTHN CHOM CBETIIOCHUX TIOJIMHOTOCTPYKOCTU c€ OMTHO PasiuKyje Off
TAHTEHTHOT CHOIIA HeJleTeHePaTUBHUX MIOIMHOTOCTPYKOCTH. Y OBOM IOTJIaBIbY
HABOAMMO pa3iIiKe u3Mel)y TOMEHyTHX CHOITOBA.

Hexka je (M, g) cBeTocHa XureproBpi (m + 2)-TiMeH3HOHATTHE ceMU-Pu-
MaHoBe MHOTOCTpyKocTH (M, §) KOHCTaHTHOT MHjekca ¢ € {1,...,m+ 1}, rae
je g merenepaTuBHA MeTpuka Ha M, a § HelereHepaTuBHa MeTpuka Ha M. Kako
je MeTpuka Ha M HereHepaTHBHA, IIOCTOJH BEKTOPCKO moibe & # 0 Ha M Tako
1a je

9(¢,X) =0,
3a cBako X € I'(T'M), re je I'(T'M) mpocrop rnatkux mpeceka o 1T M.

Paguxannu v nyn tipocitop npoctopa 1, M y Tauku x € M je moTnpocTop

neuHUCAH ca

RadT,M = {€ € T,M | g(£,X) =0, VX €T,M}.

Tana je
RadT,M = T,M NT,M=.

Kaxo je xox xunepnospiuu dim (T, M*) = 1, Ha OCHOBY MPETXO/HE pealuje
cremn aa je Rad T,M = T,M*. Pamukanau mpocTop ce Takohe HazuBa pa-
guxamna (nyn) quciipubyyuja Ha M. Kako mpoctopu T,M u T,M~* umajy
HeTpHBHjaJIaH IIpeceK, BUX0BA CyMa HHje jeJHAKa TAaHTeHTHOM cHory 1M, mto
3HAYH 1 ce MPOU3BOJbAH BeKTop cHoma 1'M He MoxXe jeUHCTBEHO 3aIlMcaTi
Ka0 30Up TAaHTCHTHE U HOPMAaJIHEe KOMITOHEHTe. Kao mocieuia oBe YbCHHUIIS,
crangapjHe Gopmyne 3a apyry dbyagamenTanny dopmy u Iayc-Bajraprenose
(bopmyite xoje BaXke y HeJlereHepaTHBHOM CITydajy, He BaXe 3a CBETIIOCHE XUTIED-
mospm. Jla Ou ce mpeBasumao oBaj HemocTatak, K. Jlarm u A. bexaHky cy
y KibM3U [8] yBeH reOMETPHjCKU METO KOjUM Ce TAHTEHTHH CHOIl MOXKE pa-
3JI0KHUTH HA TPU BEKTOPCKA CHOTMA, OJ KOJUX CY JBa CBETIIOCHA U jelaH HEje-
rerepatuBad. Heka je S(T'M) BeKTOPCKH CHOI KOMITIEMEHTAPAH PAUKATIHOM
npoctopy RadT'M na T'M, Tako na je

T M = RadTM & S(TM).

Bektopeku cHon S(T'M) ce HasuBa ckpun (dpeipagna) gucimipubyyuja ua M.
Kako je muctpubyimja S(TM) HenereHepaTUBHA, HeH OPTOTOHATHH KOMILTE-
ment S(T'M)* je Takohe HenerenepatuBHa AucTpudynuja. Ilpema ToMme, Baxu
cneneha nexommosuimja

TM|y = S(TM) Sopin S(TM)™*.

19



1 VBon

rje je € OpTOroHaIHa cyMa CHOMoOBa. MeljyTuM, MPEeTXOaHa JEKOMITO3MIIM]a
HUje jeJIMHCTBEHA, jep 3aBHCH o1 m3bopa ckpuH muctpudynuje S(T'M). Ha
OCHOBY ciieriehe TeopeMe, 3a cBaku u360p ckpuH auctpubyije S(7'M ) nocroju
jeMMHCTBEHN ceedinoctu fpanceepsannu seximopcku croi [tr(TM) na T M|y

Teopema 1.1. (/26]) Hexa je (M, g) ceettinocna xuiiepiiospu cemu- Pumanose mio-
cocipyrociiu (M , g) waxo gaje S(TM)*+ = Rad T M ®ltr(TM). Ipeiaiiocitia-
sumo ga je V€ T°(U, ltr(TM)) nenyna fipecex noxanmo gegumnucan na otieo-

perom ckyiiy U C M. Taga 3a ceéaku HeHyna fpecexk & pagurainoé apociiopa
RadT' M ua xoopgunaiirioj oxonunu U C M eascu:

1) g(&, V) #0;
(2) Axo je Ny € (U, S(TM*)1Y) obauxa

1 gV, V)

W=gentV " uent

wmaga je ceemmnocnu wmpanceepzanu cnoit ltr(T M) jequuciticenu sexiiopcku choil
nag M pania 1 iwiaxo ga na ceaxoj oxonunu U C M docilioju jequnciiseno eex-
wopcro iowe Ny € U(ltr(TM)|y) koje sagosomasa ycrose

g(Ny,Ny) =0, g(&Ny)=1;

(3) Tanéenitinu cnoii T'M ce moorce paznodicuitiu Ha cregeha twipu croia:

TM|y = RadTM @& S(TM) & ltr(TM) = TM & ltr(TM).

[TomeHyTa cBOjCTBA TAHTEHTHOT CHOIIA CBETJIOCHUX XUIIEPHOBPIIU CE MOTY
YIIOPEAUTH €4 CBOJCTBUMA TAHTEHTHOT CHOIIA HeJleTeHepATUBHUX KPUBUX.

Y ToM UIbY, Heka je o HelleTeHepaTUBHA (TIPOCTOpHA WJIH BpeMeHCKa ) KpUBa
Ha ceMu-PumanoBoj muorocrpykoctu M. Axo je 7'M TaHTEHTHU CHOIM MHO-
roctpykoctd M v T'ac C T’V TaHTEeHTHU CHOT KPUBE (v, HOPMATHU CHOTI KPUBE
« je neuHUCaH ca

Tot={U € TM|(U,V) =0,VV € Ta}.

Taga ce TAHTEHTHU CHOII MHOTOCTPYKOCTH M MoOXe pasnokuTu Ha cieachm
HAYHH
TM =To @gpn Ta, TanTaot =0,

/1€ j€ Portp, OPTOTOHATHA CyMa CHOTIOBA.
Hexka je caga [ Hyn KpuBa Ha ceMU-PUMaHOBO] MHOTOCTpyKOCTH. Taja je
T3+ cBeTIOCHH MOTIPOCTOP, IIPH YEMY je

TANTBE =T,
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a je y OBOM CITy4ajy
™ 7& Tﬁ Dorth TBL

JpyruM pednma, Mpou3BojbaH BeKTop w € T,M, y Tauku p Hyn Kpuse [ Ha
cemu-PumanoBoj MHOTOCTpYKOCTH M, ce He MOXKe JeAMHCTBEHO Pa3JIOKUTH HA
TAHTEHTHY ¥ HOPMAaJHy KOMIIOHEHTY Y OJIHOCY Ha HYyI KpuBy (3. MehyTtum,
TaHTEHTHU CHON ceMU-PruMaHoBe MHOTOCTpYKOCTH 1), M y O/1HOCY Ha HYTl KPUBY
ce MOXKE Pa3NIOKUTH HA TPU KOMIUIEMEHTApHA BEKTOPCKA CHOIA KOJU HUCY Me-
hyco6Ho opToronamuu. Haume, moctoju sextopeku cHon S(7131) xommnemen-
tapan T3y T3+. Tako no6ujamo crenehy 1eKOMIO3UIIHU]Y

T =TB® S(TE),

rzie je ® cyma cnonosa u S(T31) apezpagnu (ckpun) eexi@iopcku croi Hy KPUBE
[ Ha mHoroctpykoctu M. Kaxko je M mapakoMmakTHa MHOTOCTPYKOCT, OB3j
BEKTOPCKH CHOIT YBEK ITOCTOJU U OH je MPOCTOpHU cHom. CTora JyX Hyll KpUBe
£ uMmamo cienehy T1eKOMITO3UITH]Y

TM|g = S(TB) @open S(TSH)F,

e je S(T8+)* oproronanuu komnnement Bektopckor cuona S(T34) y T'M | 4.
BekTopcku cHon S(T'3+)1 je panra 2 u cagpsxu T'3. HamoMeHUMO /12 Mocnenmba
JEKOMIIO3UIIMja HUje jeIUHCTBEHA, IITO je AUPEKTHA MMOCIEqUIA YNHEHHIIE 1A
TperpaaHu BekTopcku cHon S(T'31) Huje jequHcTBeH. 3a M3a6paHU BEKTOPCKH
cuon S(T3+) Hyn kpuBe (3, MOCTOjM jeAMHCTBEHH HYI BEKTOPCKH CHOM KOJH C€
HA3UBA WPAHCECP3ALHY 6eKIOPCKU CHOTL M 03HAUaBa ca nir([3), unje cy ocobune
nate y cnenehoj TeopeMu.

Teopema 1.2. (/26]) Hexa je B uyn kpusa na cemu-Pumaiiogoj mnoZocipykociuu
M, a S(TB+) mwen tipezpagnu eexifiopcku cHoil.

(1 ) Taga tiocifioju jequuciigenu 1yl TPAHCEEP3ATIHU BEKIHOPCKU CHOH ntr( 6] ) =
E nag B, panca 1, waxas ga Ha ceéaxoj koopgunaimnoj okomunu U C 3
docifioju jequHcitieeHU HYJL TUpaHceep3annu eexitiop N € F(E ‘u) iaxkae ga
gaoice penayuje

(B',N)=1, (N,N)={(N,u)=0, Vue(S(TB)u),
apu uemy je I'(E|y) apocitiop Znaitikux ipecexa og Ely.
(11 ) Tanzenianu croii T'M \ 8 Ce MOHCe PAZIONCUTIU HA THPU GUC]YHKIIHA 6EKIIOp-
CKa cHoila

TM |3=TB D tr(B) = (TB®ntr(B)) Soren S(TSF),

2ge cy tr(B) = ntr(B) @oren, S(TSL) u ntr(B) pegom wparnceepsannu u
HYJL TBPAHCEEP3ANHYU BeKTUOPCKU CHOTL gyac Kpuee 3y ogrocy na fipespaghu
geximiopcku croi S(TBL).
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1.4 ®peneos u Kapranos penep y npocropy R}

V eykmuackom mpoctopy R®, myk perynapHe MPUpOIHO MapaMeTpU30-
BaHe KpuBe «(s) ca BeKTOpoM ybOp3ama «’'(s) # 0, neduHUCAH je TOKPETHU
optoHopmupau @peneos perniep {71, N, B}. OH cafpu jeTMHUYHU TAHTEHTHH
Bektop 1'(s) = o/(s), jenuuuunu BekTop rnaBHe HopMmaiie N (s) = o'(s) /|| (s)||
¥ jesuHnuHK BeKTOp Ounopmaie B(s) = T(s) x N(s). Onrosapajyhe @pene-
Cepeose ¢opmyne perynapHe TPUPOTHO MAPAMETPU30BAHE KPUBE (v TIIACE

T’ 0 k 0 T
N | =| - 0 71 N
B’ 0 —7 0 B

®dyukuuje k(s) = (T"(s), N(s)) u 7(s) = (N'(s), B(s)) ce penom Ha3usajy
iipea U gpyea Ppeneosa KpueuHa KpUBE (v, OMHOCHO KPUBUHA W THOP3Ujd.

Y npocTopy MHHKOBCKOT Yy 3aBUCHOCTH OJ1 Kay3aJHOT KapaKTepa KpHUBe,
MOCTOje Pa3IMYUTH adalTHpPaHU perepH AyK KpuBe. Y HACTABKy HABOIUMO
oarosapajyhe dpeneone popmyiie KpUBUX y 3-TMMEH3UOHAITHOM ITPOCTOPY MUH-
KOBCKOT Koje ¢y aate y pedepenriama [67], [79].

Cnyuaj 1. o je mpocTOpHA KPUBA.

IMpernocraBumo 1a je (o/(s),a/(s)) = 1. 'V 3aBUCHOCTH O]l Kay3aJHOT
KapakTepa Bektopa o (s), pasmukyjemo cresehia Tpu moacnydaja:

Cnyuaj 1.1. (o'(s),a”(s)) > 0.

Taja je o’ (s) MPOCTOPHH BEKTOD, Ta ¢e BEKTOP riasue Hopmaie N (s) nobuja
IETOBUM HOPMHUPAEM, & BEKTOp OuHopmaie B(s) je jeMMHCTBEHH jeTUHUTHN
BPEMEHCKHM BEKTOp KOjH je OpTOroHaiaH Ha mpoctopHy pasaH {71(s), N(s)}
y cBakoj Tauku a(s) kpuse «, TakaB ma je Openeos pemep {1, N, B} ucre
opujeHTanmje kao mpoctop R3. V oBoM moxcmyuajy, ®@peneose GpopMmye KpUBe
o TIIace

T’ 0 K1 0 T
N’ = —K1 0 %) N
B, 0 K9 0 B

Cnyuaj 1.2. (o'(s),a”(s)) < 0.

Kaxo je o/'(s) BpeMeHCKH BEKTOP, BeKTOp TaBHe HopMmaie N (s) mobuja ce
ETOBUM HOPMHUPAHEM, JIOK je BeKTOp GuHOpMaste B(s) jefMHCTBEHY jeTMHUTHI
IIPOCTOPHHU BEKTOP KOjH je opToroHanaH Ha BpemeHcky pasad {1'(s), N(s)}y
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CBaKoj Tauku «(s) KpuBe «, Tako ja je ®penecon penep {1, N, B} ucre opu-
jenTammje kao npoctop R3. Oxrosapajyhe dpeneose popmye cy 06IMKa

T’ 0 k1 O T
N/ = K1 0 K9 N
B/ 0 K9 0 B

Cnyuaj 1.3. (o'(s),a”(s)) = 0.

Kako 6mcMo MCKIbyUMIM MOTYHHOCT J1a je KpuUBa NpaBa JTUHHjA, WIH 114
ocToje Tauke UHQIEKCH]je, mpeTnocTaBiuMo aa je o’(s) # 0. Tama je BekTOp
riaaBue HopMmaite N(s) = «”(s) HyaT BekTop. VY OBOM MOJCTyYajy, KpHBa (v
HA3MBA Ce ficeyqo nyn Kpusa. Bextop ounopmane B(s) je jeIMHCTBEHN HYJT BEKTOP
optoronanas Ha T'(s) y cBakoj Tauku «(s) KpuBe «, Takas 1a je (N(s), B(s)) =
1. ITpema Tome, @peHeoBe popMyIIe TICey IO HyJT KPUBE (v TIIace

T’ 0 K1 0 T
N’ = 0 %] 0 N y
B/ —K1 0 —HR9 B

IIpY UeMy je TipBa KpuBHHA K1(s) = 0 ako je o mpaBa JMuHUjA, WK Kq(s) = 1y
OCTaJIUM CITyYajeBHUMa.

Cnyuaj 2. o je BpeMeHCKa KPHBa.

IpernocraBumo 1a je (o' (s), a/(s)) = —1. Tama je T'(s) = o/(s) jenuHUUHMA
TAHTEHTHH BPEMEHCKH BeKTOp. Bektop o(s) je oproronanan na 1'(s), ma
BEKTOp riaBHe HopMane N (s) mobujaMo HOPMHpAEM IIPOCTOPHOT BEKTOpA
o (s). Bektop Gunopmae B(S) je jeqMHCTBEHY je THUHUIHHI TIPOCTOPHU BEKTOP
KOJH je opToroHanaH Ha BpemeHCKy pasan {71'(s), N(s)} y cakoj Tauku «(s)
KpuBe «, TakaB na cy penep {7, N, B} u npoctop R} ucro opujentucanu. Ha
Taj HaunH, OpeHeoBe (opMyIle BpeMEHCKe KPUBE (v CY OOITNKa

T 0 w 0 T
Nl B K1 0 K9 N
B/ 0 —R9 0 B

Cnyuaj 3. o je Hyll KpHUBa.

IpernocraBumo 1a je ’(s) # 0 u Heka je ((s),a”(s)) = 1, 3a cBako s.
OBako MapaMeTpH30BaHA HYJ KpUBaA ce Ha3uBa Hyi Kapiianosa kpusa. Tana je
T(s) = d/(s). Bekrop N(s) ce meduHuie Kao jeIUHUYHNA BEKTOP KOJU OITO-
Bapa BekTopy . BekTop GuHopmaie B(s) mpeacTaBiba je/IMHCTBEHN HYJT BEK-
TOp KOju je opTroroHaian Ha N (s) y CBaKOj TAYKH «(s) KpUBE v, TAKAB JIa j&
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(T(s), B(s)) = 1. Penep koju cMo younnu nasusa ce Kapiuanos peiiep. Dopmyie
uyn Kapranose kpuse o y ogHocy Ha Kapranos perep rimace

T’ 0 K1 0 T
N, = ap) 0 —K1 N s
B/ 0 —KR9 0 B

IpU YeMy je TpBa KpuBHHA k1 (s) = 0 ako je a mpaBa MuHHja, Wik K (s) = 1y
OCTANuM ciiydajeBuma. Jlpyra KpUBUHA Ko(S) je pousBosbHa (yHKimja. Hym
KapranoBa kpuBa unja je Ipyra KpuBuHa ko (s) = 0, Hasusa ce nya Kapiuanosa
Ky6Ha Kpusa. 3a Wy je KapaKTEPUCTUYHO /14 HE JICKHU Y PABHU.

1.5 ®peneos u Kapranos penep y npocropy R}

ITpupoHO MAPaMETPU30BAHO] KPHBOj () y eykamackom mpoctopy R* moske
ce MPUJIPYXUTH ojaroBapajyhu (PpeHeoB pemnep, MpU YeMy €€ OH CACTOJU OJ
YeTUPH OPTOHOPMUpaHa BekTopcka osba {1, N, By, By }. TIpBa jiBa BeKTOpCKA
moJba AeruHUCAHA Cy Kao Y TPOJUMEH3HOHATHOM CITy4ajy, MoK ¢y By u B je-
TUHUYHA BEKTOPCKA IMOJba MpBe U Apyre OuHopMmaie. BekTopcko moibe B je
HOpMallHA KOMITOHEHTA BEeKTOPCKOT Tosba N'. BekTopcko moibe Bs je jeaun-
CTBEHO JeIMHIUYHO BEKTOPCKO MOJbE KOj€ je OPTOTOHAITHO HA TPOTUMCH3UOHATHI
notmpoctop {7, N, B; } v TakBo 11a je opujentanuja penepa {1, N, By, By} ucra
ka0 opujeHTanuja mpocropa RY. ®peneose popmyrie KpuBe o' y OBOM IIPOCTOPY
riace

T’ 0 K1 0 O T
N/ . —KR1 0 K9 0 N
Bi - 0 — K2 0 K3 Bl
B, 0 0 —k3 O B,

Ddyukimje k1 (s), £2(s) 1 k3(S) ce peoM Ha3uBajy dpsa, gpy2a u iipeha Ope-
He08a KpusuHa KpUBe (v. Y 3aBUCHOCTHU OJT KAY3aJHOT KapaKTepa KPUBE, TIOCTOjC
Pa3MUYUTH AJIANTUPAHU PETIEPU HA TO] KPUBO], KOJU Cy JaTU y pedepeHrama
[26], [67], [79)].

Cnyuaj 1. o je mpocTOpHA KPUBA.

IMpeTnocTaBUMO J1a je KpuBa «v jeauHudHe Opsure, Tj. (a/(s),a/(s)) = 1.
Tana je T'(s) = /(s) jeIMHUYHN TAHTEHTHU BEKTOP KPHBE (v, & BEKTOP TIIABHE
HopMaste N ($) je KonmuHeapaH ca BeKTopoM o’ (). 3aBUCHO O[T KAy3aTHOT Kapak-
Tepa OBOT BEKTOPA pa3luKyjeMo cieehe moacayuajese:

1.1. (& (s),a"(s)) > 0.

24



1 VBon

Taja BekTop rnaBue HopMaie N (s) mobujamo HOpMUpameM BekTopa o (s).
BekTop mpse GuHopMaie Bj(s) uma mpasal HopManHe komrnonente C- Bek-
topa N'(s) 1 OH MOXe GUTH MTPOCTOPHU, BpeMeHCKU win Hyl1. I[lpema Towme,
pa3IuKyjeMo TPH MoACTyJaja:

111 (C+ Ct) >o.

Bektop B;(s) no6ujamo HopMupameM HopMmanHe komnoHenTe C*. Kako cy
MIpBa TPH BEKTOPA TIPOCTOPHU, BEKTOP By Oulie jeTMHCTBEHH jeTMHUYHHT BpeMeH-
CKU BEKTOP OPTOrOHAIAH Ha TpouMeH3roHauu notnpocrop {71, N, By} Takas
na je opujentamuja penepa {1, N, By, By} ucta xao opujentanuja npocropa R{.
Tanma cy onroBapajyhe ®@peneoBe opmyse o0IuKa

T 0 k0 0 T
N/ o —K1 0 K9 0 N
Bi o 0 —R9 0 K3 Bl
Bé 0 0 R3 0 BQ

1.1.2. (C+ ) <.

BekTop B () je jenMHUUHY BpeMeHCKH BeKTOp KonuHeapan ca C, a BeKTop
Bs(s) je jemMHCTBEHN jeIMHUYHU IIPOCTOPHU BEKTOP OPTOTOHAJIAH Ha TPOIMMEH-
suoHamHu otrpocrop {1, N, B;} Takas 1a je opujentanuja peniepa { T, N, By, Bo}
MCTa Kao opujeHTaiuja mpoctopa R]. OBje cy onrobapajyhe ®peneone hopmy-
JIe 1aTe penamnujom

T 0 wx 0 0 T
N/ o —R1 0 K9 0 N
Bi N 0 K9 0 K3 B1
Bé 0 0 —K3 0 BQ

1.13.(Ct,cty =o.

BekTop B (s) je Hyl BEKTOp KOMMHEAapaH ca HOPMaTHOM KoMroHenToM O,
a BeKTOp Bs () je jemMHCTBEHH HYJT BEKTOp OpTOroHanaH Ha paBat {7, N } Takas
na je (B, By) = 1. ®peneose dhopmyite cana cy obnuka

T’ 0 kKt 0 0 T
N’ . —K1 0 K9 0 N
By | 0 0 k3 O B,
B 0 —ky 0 —ks B,

KpuBa o ca Hyn mpBOM u JIpyroMm OMHOPMAJIOM CE HA3ZUBA HaAPYUJAIHO HYTL
Kpuea v OHA JIEKHU y CBETIIOCHOM TPOAUMEH3MOHAITHOM MOTIPOCTOPY MPOCTOPA
R4

1.
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1.2. (" (s),a"(s)) < 0.

Bekrop riasue Hopmasne N (S) je BpeMEHCKH BEKTOP KOjU JTOOHjaMO HOPMHU-
pamem BekTopa ' (s). JenuHmuHM BeKTOp TIpBe OuHOp™Mare Bi(s) je mpocTopHu
BEKTOp KOJMHEapaH ca HOpMaaHoM kommoHeHTomM C1. Bektop mpyre 6u-
HopMasie Bs(s) je jeIMHCTBEHU jeMMHUYHU TPOCTOPHH BEKTOP OPTOTOHATAH
ua nornpocrop {7, N, B;} u takaB jna je opujenranuja dpeHeoBor perepa
{T, N, By, B} ucra xao u opujeHTanuja npoctopa R{. ®penecose hopmyne
race

T’ 0 ~t 0 O T
N/ . K1 0 ) 0 N
Bi - 0 K9 0 K3 Bl
Bé 0 0 —Ks3 0 B2

1.3. (" (s),a"(s)) = 0.

KpuBa «v ca Hyl INTABHOM HOPMAJIOM Ce HA3UBA fdceyqo Hya Kpusd. AXo je
o (s) # 0, Bekrop rmasue HopMane N(s) = ”(s). Tanma je Bi(s) jequHIIHA
POCTOPHU BeKTOP KonuHeapaH ca N'(s), a BekTop By(S) je jetMHCTBeHN HyIl
BEKTOP opToronanan Ha normnpocrop {7, B;}, npu uemy je (N, By) = 1. Tana
cy @peneose popmyrte y MmaTpuaHoM o0muky ([12])

T’ 0 K1 0 0 T
N| | 0 0 s O N
Bi o 0 K3 0 —HR9 B1 ’
Bé —K1 0 —Ks3 0 Bg

r/ie je MpBa KPUBUHA K1 (S) jeHAKA HYJIM KO je (v IPABA JINHUja, WJIH jeINHUIINA
y OCTaJIMM CJTyJajeBUMa.

Cnyuaj 2. o je BpeMEHCKa KpHUBA.

Amnajiorno kao y npsom ciy4ajy, 7'(s) = o/(s) je jeIMHUYHN TAHTCHTHH BpPE-
MeHCKH BekTop. Jemuumanu Bektop o (s) /|| (s)|| je BekTop riaaBHe HOpMane
N(s). Bextop mpBe 6uHopmare Bj(s) je jeTMHAYHI TPOCTOPHU BEKTOP Y IPABILY
HopMasHe KoMmioHeHTe BekTopa N'(s). BekTop Bs(s) je jeIMHCTBEHH je TMHUYHU
IIPOCTOPHHU BEKTOP OPTOTOHANIAH Ha BpeMeHcKH noTiipoctop {1, N, B; }  TakaB
na je opujentaiuja penepa {1, N, By, By} ucta xao opujentanuja npocropa Ry
Onroeapajyhe ®pencose hopmyre cy oOIUKa

T’ 0 & 0 O T
N’ . K1 0 Ko 0 N
Bi o 0 —R9 0 K3 B1
Bé 0 0 —Ks3 0 BQ
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Cnyuaj 3. o je Hyll KpUBa.

Hyn xpuBa xoja Huje HyJI mpaBa JUHUjA CE MOKE MAapaMETPU30BATH TTapaMe-
TPOM TIcey10 Jyka s Tako ja je (a”(s),a”(s)) = 1. Tana je o nyn Kapranosa
KpHBA Ca TAHTEHTHHUM BeKTOpoM 1'(s) = /(s) U BEKTOpOM IJIaBHE HOpMAJe
N(s) = a(s). Bekrop mpse 6GuHopmaie Bi(s) je HylT BEKTOp OPTOTOHATIAH Ha
N(s) u konuHEapaH ca TAHTEHTHOM KoMIToHeHTOM BekTopa N'(s). Bektop apyre
6unopmaie Bs(S) je jeMHCTBEHH MPOCTOPHU jJETMHUYHN BEKTOP OPTOTOHATIAH
Ha TpoauMensnoHauu motnpoctop {7, N, B} v Takas 1a opujeHTaIIHja penepa
{T, N, By, By} onrosapa opujentamuju mpocropa R{. Kapranose popmye Hyn
KapraHose kpuBe o riace

T’ 0 K1 0 0 T
N/ . K9 0 —KR1 0 N
By | 0 —ky 0 K B; |’
B, k3 0 0 0 || By

py Yemy je TpBa KpuBuHA K1(s) = 0 ako je o mpaBa nuHMUja, Win K1(s) = 1
y octanmuMm ciyuajesuma. Ilceymo-opronopmupanu penep {71, N, By, By} ce
HaszuBa Kapitianoeum peiiepom Hyll KapTaHOBE KPUBE (.

1.6 TIlospmm y npocropy MHHKOBCKOT

Y oBOM MOTNaBJby INpUKa3aHa je nudepeHIrjaiHa TeoMeTpHja MOBPIIH Y
mpocTopy MHUHKOBCKOT Koja je M3lioxkeHa y y pebeperuama [62, 79|, a xoja je
KopuiitheHa 3a JoOUjamhe OPUTUHAIHUX pe3ylTaTa y YeTBPTO] TTIaBH.

Heka je (M, (-,-)) cemu-PumanoBa moBpin y n-TUMEH3HOHATHOM ITPOCTOPY
Munkosckor R ca nHIeGUHUTHOM METPUKOM cuTHATYpE (—, +, .. ., +). AKOje
(u,v) KOOPIUHTAHH CHCTeM Ha M, 03HAUUMO KOMITOHEHTE METPHUKOT TEH30pa
ca

E = gi1 = <auaau>> F= g12 = g1 = <auaav>7
G=gn= <av7 av>~

Kaxo je ungykoBana metpuka Ha cemu-PumanoBoj mospimu M Henerenepa-
THUBHA, BAXU

EG — F? #0.

dyHkuMje ¢¥ ce yBoze TAKO [a 3a10BOJbaBajy pelalujy
2 1, 32 =
. kj — j — ) - ’
Zlgzkg 6@ { 07 34 17 7& ]
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Tana je Jlanmacujan nospiu M pedunucan ca

1 [0 0 0 0 5, 0
A |2 11 Y 12 9 v 21 Y 2 Y
ol [au (\/lgl (g 5. T 9 8@))+8v <\/lg| (9 5o+ m))] :

e e gl = [det(g,)| = |EG — F2| £ 0.

Heka je M raatka mosezaHa mospui ca pyoom OM # Qux : M — R3
nMepauja, Tj. audepeHIrjabuIHo IpecIuKaBambe TaKBO 1a je mudepeHinjan Tor
npecnukasama dr, : T,M — R? uHjeKTHBHO NpecuKaBambe. TaHTEHTHY paBaH
T, M unentuduxyjemo ca ckynom (dx),(T,M).

Taya metpuka z*((, ),) 38/ 10BOJbABA PeITAIH]Y

ZL‘*(< ) >p>(u7 U) = <dxp(u)7 dxp(v)>’ u,v € TPM7

omaknecnemupajer: (M, z*(,)) — (R?, (,)) usomemipuuna umepsuja. Metpuxa
2*(,) MOXe OUTH MO3UTUBHO JIe(UHNUTHA, HEJlETEHEPATUBHA U UHJEKCA 1, win
JleTeHepATHBHA.

Nepununuja 1.23. Hexka je M mospm y mpoctopy R3. Umepsuja x : M — R? je
dpocitiopra (pECICKTUBHO, 8PEMEHCKA, C8CTIOCHA) AKO CY CBe TAHTCHTHE PaBHU
(T,M,z*((,),)) mpocTopHe (pecIeKTUBHO, BPEMEHCKe, cBeTIIOCHe). [loBpi je
HegelenepailiugHa aKo je TPOCTOpHA MU BpeMeHcka. CBeTIOCHA TOBPII ce
HA3UBA ¢eceHepailiueHa Hospul.

Hapomumo neMHHIMje OCHOBHUX MOBPILH Y IIPOCTOpy MuHKOBcKor R3.

HNedmnunuja 1.24. [lceygocghepa ca IGHTPOM Y KOOPJIMHATHOM TOYCTKY U IMO-
nynpeunnka r > 'y mpoctopy R? je BpemeHcka moBpin

St ={p e R} |(p,p) =1}

HMedmnunuja 1.25. I1ceygoxuiiepboruuxu ipocitiop ca IEHTPOM Y KOOPAUHATHOM
TIOYETKY U TOyIpednnka r > 'y mpoctopy R? je mpocTopHa mospin

Ho = {p € R{| (p,p) = —r"}.

Nepunuunja 1.26. Ceeiinocnu (1yn) konye y npoctopy R? ca TeMeHOM y Tauku
m # 0 je cBeTJIIOCHA TIOBPIIT

C?={peR}[(p—m,p—m)=0}.

[IpousBosbHA TOBPII HE MOpa MMATH MCTH Kay3allHU KapakKTep y CBUM
Taukama. AKO je UMep3Hja MPOCTOPHA, Tajla Baxu cienehe TBphembe.
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Teopema 1.3. (/62)) Ilpemiiociniasumo ga je v : M — R} apociiopna umepsuja
doepui M u  : M — R? Gpojexyuja gaitia ca 7(x,y,2) = (,y).

(1) llpojexyuja m je noxkanrno gqugeomopghuzam,

(2) Axo je M romiaximina lospwi u x|gns gupeomoppuzam pyba OM y pasmny
3aiieopeny Kpuey bOe3 illavaka camoipecexa, imaga je :L’(M ) Zpag ca pasnum
gomenom ogpehenum cauxom x(OM).

Heka je z : M — R? npocropHa MIu BpeMeHCKa MMep3Hja mospiuu M.
Osnaunmo ca V° Jleu-Uusura koHekcHjy mpocropa R? u ca T'(M) mpoctop
TAHTEHTHHUX BEKTOPCKUX mosba Ha M. Tama 3a X,Y € T(M) umamo cnenehy
JIEKOMITO3UIIH]Y

(1.1) V%Y = VxY +h(X,Y),

rie je V xY tanrentHa kommoHeHTa u h( X, Y') HOpMaaHa KOMIOHEHTA O] V%Y
y onHocy Ha M, V JleBu - HuBUTHHA KOHEKCHja MHAYKoBaHA Ha M u h apyra
dbynmamenTanHa popma Ha M. YKOIMKO yMECTO TAHTEHTHOT BEKTOpa Y yOUUMO
BekTOp £ HOpManaH Ha M, Taga Baxu cieneha mekoMmo3uImja

(1.2) V&E = —Ae(X) + (VX

pu uemy cy —A¢(X) n (V%E)' pestom Tanrentna u HOpManHa KOMIIOHEHTA
on V&£. Oneparop A¢ ce nHasusa BajuZapifiernoso iipeciukasaroe Wi ofiepainiop
o6uxa iopu M. Jemnakoct (1.1) ce Hasusa laycosa gpopmyna, a jemHaAKOCT
(1.2) Bajuzapimienosa gopmyna.

3a HOpMAJIHO BEKTOPCKO mojbe & Ha M ce Kaxe Ja je iapaneino, ako je
(Vo)+ =0.

Youumo Bektope Y € T(M) u & € T(M) u muxos ckanapHu Npou3Bo.
(Y, &) = 0. KoBapujaHTHUM Au(pepeHINPambeM PETXOIHOT CKATAPHOT TIPOH-
3Boja y mpasiy Bektopa X € T'(M), nobujamo

(VRY,€) + (Y, V&) =0,
onakne, mpuMewyjyhu ['aycoBy u BajurapreHoBy ¢opMyiy, HaTa3umo ja je
(VxY +h(X,Y),€) = —(V, —Ae(X) + (VXE)7),

<VXY> 5) +<h(X7 Y)7€> = <Y7 AE(X)> - <}/7 (V())(S)L> .
=0 =0

Ortyna je
(1.3) (A¢(X),Y) = (h(X,Y), ).
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[Mpumemyjyhu npeTxo/iHy jeAHAKOCT, KA0 M CUMETPUIHOCT Apyre GyHIamMeH-
TanHe ¢popMe, nobujamo cnenehu npeHTUTET

(Ae(X),Y) = (X, Ag(Y)).

Haxne, onepaTop obnuka A¢ je caMoa/jyHTOBaH y OJHOCY Ha METPHUKY IOBPIIN
M.

Moxe ce mokaszatu n1a je M ioitianto eogezujcka iioepui ako U caMo aKo
je npyra ¢pyngamentanHa ¢popma h = 0, OJIHOCHO aKO M CaMO aKO je 3a CBaKO
HOPMAJIHO BEKTOPCKO moJbe § Ha M ucnymeno A; = 0.

Heka je N nokamHO jeTMHUYHO HOPMAaTHO BeKTOPCKo mmojbe Ha M. Tana je

] —1, akoje M mpocTopHa MOBPIII;
(N, N) == { 1, axo je M BpeMeHCKa MOBPIIL.

V wacraBky hemo xopuctutn o3Haky & = N. Kako je ckamapHu mpou3BOL
(N, N) KOHCTaHTaH, UMaMO 14 je

(VXN,N) =0,

omakie crnenu na je VN tanrentHo na M. INomohy Bajuraprenose dpopmyie
(1.2) mobujamo ma je

(1.4) —VEN = Ay(X).
HNedmnunuja 1.27. Bajusapitienos engomopgusam 'y Tauku p € M je nedunucan
ca
A, T,M —-T,M, A,=(An(X)),.
Kopucrehn penarmjy (1.4) Hamaszumo ja je
A,(v) = —=VIN = —(dN),(v), v € T,M.

Veemumo o3naky An(X) = AX.
Kaxo cy Bektopu h(X,Y) u N xomuneapHu, Ha OCHOBY jeqHakoctu (1.1) u
(1.3) mobujamo ma je

(1.5) h(X,Y) = e(h(X,Y), NYN = ¢(AX,Y)N.
Oryna jemHaxoct (1.1) rmacn

V&Y = VxY +€(AX,Y)N.
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ITpe Hero mTo yBeneMo cpegrvy u I aycosy kpueuny doepuiu y mpoctopy R,
MMOJICETUMO C€ HUXOBUX JePUHUIN]A ¥ SYKIUACKOM mpocTopy. Kao mTo je
Mo3HaTO, BajHrapTeHOBO MpeciuKaBame MoBpmHu y R? je nujaroHanuzabumHo,
TaKo Ja Cy TJIaBHE KPUBUHE TTOBPIIN COTICTBEHE BPETHOCTH TOT IIpecIUKaBamba.
T'aycoea kpusuna fioepuiu je IPOU3BO/L, & Cpeqgrod KPUSUHA APUTMETUYKA CPEIUHA
TJTABHUX KPUBUHA TTOBPIITH.

Mehytum, kaga je MeTpuka uHAeUHUTHA, BajHTapTEHOBO MPECIUKABAHE
HHUje AUjaroHaIn3a0WIHO y omTeM ciy4dajy. C 0063upoM Ha TIOMEHYTY OCOOHHY,
IIaBHEe KPHUBHHE 3a IIPOCTOPHY IMOBPII ¢y J0Opo nedUuHMCaHe, IITO HUjE CITyYaj
1 33 BPEMEHCKY MOBpIil. 300Tr TOra MOCTOJU APYyTravuuju MPUCTYIT y JePUHUCAY
Cpe/be KpUBHUHE, KOJU BaXH 3a 00a Kay3amHa KapakTepa mospii. Jla GucMmo
00jacHUIHN Ta] TPUCTYIT, HABOUMO HAJIpe JeHUHUIIN]Y 8EKIUOPCKOE T0./bA CPEGrbe
KpueuHe.

Jedunnnuja 1.28. Hexaje M nospmuz : M — R? HemerenepaTHBHA MMEP3H]a.
Tana je sexitiopcko fiome cpegrve Kpusune NeUHUCAHO ca

L1
H= §tmg(h).

Hedpununuja 1.29. Oyuxyuja cpegroe kpusune H nedunucana je penanujom H=
HN, ogHocHo
H =¢(H,N).

BexTopcko mosbe cpenmbe KpUBUHE je opToroHanHo Ha M. M3paszumo Hu
H npeko BekTopa jokanHe TanrenTHe 0aze. Heka je {e1, 2} opToHOpMUpaHa
TaureHTHa 06aza Ha M, mpH YeMy je BEKTOD €1 MPOCTOPHU U (€, e5) = —e.
IMpumenowm pemanuje (1.5), tobujamo

S| 1
H = Etmg(h) = §(h(€1, e1) — eh(ea, €2))

= %(5@461, e1) — (Aey, e2))N

— §(<Ael,el> — €(Aey, e9))N.

V onnocy Ha 6a3y {e1, €2}, MaTpHIa OnepaTopa 00IMKA IIacH

(Aey, e1) (Aeg, €1>

A= —e(Aeq,e9) —e(Aeg,e9) |’

OMTaKIIe je
tragA = (Aey, e1) — €(Aesg, €9).
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ITpema Tome,

H = (%trag(A)) N.
Opasre HanmasuMo a HyHKIUja cpebe KPUBUHE MOBPIIU IIACH

H=elH N)= %((Ael, e1) — e{Aes, e5)) = %trag(A).

IMocaemuna 1.2. Cpegrva kpusuna negezenepaitiune iospuiu y apocitiopy Mun-
xosckoz R3 je gaitia popmynom

(1.6) H= %tmg(A).

Hedpunucahemo I'aycosy kpusuny negeenepaitiusne iospwu ([69]). YV Tom
by, Kopuctuhemo Tensop kpusune R mpoctopa MUHKOBCKOT U TEH30D KPH-
sune R mospum M. 3a X, Y, Z € T(M), tensop R° je nepunncan ca

RUX,Y)Z = VYVYZ — V9V Z — Vi y 2.

Kopucrehu npeTxonHy neGuHULM]Y, dnmbeHuny 1a je R° = 0, FaycoBy jeqHaKoCT
(1.1), Bajuraprenosy jemHaxoct (1.2) u jequakoct (1.5), Hamasumo 1a je

VSV Z = VS (VyZ) + VYh(Y, Z)

(1.7) =VxVyZ +hX,VyZ) —e(AY, ZYAX + €(AY, Z)N
=VxVyZ — e(AY, ZYAX + h(X,Vy Z) + ¢(AY, Z)N.
ET‘(,M) eT(‘JT/I)L

Amnanorso nobujamo aa je

(1.8)  VIVYZ =VyVxZ — e(AX, 2)AY + h(Y,VxZ) + e(AX, Z)N.

€T (M) eT(& )+

IMpumenom jemrakoctu (1.1) u (1.5), cmequ na je

(1.9) VixyZ = Vixy)Z + (A[X, Y], Z)N.

Kaxo je Ten3op kpusuHe nospin M nepuHHCAH penaijoM
R(X,Y)Z =VxVyZ —VyVxZ -V xyZ

1 R = 0, kopuctehu TaHrenTaH neo y penamujama (1.7), (1.8) u (1.9), Hanazumo
1a je

R(X,Y)Z = e(AY, Z)AX — e(AX, Z)AY
(1.10) = c((AY, Z)AX — (AX, Z)AY).
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Puuujes wwienzop Ric(X,Y ) mospum M y npoctopy R?,3a X, Y € T(M) nar

je n3pa3om
2

Ric(X,Y) =Y (es, e} (Re, X)Y, ;).

i=1

[Monazehu ox oe meduuunuje u npumenom penanuja (1.10), (e;,e;) = 1 u
(e1,e1) = —e, mobujamo
Ric(X,Y) = (R(e1, X)Y, e1) — e(R(eq, X)Y, €3)

(R
e({AX,Y)Ae; — (Aey,Y)AX eq)
<<AX Y>A€2 — <A€2, >AX7 €2>

(L.11) e(AX,Y)(Aey,e1) — e{Aey, YY(AX e)
><A62, 62) + <A62, Y> <AX, 62)

<AX Y) ((Aey,er) — e{Aes, e3))
Y)

—e(Aey, Y)(AX, e1) + (Aeq, Y)(AX, e3).

—(AX

Ha ocHoBy ocobuHe caM0a[jyHTOBAHOCTH OTepaTopa O00IMKa, UMaMo 1a je

—e(Ae, Y)(AX, e1) + (Aes, Y)(AX, e5)

= —e(e, AY)(AX, e1) + (e2, AY)(AX, es)

= —€e(AX, (e1, AY )e; — €(ea, AY )es)
—e(AX, AY).

3ameHoM mocnenme penanuje y penanuju (1.11) u xopucrehu IMocnemuiy 1.2,
crenM 1a je PuuMjeB TeH30p IaT U3pa3oM

(1.12) Ric(X,Y) = 2H(AX,Y) — e(AX, AY).

Ha taj naunn, nomohy penaruje (1.12) u ocobune camoajjyHroBaHOCTH Oriepa-
Topa obnuka A, tobujaMo aa je ckarapna kpusuna p oBpimu M o6nuka

p = trag(Ric) = Ric(ey, e1) — eRic(es, e3)
= 2H (Aey, e1) — e(Aey, Aer) — 2eH(Aey, e3) + (Aey, Aey)
= 2H((Aey, e1) — e€(Aea, e2)) — €((Aey, Aey) — e€(Aea, Aes))
= 2H({Aey,e1) — €{Aey, e3)) — e({A%e1, e1) — e(A%eq, e5))
= e((tragA)? — trag(A?)) = 4eH* — etrag(A?)
= 2edet(A).

Konauno, xako je 'aycoBa KpuMBMHA HelereHepaTUBHE IMOBPIIN jeIHAKA
MOJIOBUHU CcKaJlapHe KpUBUHE Te MOBPIIH, JoKa3aHa je ciefneha mocnequna.
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IMocienuna 1.3. Ako je A Bajuapitienoo upeciukasarbe Ha HeqeSeHepamiueHoj
doepuiu y RS, Waga je I'aycosa kpusuna ihie Tospuiu gaiia uspazom

(1.13) K = edet(A).

Joxaszahemo 1a je y mpoctopy R?, Iaycosa kpuBuHa K HejlereHepaTUBHE
TIOBPINU jeJHAKA CEKIIMOHO] KpuBUHU K (€1, e5) TaHTEHTHE paBHU {e1, €2} Te
HOBPINH He(UHUCAHE Ca

<R(€1, 62)62, €1>

K(eq,ez) = {e1,e1){ea, €3) — <61,€2>2.

[Mpumenom penanuje (1.10) modbujamo 1a je
€(<A€1, 61><A€2, 62) — <A€1, €2><A€27 €1>)

—€

(1.14) = —({Aey, e1){Aey, e5) — (Aey, €)?) = edet(A).

K(@l, 62) =

ITpema Tome, Ha ocHOBY penauuja (1.13) u (1.14), cnequ na je aycoBa kpuBUHA
K mospiiu jeHaka cekinonoj kpuBuuu K (eq, €2).

AKko je onepatop obnuka A moBpim aujaroHanuzabuiaH, umamo crenehy
neUHUTIN]Y.

Jepunuuuja 1.30. Heka je v : M — R3 nenerenepaTusHa umepsuja up € M.
Axo je BajarapreHoBo mpecinkaBame A, IMjaroHAIN3aOUIHO, Tala COIICTBEHE
BPEIHOCTH 01 A, HA3UBAMO Za6HUM KPUBUHAMA Y TAUKH P M 03HAUABAMO X ca

k1(p) u ka(p).

ITomohy penanuja (1.6) u (1.13) nobujamo crenehe TBphembe.

Mocnenuna 1.4. Hexa je oiiepaiiiop obnuxa Ap gujazonanuzadbuian na Hegezete-
paitiugHoj Hogpuiu y Apociiopy R:f. Taga cy cpegra u I'aycosa kpusuna fiospuiu

o0auKa
ekl (p) + ka(p)

H(p) = 5 ,

K (p) = eki(p)ka2(p).

V pedepenriama [21], [62], [69] ommcano je uzpauyHaBame cpenibe u [aycose
KpHBHHE HeIeTeHEPATUBHUX IOBPLIM IoMohy BUXOBE JTOKAITHE TTapaMeTpH3a-
uje

v:UCR* =R}, z=ux(u,v),
r7e je x HemereHepaTuBHa uMmepsuja. Heka je B = {x,,z,} nokamHa 6a3za
TaHTeHTHE PaBHU y CBako]j Tauku ospinu z(U). YV ogHOCy Ha OBY 6a3y, MaTpHUIla
npBe GpyHIaMeHTalTHe hopMe TIIacH
E F
-7 el
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e koehunjeHTe mpse GpyHmamenTanHe popme n3paaynaBamo momohy popmy-
by ¢:]

E = {(vy,xy), F=(xy,1xy), G= (2,2,).
Veeaumo oznaky W = EG — F?. Axo je W > 0 moBpi je MpocTOpHA, a aKo
je W < 0 mocMatpaHa MOBPIII je BpeMeHCKA. JEMMHUIHO HOPMAJTHO BEKTOPCKO
ToJbe TTOBPIIH j& 1aTo ca
Ty X Ty

(1.15) N =

[0 X ||’
IIPU YEMY j€ € = <N,J\7> Tana je
|2y X To|| = V/|[{(Bu X Ty, 2y X 2,)| = \/—€(EG — F2) = /—€W.

Martpuna npyre dpyamameHTanHe opMe h y ogHocy Ha 6a3y B je oOmmka

o)

M N

riae ce koedpunujentu L, M nu N npyre dyHaameHTanHe GopMe U3padyHaBajy
KopuithemeM u3pasa

L=—(Az,,2,) = —(Ny,20) = (N, T0),
M = —(Az,, x,) = —(Ny,2,) = —(@, N} = (N, 2),
N = —(Azy, 2,) = —(N,, 2,) = (N, 2p0).
Tana je MaTpunia BajHrapTeHOBOT ITpecInKaBama 00THKa
A:[E Fr{ L M]
F G M N
Crora, cpeamwa u ['aycoBa KkprBHHA NTOBPIIM T1ace
GL —2FM + EN

(1.16) He= e
LN — M?

Kopucrehu m3pase 3a m3pauyHaBame koeduijeHata apyre GyHmameHTaITHE
dbopme u penarjy (1.15), mobujamo

L _ <]\7,37uu> _ [51:1L7xl)71;1L'u]7
—eW

M _ <]\7’xuv> _ [xuaxv;xuv]’
—eW

N = <]\7’va> _ [xuaxvaxvv]'
—eW
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3amenom xoeduimjenara L, M, N y pemarjama (1.16) u (1.17), mobujamo
cnenehe hopmyre 3a cpenmy u 'aycoBy KpUBUHY:

[Ty Ty, o) G — 2[ Xy Ty, T F A+ [Ty Ty T F

H=— 3
2(—elV)2

Y

[mw Ly, CCuu] [xu; Ly, xvv] - [xua Ty, xuv]Q

K=-— e

1.7 KapakrepucTuune Kjiace noBpiIu

V 0BOM IIOTJIaBJbY HABOAUMO A(UHHIM]Y TPAHCIATOPHE, IIPEHOCHE U POTA-
I[IMOHE MOBpIH y TpocTopy Munkosckor (9],[79]). Hamomerumo fa ¢y mpeHocHe
TIOBPINH JOJATHO OIMMCAHE Y YETBPTO] INIABH, TJIE Cy M3IOXKEHH OPHIMHAIHU
pe3ynTaTH AUcEepTalMje Y OJHOCY Ha Te BPCTE MOBPIIM y mpoctopy R3.

HMedbwnunuja 1.31. Tpancaaitiopna tiospus M y mpoctopy Munkosckor RY je
MTOBPIII TaTa KMEP3H]OM

X:UCR? = R? : (z,y) = alz) + By),

npu uemy ¢y o(z) = (2,0, f3(2),..., fu(2)) 1 B(y) = (0,4,93(y),-- -, 9a(y))
perynapHe kpuse npoctopa RY koje ce Ha3uBajy cenepaitiopu fospuiu M 1 Koje
3a10BoOJBaBajy yeios o (x) x ['(y) # 0.

HMedunnnuja 1.32. IIpenocna idospu M y npoctopy Munkosckor RY je mospin
ca mapamMeTpU3aIiijoM
2(s,1) = als) +tA(s),

TIe ¢y o M 3 Ipou3BOJbHE perynapHe kpuse mpoctopa RY. Kpusa o ce Ha3zuBa
basna Kpuea WIN Zenepaitipuca, a Kpua [ qupekitipuca. Ilpenocu TpeHOCHE
TIOBPINH Cy MpaBe IuHMje T(So, t) = a(So) + tS(so).

[Mapamerpuzanuja yoiwitienoZ komyca y npocropy R} rmacu
x(s,t) = v +tc(s),

rae je v € R} gukcupanu BekTop, a ¢(s) je kpuBa mpocropa R
Tanzenitina pazeojua iiospui je MPEHOCHA TIOBPII ca MPEHOCHMa Y TpaBILy
TaHTEHTHOT BeKTOpa Oa3He KpuBe. Hbena mapamerpusaiuja je oonmmka

z(s,t) = als) + ta'(s).
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Cnenujanne MpeHOCHE TMOBPINHU, KOj€ HUCY YOIIINTEHU KOHYCH, ITUTUHIPH,
WM TaHTEHTHE pa3BOjHE MOBPIIM, HA3MBAjy ce ckponosu. IIpeHocu ckpoioBa
Cy IpaBe JIMHHUje KOje MMa]y IMpasall IJlaBHe HOpMaJse Wik OUHOpMale HheroBe
0a3He KpHuBe.

Nepunumuja 1.33. Heka je o : I — 7, xpuBa y paBuu 7 y npoctopy RS u [
nmpaBa y UCTO] PAaBHU KOja HE ceue KpuBy <. HejereHepaTrBHa TOBPIN KOja
HAacCTaje poTallljoM KpUBE v OKO Ipase [ Ha3uBa ce poitiayuona fiospui. Kpusa o
je dpoghunna Kpuea IOBPIH, a TIpaBa [ je oca poiliayuje.

Oca poTalje MOKe OUTH IIPOCTOPHA, BPEMEHCKA UK HYJI, TIa 3aTO Pa3JIH-
Kyjemo Tpu BpcTe poraruonunx nospii ((9)):

l.cayuaj: Oca potauuje je mpoctopHa rmpasa. Heka oca poranuje | mma mpasaif
2-0Ce M TIPETITOCTABMMO J1a KPUBA (v JICKHU Y KoopauHaTHOj papan yOz wmm x0z.
Tanma kpuBa o *Ma MapaMeTapcKy jeTHAUNHY

a(s) = (0,f(s),9(s)), mma a(s) = (f(s),0,9(s)),

riae ¢y f U g rmatke ¢yHKIMje, a f je MO3UTUBHA (QyHKIMja. 3a oBakaB U300p
oce poTalldje U paBHU 7, TapaMeTpu3aliija poTallnoHe MTOBPILIHU TIacH

cosht sinht 0 0
z(s,t) = | sinht cosht 0 f(s)
0 0 1 g(s)

Axo je a(s) = (f(s),0,g(s)), uMaMo 1a mapamMeTpU3alUja POTAIIMOHE TIOBPIIN
racu

cosht sinht 0 f(s)
x(s,t) = | sinht cosht 0 0 :
0 0 1 g(s)

mipu uemy je 0 <t < 2.

2.cnryuaj: Oca poTaluje je BpeMeHcKa ImpaBa. Heka oca poranuje [ mMa ImpaBarf
2-0Ce W TMPETIIOCTABUMO J1a KpUBa (v JIGKU y KoopauHatHOj paBuu xOy. Tama
KPHBY (v MOJKEMO TTapaMEeTPU30BATH ca

rae ¢y f u g raatke GyHKIH]e, a ¢ o3uTHBHA ¢yHKuuja. [lapamerpuzanuja
pOTAITHOHE MOBPIITH Y OBOM CIIy4ajy, Y MATPUUYHOM OOJIHKY, TTIaCH

1 0 0 f(s)
z(s,t) = | 0 cost —sint g(s) |,
0 sint cost 0
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320 <t <2m.

3.cnmyuaj: Oca porarnuje je Hyn npaBa. Heka oca potanuje [ uma mpapalil HyJl
Bektopa (1,1,0). Kako je moBpiI HeaereHepaTUBHA, MOKEMO 34 MPOGUITHY
KpuBy y3etu kpuBy «(s) = (f(s),9(s),0), s € I, xoja JTeKH y KOOPAUHATHO]
pasuu Oy mipu uemy je je f(s) # g(s),Vs € 1. Tlapamerpusainuja poTanuoHe
MOBPIIHU j€ 00IMKA

2 2
1 +2 £ —%2 t f(s)
z(s,t) = E1-5 1t 9(s)
t —t 0

1.8 Hopmaane u pekTudukanuone Kkpuse y npocropuma R n R?

V cBakoj Tauku perylapHe MPUPOIHO MapaMeTpu3oBaHe kpuse o ca Dpe-
HeosuM periepom {7, N, B} Mory ce youuTs Tpu MeljycOOHO OpTOTOHAITTHE pABHU
{T,N},{T,B}, {N, B}. OBe paBHu ce¢ peiloM HA3UBA]Y OCKVAAOPHA, PEKiliu-
Gurayuona v nopmanna pasad. [1o3HATO je J1a je KpUBA Y CYKITUIACKOM IPOCTOPY
E3 paBHa, akO HeH BEKTOP NMOJO0XKaja JIEKH y OCKYJIaTOPHO] PABHH Y CBAKO]
Tauku KpuBe. Takole, kKpuBa Jiexxu Ha cepu aKO HEH BEKTOP IMOI0XKaja JIeKHU
y HOpMAITHOj paBHU y cBakoj Tauku kpuBe. B. Y. Chen je y cBom pany [18]
OJITOBOPUO HA MUTAHE KOJy OCOOMHY MMajy KPMBE UMjU BEKTOP MOJIOKA]A YBEK
JICKH Y PEKTUPUKAITMOHO] PABHU KPUBE.

Ha ocnoBy B. Y. Chen-ose nedmnunmje, BEKTOp MON0Kaja peKitiuguxayuone
Kpuse ce MOXKe HAIICATH Y OOJIUKY

a(s) = a(s)T'(s) + b(s)B(s),

pu ueMmy cy a(s) u b(s) mpousBosbHe audepenimjabunte pynkuuje. Teopeme
KOje crefe Aajy moTpeObaH U JOBOJbAH YCIOB A €yKIUICKA KPUBA, UIIH HeJlere-
HepaTHBHA KpuBa y npoctopy R?, 6ye pekTudukamona.

Teopema 1.4. (/18)) llpupogno dapameiipusosana kpuea o : I — R3 ca kpusurom
k(s) > 0 u @wopsujom 7(s) # 0 KonZpyenitina je pekiiupuKayuoHoj Kpusoj ako u
Camo aKo je

_ L = +
() 0 17

dpu uemy co € Ryucy € R.

AHanorso Tepheme Baxu y mpocTopy MuHkoBckor RS,

38



1 VBon

Teopema 1.5. (/50]) Heka je «(s) @ipociiopna unu épemencka Kpusa jequuuuie
bp3une y fpociiopy Munkoeckoz R?, ca fipociiopnom uiu 6pemenckom pexitii-
purayuonom pasnu u kpusunom k(s) > 0. Taga je kpusa o KOHEpYeHTIHA peKiTiu-
QukayuoHoj Kpusoj ako u camo axKo 8axcu

7(s)
— = Cos + ¢,
k()

Z_QBCO ERouCl e R

VY cnenehum nBeMa TeopeMama 1aTa je eKCIUTULIUTHA [TapaMeTapcka jeTHauYnHa
PEKTU(PUKALUOHE KPUBE Y EYKIIHICKOM ITPOCTOPY U MTPOCTOPY MUHKOBCKOT.

Teopema 1.6. (/18)) Kpusa o : I — R3 ca kpusunom r(s) > 0 je pexitiugurayuona
aKO U Camo aKo je iwena uapametiiapceka jeqguavuna ooIuKa
a

afs) = ——u(s),

COS S

2ge je a dosuiiueHa peanna Koucimanina u x(s) cepra kpuea jequnuune op3une.

Teopema 1.7. (/50]) Hexa je a(s) negeZenepainiuena kpusa jequuuune 6psune y
apocitiopy Munkoeckoz R3. Taga easce cnegeha imispherva:
( 1 ) Q je pexifiupuxayuora Kpued ca apoctiliopHoM peKiliupUKAyUOHOM PAGHU AKO
U camo axo je fiapamefliapcka jegnauuHa Kpuee o 00IuKa
a

alt) = ——a(t)

2ge je a > 0, a € R u z(t) apociiopna kpusa jequuuune Op3une Koja nexicu Ha
aceygocgpepu S3(1);

(i1) o je apocimiopna (8pemencka) pekimuuKayuona Kpusa ca 6peMencKoM pPeK-
TUDUKAYUOHOM PABHU U TPOCTHOPHUM (BPEMEHCKUM) 8EKITIOPOM TI0N0MHCA]A AKO U
camo aKo fdapameiiapcKa jeguaduna Kpuse o 2uacu

a

a(t) = sinhtx(t)’

2ge je a > 0, a € R u x(t) epemencka (dpociiopna) kpusa jequnuune dp3une Koja
nesicu na iiceygocgepu S3 (1) (dceygoxuiiepbonuuxom apocimopy HE(1));

( 101 ) « Je ApociliopHa (8pemMencKa) peKiuUKayuoHa Kpued ca C8eiliioCHOM PeK-
TUDUKAYUOHOM PABHU U 8DEMEHCKUM (APOCTIOPHUM) 8EKITTOPOM T0N0MHCA]A AKO U
camo aKo je aapameitiapcka jeguaduna Kpuse o 00auKa

a

a(t) = ——a(t),

ipu uemy je a > 0, a € R u x(t) dpocimiopna (spemencra) kpusa jegunuuiie Gp3une
Koja nedicu na iiceygoxuitepoonuuxom apociopy H3(1) (dceygocgepu S3(1) ).
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B. Y. Chen je moka3ao a moctoju penamnuja usMel)y reoge3ujcKuxX KpUBHX
HA KOHYCY M PEKTU(PUKALIMOHUX KPUBHUX.

Teopema 1.8. (/19]) Kpusa na xouycy C ca imiemenom y KOOpGUHATHHOM TOHETHKY
y dpocitiopy R3 je zeogesujcka nunuja ako u camo axo je pekmugukayuona Kpuea
unu otigopenu geo tipeHoca.

PerynapHa KpuBa o y eyKIujackoM npoctopy R? unju BekTop nonoxaja ysex
JSKW y HOPMAJTHO] PABHU TC¢ KPHUBE, HA3MBA CE HOPMAAHOM Kpusom. BekTop
MOJIOKAaja OBE KPHUBE, MapaMETPU30BEHE MPUPOTHUM MAPAMETPOM S, CE MOXKE
HamucaTu y o0JIuKy

a(s) = a(s)N(s) + b(s)B(s),

rae ¢y a(s) u b(s) mpoussosbHe mudepenmjabmHe pynkmje. IlozHaTo je ma
je perymapHa KpuBa « ca Top3ujoM 7(s) # 0 HOpMalTHa KpUBa aKoO M CaMo aKo
je cepra. Ilpema ToMe, MOTpebaH U HOBOJBAH YCIOB I KPUBA Y €YKIHICKOM
POCTOPY Oy/ic HOPMATTHA MOXKE CE UCKA3aTH Ha creiehu HauuH.

Teopema 1.9. Pezynapna dipupogho fapameifipu3o8ana Kpuea oy apociiopy R3
Ca KPUBUHOM K(S) > 0 u wop3ujom 7'(8) # 0 je HOpManHa ako u camo axo je

() -

3a paBHe KpuBe Baxu cienehe TBpheme.

Teopema 1.10. (/80)) Pezyrapua iipupogro iapameiaipuzosana Kpusa o y apocitio-
py R? ca kpusurom r(s) > 0 u @wopsujom 7(s) = 0 je nopmanna axo u camo axo
Je k(s) = constant.

MehyTtum, y mpoctopy MuHkoBckor R} y 3aBUCHOCTH 01 KAy3aIHOT KapakK-
Tepa BEKTOpa IOJIOXkKAja MPOCTOPHE WM BPEMEHCKE HOPMATHE KPUBE U HeHE
TIIaBHEe HOpMalie, oHa he nexxaTu Ha rceynocdepy Wil Ha IceyI0XUTIepOOTMUKOM
MPOCTOpY.

Teopema 1.11. (/55)) Hexa je o(s) @pocimiopna nopmanna dpupoghno fapame-
@pusoseana kpusa y dpociiopy RS, ca kpusunama k1(s) > 0 u ro(s) # 0, ue-
nya eeximopom 2nasne nopmane N (S) u ne-Hyn 6eKWOpoM H0I0XHCAja, TAKO §a je
e = (N, N). Taga je:

(i) Bexitiop idonosicaja o) dpociiopuu ako u camo axo kpusa o(s) aescu Ha
iaceygochepu S3(c, 1) u easncu

1
=44/ 2 cosh d inh d R;
) \/ 2 + er? cos (/Fog(s) s) + ¢; sin (/ng(s) s),c1 € R;
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(i1) Bexitiop @onoxcaja o(S) 8PEMEHCKU aKO U CaMo aKo Kpusa «(s) aexcu Ha
dceygoxuiepbonuuxom apocimopy HE(c, ) u sasicu

Fcll(s) =44/ — er? cosh(/ Ko(s)ds) + ¢ sinh(/ Ka(s)ds), c1 € R.

Crnenehe TeopeMe najy KapakTepH3alM]y ICEyA0 HYT HOPMAIIHUX KPUBUX
KoOje Jiexe Ha MOBPIINMa y TPOcTOpy MUHKOBCKOT.

Teopema 1.12. (/55]) Heka je o iipupogno ilapameiipuszosana iceygo Hyi Kpuea y
apocimopy R3. Taga o nescu na dceygocpepu S3(c, ) axo u camo axo je o pasna
HOPMAIHA KPUBA CA JegHAUUHOM

2
.
—¢=—-—N-B.
(6 C 5

Teopema 1.13. (/55)) Heka je o tipupogno ilapameiipuzosana Kpusa iiceygo uyi
Kpuea y tipocitiopy Ri”. Taga o nedxcu na ceeiminocnom komycy C (c) ca iemMeHom
y {auKu ¢ aKko u camo aKo je o KOHZPYEeHIHA HOPMAIHO] KPUBO] ca jeqHauuHOM

a(s) = —B(s).

KapakTepusaruje peKTHOUKATHOHAX U HOPMAITHUX KPUBHX Cy U3JIOKEHE y
pedepenniama [18], [50], [51], [52], [53], [54] u [80].

1.9 ManxajmoBe KpuBe y eyKJIHJICKOM IPOCTOPY
1 npocTopy MUHKOBCKOT

V eyKITUACKOM MPOCTOPY M MPOCTOPY MUHKOBCKOT MOCTOjE TTAPOBH KPUBUX
Koje 3a70BoJbaBajy oapeheHn reomerpujcku ycnoB. Hajmo3Hatuju mpumepu
TaKBUX KpUBUX cy bepTpaHoBe kpuBe, MaHXajMOBe KpUBe, KpUBa U lbeHa chepHa
CIIUKa, €BOJIyTa W WHBOIYTA, UTA. Y OBOM TOTJABJbY HABOAMMO Ae(UHU-
1jy 1 ocoOuHe MaHXajMOBUX KPUBUX Y CYKIHICKOM MPOCTOPY U MPOCTOPY
MWUHKOBCKOT.

V npoctopy R? perynapHa riaTka Kpusa o Hasusa ce Manxajmosom Kpusom,
aKo TIOCTOjU perylapHa rjaTka KpuBa o u Oujekimja ¢ : o — o TakBa
Ja ¢y y oAroBpajyhuMm Taukama KpHUBHX TNIaBHE HOpMalle KpUBe (v TlapalieliHe
ounopmanama kpuse o« ([27]). Kpusa o* ce Hasusa ipugpyscena Manxajmosa
Kpusa XpuBe v, 10K je {a, a* } Manxajmos itap KpuBux.
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V npocropy Munkosckor R? ManxajMoBe Kpuse ce IeGMHMINY aHATOTHO.
. . . 3
IMo3nato je na je « MaHxajMoBa KpHBa y €yKIHJICKOM mpoctopy R”, ako u camo
aKO BheHa KPUBUHA K U TOP3Hja T 3aI0BOJbABA]Y JEIHAKOCT

k= a(k* +17%),

TIpH YeMy je a mo3uTHBHA KoHcTaHTa ([27]). [TapameTtapcka jenHaunHa Manxaj-
MOBe KpHBe < y ipocTopy R rmacu ([27])

a(t) = ( / h(t) sin(t)dt, / h(t) cos(t)dt, / h(t)g(t)dt),

rie je g : I — R npoussosbha rnaTka GyHKIMja, 10K je pyukimja h(t) obnuka

(1+¢*4+9°)P°+ 1+ (g+4g")

h(t) = (1+ g2)32(1 + 2 + g2)5/2

VY cnenehoj TeopemMu je AaT YCIIOB KOjU MCIyHaBajy KPUBUHA W TOp3Hja
npuIpyxeHe MaHxajMoBe KpUBe.

Teopema 1.14. (/61)) Hexa je o Manxajmosa kpuea y dipociiopy R? dapameimpu-
308ana dpupogrum dapameitipom s. Kpusa 041(31) Hapameilipuzosana upupogqHum
dapameiipom Sy je dpugpysrcena Manxajmosa Kpuga Kpuge o ako u camo axo
Kpusura /ﬁ(sl) u op3suja 7'1(81) Kpuee o 3ago60/basajy jeguaxkocii

dTl . K1

P 1 2_2
d51 a( +a’7—1)7

2ge je a # 0 peanna KoHcwaniua.

3a MaHxajMOBY TTPOCTOPHY WJIM BPEMEHCKY KPUBY Y TPOAUMEH3UOHATTHOM
mpocTopy MuHKoBCKOT, urju Openeos penep {1, N, B} caapsku ABa mpoCcTOpHA
U jellaH BPEMEHCKHU BEKTOD, BXKH TBPherbe aHATOTHO TpeTxoaHoM ([61)).

Teopema 1.15. (/61)) Heka je o ipocimiopna i epemercka Manxajmosa kpusa
V EPOGUMEHIUOHATIHOM Tpociiopy MuHK08CKOZ fiapameinipu3oeana apupogqHum
iapameitipom s, ca Pperneosum peiiepom {T, N, B } u a € Ry Henyna koncitiania.
Taga:

(i) Axo ¢y T u N apocimiopnu, a B epemencrku eeximiop, ioilipedan u oo bam
yeinoe ga fiocifioju dpugpyscena Manxajymosa kpusa xpuge o Znacu

dT1 K1 2 9
dSl a ( +a Tl)?
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(ii) Axo cy T u B apociiopnu, a N eépemencku gexitiop, Hompeban u goeoban
yenos ga iocitioju ipugpysrcena Manxajmosa kpusa kpuee o je 0ouKka

d
= Matr - 1);

dsy a
(11i) Axo je T epemencrku, a N u B dpociiopnu sexifiopu, ioilipedan u goeoman
yenos ga docitioju dpugpyascena Manxajmosa kpusa kpuge o gai je jequasunom
dTl K1

i 1_22'
dSl CL( aTl)

1.10 BbakaynjaoBa Tpancdopmanuja KpuBe U jeJTHAYUHA
BPTJIOKHOT BJIAKHA y npocTopuma R® n R?

A.V. Bécklund je y cBojum pagosuma [3], [4] mokazao na ¢hokanHe moBpum X u
Y. mpu MUHUjCKO] KOHTpyeHIuju [ : ¥ — X/ uMajy jeqHake M KOHCTAHTHE Hera-
tuBHe I'aycoBe kpuBuHe K = K', ako cy ofceuly Ha 3ajeTHUYKUM TaHTeHTaMa
TUX TIOBPINM KOHCTAHTHE JyXKUHE U aKO je yrao uzMely HopMaia TUX MOBPIITU
y oarospajyhuM Taukama koncrantan. Jlunujcka konrpyenmnmja f @ X — Y
ce y OBOM ClIyuajy Ha3uBa baxiyngosa thpancgopmayuja dospcu >, a TTOBPIIT X
dceygocepna iospus. baknynmosa TpanchopManuja f : X — Y/ mpecnukaBa
ACUMIITOTCKE JTMHUjE MTOBPIIN Y. Ha aCHMIITOTCKE JIMHHUje TIOBPIIH Y./, TIPU YeMy
Cy TOp3Hje THX JIMHHUjA jeHaKe U KOHCTaHTHE. [lo3HaTto je ga yrao ¢ usmehy
ACOMITTOTCKHX ITpaBalia rcey1ocepHe moBpIm 3a/10BobaBa cunyc-I"opioHoBy
jemHaunHy oONmrKa
Ot — Pss +sinp =0,

Kao U ga moctoju 1 — 1 KopecnonaeHimja usMelyy peliema cuHyc-I'opmoHoBe
jenHaunHe ¥ TceypocdepHux mospiu ca IaycoBoM kpusunom K = —1. C
o03upoM j1a bakmynjioBa TpaHchopmarija nceyrochepHIX MOBPINA YyBa TOP-
3Ujy ACUMIITOTCKUX JIMHMjA Ha TUM MOBPIIMMA, MOXKE Ce JeDUHUCATU PECTPUK-
uja Baknynmose Tpanchopmalje Koja MpOM3BOJbHY PEryIapHy KPUBY (v KOH-
crante Topsuje 7(s) # 0y eykmuackom npoctopy E? mpecnukasa Ha pery-
TapHy KpUBY & TakBy ja je 7(s) = 7(s) = constant ([16]). HaBogumo kapax-
TEPUCTHYHE TeOpeMe 3a baknyHaoBy TpaHcopMalujy KPUBHX Y €yKIUICKOM
IPOCTOPY.

Teopema 1.16. ([16]) Heka je o(s) apupogno apameiipuzosana iaimika Kpued
konciianiine wopsuje 7(s) # 0y dpocimiopy R? ca dpeneosum peiiepon {T, N, B}
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u kpusurom K(s). Axo je 3a pouszeomry u pearny Koucimaniay co # 0 ¢yurxyuja
¢(s) pewerse quehepenyujanne jegruavune

1= CosSin ¢ — kK,
ittaga je
2
a(s) = als) + C(Z)TCUTZ(COS¢T +sing N)

apupogHo dapameitipuz08ana Kpuea KOHCanitine wop3auje T.

HamomeHnnmo na KxpuBHHE K U K KPUBHUX (U U (¢ pEIOM M3 IIPETXOIHE TEOpeMe
HUCY KOHCTaHTHe, Beh 3a10B0sbaBajy penanujy ([16])

k=K — 2cpsin ¢.

[Tpema ToMe, ako je JaTa KpuBa KOHCTAHTHE TOP3HUje T, MOTyhe je OJIpeAnuTH
mapaMeTapcKy jeIHAYMHY KPUBE UMja j¢ TOP3Uja KOHCTAHTHA U jeIHAKA TOP3UjU
7. C apyre cTpaHe, y ciejehoj TeopeMH cy HaBEJIEHH JIOBOJbHM YCIIOBHU J1a TIPU
TpaHchopMalMju f KPUBUX (v M & y €YKIMACKOM ImpocTopy R3 momeHyTe kpuse
MMajy jelTHaKe U KOHCTaHTHE TOp3Hje.

Teopema 1.17. ([66]) Hexa je f wupancgpopmayuja kpusux o u & y eyKaugckom
apocitiopy R? iwaxo ga je a(s) = f(a(s)), 2ge je s dapameitiap gysicumne nyka
Kpuge o, ipu yemy y ogzosapajyhum fmauxama Kpusux eadice ciegehu yciosu:

(1) Ilpasa xoja cagpycu ogzosapajvhe iwauke je @ipecex OCKYIAWOPHUX DAGHU
Kpusux, mako ga gy ogpehena maukama o) u a(s) uma KOHCTAHTARY §YHCUHY
r;

(2) Bexiuiop a(s) — a(s) obpasyje iiogygapan y2ao ca WanZeHGHUM 8EKIHOPUMA
HocmatipaHux Kpusux,

(3) Bunopmane kpusux 3akaaiiajy Koncwmianian yeao 0 # 0.

sin 6
= constant.

Taga 3a iWop3uje KPUBUX o U & BANCU T = T =

Ja Puoc je y cBoMm pany [22] uz 1906. roauHe OTKPHO MOIET KpeTama
JEIHOOUMEH3NOHATHOT BPTJIOKHOT BIaKHA Y HECTUIIUBUBOM UJIEATTHOM TPOIU-
MeH3uOoHaTHOM Quyuny (pmymmy 6e3 BUCKO3HOCTH, Tj. YHYTpAIIbET TPEHa).
BpT/I03KHO BIAKHO je UACHTH(HUKOBAHO Ca TJIATKOM KPUBOM (s, t) 6e3 Tauaka
camoIpeceka, TapaMeTpU30BaAHOM MapaMeTPOM S 3a CBAKO 1, TJIe je t mapameTap
BpemeHa. [la Puoc je ogpeano Op3uHy BpTI0KHOT BlakHa Kopuctehu jeqHauuHy
BPTJIOKHOT BIIaKHA

Ty = Ts X T,
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U JTOKAJTHY UHJIYKIIH]CKY anmpokcuManujy. OH je 1oKa3ao Ja ce BPTIOKHO BIAKHO
kpehe y mpasity 6unopmarne B(s,t) kpuse x(s,t), 0OMHOCHO 1a je xy = KB.

C nmpyre cTpaHe, BPTIOXHO BIAKHO Ce Takohe MOKe MOCMATpaTH Kao -
HAMHUYKH CHCTEM MPOCTOPHUX KPUBUX Y TPOAUMEHZUOHAIHOM IPOCTOPY MUH-
xosckor ([28]). Tlosnato je na xpusa z(s,t) y mpoctopy R® koja eBonsupa
y CKIIaJy ca jeTHAYMHOM BPTIIOKHOT BIdKHA, TeHepulne XalMMOTO TTOBPII
([75]). PaBHe kpuBe y mpoctopy R, koje renepuiny XammmMoTo NOBPII, CY KPyT
U eJacTHYHA KpHMBa (KpHBA YHja je KPUBHHA Y CBAKO]j TAYKH IPOITOPIHOHATHA
pacrojamy 00 (UKCUpaHe IMpaBe - TUpeKTpuce). KpuBe Koje HUCY paBHe, a
KOje TE€HEepHINy MOMEHYTY IMOBPII Cy XeIMca M MPOCTOPHA €IaCTHYHA KpPUBA
(56]). Y mpocropy Munkosckor R mpoctopna kpusa x(s,t) ca HeHy TIaBHOM
HOPMAJIOM KOjad €BOJIBMpA y CKJIAIy Ca jeAHAYMHOM BPTIOKHOT BIIAKHA T; =
Ts X Tgs, TEHEPHIIIE HEJETEHEPATUBHY (IIPOCTOPHY WM BPEMEHCKY) XaIlIMMOTO
nospi ([28)).

1.11 bumonoB penep y eyKJuJACKOM NPOCTOPY
u npocTopy MUHKOBCKOT

IToxperHu opTOHOPMUpPAHU perep KOjU je J10Opo AehuHUCAH y TayKama
KpHBe y KOjuMa je ’heHa MMpBa KpUBHHA jeTHaKa HyH, nedunucao je JI.P. burmon
1975. roauue ([11]). Buwoiios peiiep {T, N1, N3} UdHU TAHTEHTHO BEKTOPCKO
moJbe 1' v 1Ba HOpMaIHa BeKTopcka moska N1 U Ny Koja ce moOujajy poTalujoM
BEKTOPCKUX 1OJba N 1 B OKO TAHTEHTHOT BEKTOPCKOT Mosba 1, 3a ojroBapajyhu
yrao 0. Yrao portauuje 0 je nzabpaH Tako jia ¢y U3BOJIM BEKTOPCKUX TMoJba [V
u Ny TIO TPUPOTHOM TapaMeTpy S Y CBAKOj TauKW KpUBE KOJIWMHeapHW ca 1.
360r oBe 0cOOMHE, HOpMaTHA BEKTOpCKa Mosba [Ny U No ce HA3UBAJY peaitiugHo
dapanennum eeximiopckum idosuma. C 0063UpoM Ia BeKTopcka moiba N u V)
HE pOTUPAjy, jep cy KonuHeapHa ca 1, buionoB penep ce Ha3uBa peiiep ca
CBOJCTUBOM MUHUMAIHE poiiayuje.

3a pasmuky o dpeHeosor penepa, burmonos pernep Huje jequHcTBeH. Hanme,
Baxu ciefeha Teopema.

Teopema 1.18. (/11)) Axo je {T, N1, No} buwoiiog peiiep pezyrapue kpuee y ipo-
ciiopy R?, @aga je ceaxu peitep o6xa {T,aNy + bNy, cNy + dNy}, 2ge je

a b

c d
OPIHOZOHANIHA MATPUYA CA KOHCTUAHITHUM eaeMeHitiuma, tnaxkohe bBuwoiios peiiep
ifie Kpuee.
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Jennaunne Bumonosor penepa riace ([11])

TI 0 R1 Ko T
N{ = —K1 0 0 N1 3
Né — K9 0 0 NQ

rae cy k1(s) = k(s)cosO(s) u ko(s) = k(s)sinb(s) apsa n gpyca Buwoiiosa
kpusuna peroM u 0(s) = [ 7(s) ds yrao porauuje.

Martpuiia poraimje momohy koje ce og @peHeoBor perepa goduja bummomnos
periep je obnuka ([72])

T 1 0 0 T
Ny | =0 cosf(s) —sinf(s) N
Ny 0 sinf(s) cosf(s) B

V npoctopy Munkosckor R? y 3aBHCHOCTH 0/1 Kay3aIHOT KapaKTepa KPMBE,
mocToje paznuuutu butmonoBu penepu 1yx Te KpuBe. Y HACTABKY HABOJIUMO
onroapajyhe jeqHaurHe bULIOMOBUX periepa HeleTeHePATUBHUX KPUBUX Y MTPO-
cropy Munkosckor R? u mMaTpuue portamuja kojuMma ce MpeHeOB peIeEp IMmpe-

ClUKaBa y BUIIOMOB perep mocMaTpaHe KpHBe, a Koje cy JaaTe y pedepeHIu
72].

Cnyuaj 1. « je mpocTopHa kKpuBa. Paznukyjemo crneneha iBa mojcny4aja:
Cnyuaj 1.1. N;(s) je BpemeHckH, a N (S) IPOCTOPHH BEKTOP.

JeqHauvHe buionoBor penepa riace

T’ 0 K1 Ko T
N{ = K1 0 0 Nl )
Né ) 0 0 NQ

rae cy K1(s) = k(s) coshO(s) u ka(s) = k(s)sinh 0(s) apsa u gpyza buwoiosa
Kpu6uHa pesioM, a yrao poraumje je jennak 0(s) = — [ 7(s) ds.

Martpuna poranuje kojom ce DpeHeoB pernep Tpeciukapa y burtormnos penep
TIIACH

T 1 0 0 T
Ny | =] 0 coshf(s) —sinhf(s) N
Ny 0 —sinhf(s) cosh(s) B

Cnyuaj 1.2. N;(s) je mpoctopHu, a No(S) BpeMEHCKH BEKTOP.

Jennaumne buionoBor penepa oBe KpuBe cy 0OIUKa

T/ 0 R1 Ko T
N{ = —K1 0 0 N1 s
Né ) 0 0 N2
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rie cy k1(s) = k(s)cosh(s) u ka(s) = k(s)sinh 0(s) apsa n gpyza buwoiosa
Kpusuna penoM, a yrao poraumje je jennak 6(s) = [ 7(s)ds. Onrosapajyha
MaTpHIla poTalyje je 0O0IrKa

T 1 0 0 T
Ny | = | 0 coshf(s) —sinhf(s) N
Ny 0 —sinhf(s) coshf(s) B

Cnyuaj 2. o je BpeMEHCKa KpHBa.

VY oBowMm ciyuajy, jeqHaunHe bumomnoBor perepa riace

T’ 0 K1 R9 T
N{ = K1 0 0 N1 s
Né K2 0 0 N2

riae cy ki(s) = k(s)cosB(s) u ka(s) = k(s)sinf(s) pemom apsa u gpyéa
Buwoiiosa kpusuna n 0(s) = [ 7(s) ds yrao poraumje.
Martpuia poTaluje y OBOM CIyuajy riacu

T 1 0 0 T
Ny | = |0 cosf(s) sinf(s) N
Ny 0 —sinf(s) cosf(s) B

AHAaIorHo, y eyKIHackoM mpoctopy R* mokpernu oproHopmupanu buuuoiios
peitep {T', N1, No, N3} caipskut TAHTEHTHO BEKTOPCKO ToJbe T’ U TpH HOpMAJIHA
BekTOpcKa rmojba Ny, No 1 N3 Koja ce 1o0ujajy poTalujoM BEKTOPCKUX 1moJba [V,
By u By ®pencosor peniepa {1, N, By, Bo}. Taxo jna Bektopceka mosba Ny, N
u N MUHUMAJIHO pOTHP4jy. YTIOBH poTtaimja ¢, 6 u ¢ cy OjinepoBu yriaioBu u
OHM Cy n3abpaHu TaKo Ja BeKTopcka mosba V|, Ni u N MUHUMATHO pOTHDAjy
y xuneppasauma Ni-, No- u N3~ penom. IlpenusHuje, BekTopcka mosba Nj, Nj
u N cy y CBaKkoj TaUKM KpUBe KoauHeapHa ca 1.

Jennauune Bumonosor penepa y npocropy R?* cy o6muka ([29])

T’ 0 K1 Ko K3 T
N | | =& 0 0 0 N,
Ny | = | =k 0 0 0 N, |
Nj ks 0 0 0 N

rze cy
R1(s) = k1(s) cosB(s) cos(s),

Ro(s) = Kk1(s)(—cosf(s)siny(s) + sinp(s) sinO(s) cos (s)),

47



1 VBon

R3(s) = k1(s)(sinf(s) sin(s) + cos p(s) sinB(s) cos(s)),

apsa, gpyea v wpeha Buwoiosa kpusuna peroM. OjlepoBH YIIOBU poTaluja
riace
K3(s
0(s) 3(5) ds,

AN OETE0)

)
Ny (s) + (sin p(s) sint(s) + cos p(s) sinO(s) cos(s))N3(s)
s)N1(s) + (cos¢(s) cos(s) + sing(s) sinf(s)
(sin(s)costp(s) + cos(s)sinb(s)sin(s))Ns(s)
sin p(s) cos 0(s)Na(s) + cos p(s) cos 0(s)N3(s).

V npoctopy Munkosckor R{ 3a mpocTopHe 1 BpeMeHCKe KpHBE, 3aBUCHO O]
Kay3aJHOT KapaKTepa iuxoBux @peHeoBUX BEKTOPa, MOcToje yeTupu butionosa
perepa koju ¢y natu y pedepernu [29]. Hasomumo jennaunte burmomnosux
penepa y MaTpuaHOM OOJIUKY U (hopMe BUIonoBux KpuBrHa TOMEHYTHUX pernepa.

Cnyuaj 1. o je mpocTOpHA KPUBA.
V oxBuUpY NpBOT ciyyaja, mocroje cieneha Tpu mojaciayyaja;
Cnyuaj 1.1. N(S) je BpeMEHCKH BEKTOD.

Jemnaunne bBumonoBor penepa cy odmuka

T/ 0 :‘%1 l_ig I_ig T
N | | &% 0 0 0 Ny
N, | | =k 0 0 0 Ny |’
N} —R3 0 0 0 N,

TIPH YeMy CY
R1(s) = —k1(s) cosh 0(s) cosh)(s),

Ro(s) = k1(s)(sinh(s) cos p(s) — sinh §(s) cosh ¢ (s) sin (s)),
R3(s) = k1(s)(sinh ¢ (s) sin p(s) + sinh 6(s) cosh 1(s) cos ¢(s)),
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apea, gpyea v wwipeha buwoiiosa kpusuna. Taxolhe Baxe crneache penanuje usmehy
KpuBWHA U xunepoomnaknx OjIepoBUX yriioBa

() = /RA(s) — R3(s) — R (s),

ka(s) = —1'(s) — 6'(s) tanh 6(s) coth i) (s),
___0(s)
k3(s) = —m.

Cnyuaj 1.2. Bi(s) je BpeMeHCKU BEKTOP.

JennaunHe buiionosor peIicpa cajia riiace

T/ 0 :‘231 l_ig I_ig T
N | |-/ 0 0 0 Ny
N, | = | &R 0 0 o0 Ny
N —Rs 0 0 0 Ny

BHIIOMOBE KPUBUHE CY JIATE H3PA3UMA
Fa(s) = ki (s) cos 0(s) cosh i (s),
Fa(s) = rir(s)(— sinh¢b(s) cosh o(s) — sin 0(s) cosh (s) sinh p(s)),
Rs(s) = k1 (s)(sinh 1 (s) sinh ¢(s) + sin 8(s) cosh¢(s) cosh o(s)).

®peneose u bumonose kpuBuHe u xunepodoauuku OjIepoBU YIIOBU 3a]10-
BOJbABA]y JEMHAKOCTH

ma(s) = /R2(s) — R3(s) + F3(s).
Kka(s) = 9'(s) — 0'(s) tanh O(s) cothip(s),

RAC)
rals) = sinh(s)’

Cnyuaj 1.3. Bs(s) je BpeMeHCKU BEKTOP.

Onrosapajyhe jennaunne bumornosor pemnepa cy o0auka

T/ 0 :‘_11 I_ig I_fg T
N | | =k 0 0 0 Ny
N, || =k 0 0 0 N, |’
N} Fs 0 0 0 N,

rze cy
R1(s) = k1(s) cosh 0(s) cos i (s),
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Ra(s) = k1(s)(sinh ¢ (s) cosh (s) + sinh O(s) cos () sinh ¢(s)),
R3(s) = k1(s)(—sin(s) sinh p(s) — sinh (s) cos ¥ (s) cosh p(s)),

onroeapajyhe burmornose kpuBuHe. YTJIOBU pOTalyja U KPUBUHE KPUBE 3a70-
BOJbABA]y JeMHAKOCTH

ma(s) = /R2(s) + R3(s) — F3(s).

Ka(s) = —¢'(s) — 6'(s) tanh 6(s) cot ¥(s),
AC)
ria(s) = sin(s)

Cnyuaj 2. « je BpeMeHCKa KPHBA.

buiionos penep 3a10BoJbaBa JeTHAKOCTH

T 0 R Ry K T
N | | & 00 0]||MN
Ny | TR 0 0 0 ]| Ny|”
N} Bs 00 0 || N

IPH YeMy Cy
R1(s) = k1(s) cosB(s) cos(s),
Ra(s) = k1(s)(sint(s) cos p(s) — sinf(s) cos(s) sin p(s)),
R3(s) = Kk1(s)(sin(s) sinp(s) + sinf(s) cos(s) cos p(s)),

oarosapajyhe bumonose kpusune. Takole Baxe penanuje usmel)y KpuBuHa U
yriaoBa obuKa

ma(s) = \JR3(s) + R3(s) + R ().
)

Kka(s) = '(s) + 6'(s) tan O(s) cot P (s),
A
ria(s) = sin(s)

1.12 VYBujeHe noBpumu y eyKJIHACKOM MPOCTOPY
u npoctopy MUHKOBCKOT

VBUjeHe MOBPIIU Ka0 YOIIITEHhEe POTAIMOHUX MOBPIIU Y €YKIHICKOM ITPO-
cropy, nedunucao je A. I'pejy pany [36]. MebujycoBa Tpaka 1 ysujena KiajHosa
boma cy mospmu koje cy A. I'peja MOTHUBHUCAlle 1a yBele OBY BPCTY IMOBPIIIH.
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VBujeHe TOBPIIM HACTA]y POTAIMjOM MPOQUIHE KPUBE Y PABHU T OKO (DUK-
CHpaHe Tauyke UCTe paBHU (T]. OKO OCE KOja je HOpMallHa Ha paBaH T), JTOK
HUCTOBPEMEHO paBaH m POTHPA OKO HeKe IMpase y Toj paBHU. Kako mocToje aBe
HUCTOBpEMEHE poTallyje, IMOBPIIl KOja HACTAje ce Ha3UBa yaujeHa U geoCilipyKo
poiiayuona iiogpui. PaBHe 1 MUHUMAJTHE YBU]EHE MOBPIIH, KAO U YBUJEHE MTOBPIIIHN
KOHCTaHTHe ['aycoBe U cpeitbe KPUBUHE Y CYKITUIACKOM IIPOCTOPY M IPOCTOPY
MWUHKOBCKOT, TIpoyuaBaHe cy y pedepernama [32] u [33]. PaBan xoja cagpxku
Ipo(UIHY KpUBY y IIpocTopy MuHKOBCKOT R? Moke GUTH IIpOCTOpHA, BPEMEH-
CKa WM cBeTlocHa. Kaja je paBaH mpoduiiHe KpUBe HeJlereHepaTHBHA, YBUjeHe
MOBPIIHU KOj€ € J0OMjajy Cy MPOCTOPHE, BPEMEHCKE WIIM CBETJIOCHE. Y Cyvajy
Kajia je TTOMEHYTa paBaH CBETIOCHA, HACTA]y MCKIbYYMBO CBETIOCHE YBUJCHE
nospiu ((34]). Yipaso oBa UCKIbYUMBOCT je G1iTa MOTHB JIa CE Y YETBPTO] TIIaBU
TIOKTOPCKE qucepTanuje I1euHUITY yeujere dospuiu gpye epcitie Koje MoTy OUTH
U HelleTeHepaTUBHE.

Ja 6u ce mobmina mapaMeTpusalija OBUX TMOBPIIHN Y eYKIUICKOM TPOCTO-
Py, 0e3 yMamema OIMIITOCTH MOXE CE Y3€TH Ja je PaBaH T Koja CaJpKH KPUBY
KOOP/IMHATHA TZ-paBaH, JJa KpUBa POTHPA OKO OCe KOja TPoia3u Kpo3 TauKy
(a,0,0) n mapasenHa je ca y-ocoM, JOK ICTOBPEMEHO paBaH T POTHPA OKO z-0Ce.
TpeTocTaBuMoO 1a TIpoduIHa KprBa nMa jenHauuny o(t) = (f(t),0,§(t)), rae
cy f u § peante ¢ynkuuje. Potamujom oBe kpuBe oko Tauke (a,0,0), Tj. oko
[paBe Kpo3 Ty TAUKY MmapajieliHe ca y-ocoM, 1oouja ce jeauakoct ([33])

a cos(bs) 0 —sin(bs) f(t) a+ f(t) cos(bs)—g(t) sin(bs)
ol<| o 1 o0 0o |=| 0 ,
0 sin(bs) 0  cos(bs) g(t) f(t)sin(bs)+g(t) cos(bs)

d 3dTUM pOTaLIPIjOM OKO 2-0C€ JOJId3UMO OO napaMeTpmauI/Ije

) coss —sins 0 a+ f(t)cos(bs) — g(t) sin(bs)
To | = | sins coss O 0 )
T3 0 0 1 f(t)sin(bs) + §(t) cos(bs)

ynMe ce goouja creneha nepuHuUIMja.

HMedununnja 1.34. (33]) Yeujena (gsoctipyxo potiayuona) Gospus y IpocTopy R3
ca mpodtHoM KpuBoM «(t) = (f(t),0, (1)) nma mapamerapcky jemHaAUMHY

n(bs))(cos s,sin s, 0)

t) cos(bs) — g(t) si
sin(bs) + g(t) cos(bs)).

n(bs)

Ha ocHoBY MaTpHIla poTalidje 3aKJbyuyjeMo [a ce OHE peaIn3yjy HCTOBpeMe-
HO, a7 pa3NnuuuToOM Op3uHOM. PaHuje momeHyTe noBpiiu, MeOujycoBy Tpaky
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u yBujeny KnajuoBy 6011y, HABOJIMMO Kao CIICIHjATTHE TPUMEPE HEOPHUjEHTAOUI-
HUX TIOBPIIU OBE BPCTE.
AKxo je mpoduuHa kpusa obmka o(t) = (¢,0,0) nu b = 3, Tana je

s s s
z(s,t) =a <coss + t cos 5 cos s,sin s + tcos§sins,tsin 5)

napameTpusanuja Me6ujycoBe Tpake.
Axo npodriHa KpuBa UMa jemHaunHy o(t) = (sint,0,sin(2t)) u b = 3,
nobuja ce yBujeHa KiajHoBa 0olra ca mapamMeTpu3alujom

Z(s,t) = (a +sint cos % — sin(2t) sin %)(COS s,sin s, 0)
+(0, 0, sin ¢ sin g + sin(2t) cos g)
JIBOCTPYKO POTAIMOHE TOBPIIH ¥ TPOCTOPY MHUHKOBCKOT JlehMHICAHE CY U

knacudurosane y panosuma [33] u [34]. V mpocropy Munkosckor R, mocroje
crenehu cmydajeBu:

1. cyvyAJ. TlpodunHa kpuBa o IeKH y BPEMEHCKO] PaBHU.

_ TpernocTaBumo 1a MpoduIHA KpHBA MMa TTapaMeTapeKy jenHaunHy o (t) =
(f(t),0,g(t)). Oca poraruje OpTOTOHATHA HA OBY PABaH je MPOCTOPHA, IOK
Apyra oca caapKaHa y paBHH, MOXKe MMAaTH [IPOM3BOJbAH KAy3aIHU KapakTep.
PasMOTPUMO peIOM CBaKy OJ] OBUX MOTYHHOCTH.

(A) Axo mpoduiHa KpHuBa v pOTHpA OKO Yy IMIPOCTOPHE OCe, a paBaH OKO Bpe-
MEHCKE 2-0ce, I00Hja ce mapameTpu3alinja ysujene nospiiu oouka ([33))
Z(s,t) = (a + f(t) cosh(bs) + §(t) sinh(bs))(cos s, sin s, 0)
+(0,0, f(t) sinh(bs) 4+ g(t) cosh(bs)).

(b) Axo mpodunna KpuBa o pOTUPA OKO Yy TTPOCTOPHE OCE, a paBaH OKO MPO-
CTOpHE Z-0Ce, TapaMeTpu3anuja yeujere mospiiu riacu ([33])

Z(s,t) = (a + f(t) sinh(bs) + g(t) cosh(bs))(0, sinh s, cosh s)
+(f(t) cosh(bs) + g(t) sinh(bs), 0, 0).

(B) Konauno, ako mpoduiiHa KpuBa o poTHpa OKO ¥y IPOCTOPHE OCE, a PaBaH
OKO CBETJIOCHE oce TeHepucane BekTopoM (1,0, 1), mapamerpusanuja yBujeHe
moBpI je obmuka ([34))

a+ f(t) cosh(bs

~—

+ g(t) sinh(bs)

s 5
Z(s,t) = -s 1 s
s 1+

+ o

9 ~

1+ % f(t)sinh(bs) + g(t) cosh(bs)
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2. cny4AJ. Ipodunna kpuBa o 1€KUYy MPOCTOPHO] PABHHU.

_ TIpetnocraBumo f1a mpoduita KpuBa MMa apamMeTapeKy jenHaunny o(t) =
(f(t),q(t),0). Axo mpodunHa KpUBa o pOTUPA OKO Z BPEMEHCKE OCE, a4 PaBaH
OKO IPOCTOPHE -0Ce, MoOHja ce MapaMeTpH3alildja YBHjeHE MOBPILU OOIMKA

(33])

Z(s,t) = (a+ f(t) cos(bs) — g(t) sin(bs))(cosh s, 0, sinh s)
+(0, f(t)sin(bs) + g(t) cos(bs), 0).

3. ciyyAl. IIpoduHa KpuBa o JIEXKH Y CBETIIOCHO] PaBHHU.

[IpaBa opToroHaTHa Ha CBETJIOCHY paBaH je CBETIOCHA, TAKO Ja je jelHa

oca poTalfje CBETIOCHA, JOK je JIpyra oca poTalidje, Koja JIeKH y OBO] PaBHH,
CBETJIOCHA WJIM MMPOCTOPHA.
(A) Tocmatpajmo mpodmnny kpusy o(t) = (f(t),G(t), f(t)) xoja nexu y cBe-
TJIOCHO] PaBHH ca jeTHAUYMHOM ¥ = 2. PoTaiujoM npoduiiHe KpuBe y PaBHU
7 OKO HCTe Hyl oce reHepucane BekTopoM (1,0,1), mobuja ce mereHepaTHBHA
(cBeTmocHa) ospi ([34]).

(B) Poranujom mpoduiHe KprBe OKO HYI oce TeHepucane BekTopoMm (1,0, 1),
U paBHU T OKO MPOCTOPHE Oce, To0Hja ce mapaMeTpU3alifja CBETIIOCHE YBUjeHE
noBpinu 06mka ([34])

Z(s,t) = (a+ f(t) + bsg(t))(cosh s + sinh s)(1,0,1) 4 (§(¢) + ¢)(0,1,0),

rae a,b,c € R.
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2 CheunujajiHe BpcTe KPUBHX Y MPOCTOPUMA
Munkosckor R? u R]

OBa rmaBa OJHOCH ce Ha CIeLHjaliHe BPCTe KPUBUX y MpocTopuMa MuH-
xoBckor R? u R} u mpezncrapsba Mmperyen OpUTMHAIHUX Pe3yITaTa TOKTOPCKE
aucepranmje objaBibeHux y pedepentama [37], [38], [39], [40], [42] u [45].
Hajnpe naBomMo kapakTepu3anuje peKTUGUKATMOHUX U HOPMATHUX KPUBUX
y mpoctopy R?. 3atum hemo mokaszaTu ma He mocToje Hya MaHxajMOBe KpUBE
y mpoctopy R?, kao u ma cy nceymo Hyn MaHXajMOBe KpUBe IpaBe IHHHje
u kpyxHuue. Jlepunucahemo yommrteHe HyJ, mapudjaTHO HYT U TICEyI0 HYT
ManxajMoBe KpuBe y mpoctopy R} kao yommTeme MaHXajMOBUX KPUBUX M
JlaTH HUXOBY Kinacudukanujy. Y HacTaBKy hemo ommcatu bakmyHioBe TpaHc-
bopmanmje nyn KapranoBux u riceio Hyll KpUBHUX, Ca HATJIACKOM Ha TOME J1a CY
OBO TpaHcopMalinje Koje uyBajy Top3ujy (Ipyry KpuBuHY ) KpuBe. Onpenunhemo
MO/ KOjUM YCIIOBHUMa ce TIceyAo Hyl, oqHocHO Hyl KapranoBa xenuca bakiyH-
JIOBUM TpaHchopMaliijama mpeciukapa y Ticey1o Hyll, oqHocHo Hy1 KapraHoBy
xenucy penoMm. C npyre cTpaHe, oagpeauheMo ycrnoBe Koje Tpeba J1a MCIyHH
nata TpaHcopmaija Hy1 KapTaHoBUX U TICey10 HYJI KPUBUX Jia OW TpeJicTa-
B/basia baknyHnoBy TpaHchopmalyjy Tux KpuBux. Tpeba Harmacutu na oBe
TpaHcopmalje HUCY jemuHCTBeHO onpeheHe. Ha kpajy, H3BOOMMO jeTHAUMHE
BPTJIOKHOT BJIAaKHA 3a Ticey1o Hyn U Hyl1 KapTraHoBe kpHuBe, Kao U €BOJTYLIHOHE
jeAHAYMHE KPUBUHE U TOP3HU]jE TUX KPUBUX.

2.1 Peaauuje uzmel)y pekTupuKanuoHnX 1 HOPMAJTHUX KPUBUX
y npocropy Munkosckor R?

VY nornasspy 1.8 1atu cy moTpeOHU U JOBOJHHU YCIIOBU 3a PETYIApHY KPUBY
MO/ KOjuMa je OHa OCKYIIaTOpHA, peKTU(HUKAIIMOHA WU HOpMalHa KpuBa. Y
OBOM IOTJIaBJbY HABOAMMO pefaiiuje usmely oarosapajyhux mpocToOpHUX peKTH-
(bUKAIMOHUX ¥ HOPMATHUX KPUBKMX KOjU CY MYyOIMKOBAHU Y pajly [45] HameTameM
onpeleHnx reomeTpujckux ycrnoea. KoHkpeTHo, onpemuhemo mapamerpusaiu-
j& PEKTHU(PHUKAIIMOHUX ITPOCTOPHUX KPUBHUX UHja je OPTOTOHAIHA TIPOjeKITHja Ha
MPOCTOPHY (BPEMEHCKY) paBaH HOpMaHa kKpuBa. Takolhe, ako HOpMalHy KpUBY
MPOjeKTYjeMO Ha CBETJIIOCHY paBaH U TaKo ITOOUjeMO PeKTU(DUKAIINOHY KPUBY,
oapehemMo mapaMeTapcKy jeIHauMHy HOPMaJTHE KPUBE.

Teopema 2.1. ([/5]) Hexa je « dpociiopna peximiugurxayuona kpusa u [ iwena

54



2 CrenujaiHe BpcTe KPUBUX y MTPOCTOpUMa MUHKOBCKOT

opiioZonanna fipojexyuja na tapocimopry pasan y R3.
(1) Axo je o kpusa ca HeHyl Z1A6HOM HOPMATLOM U 3 HOPMATHA Kpusa, ilaga je go
Ha dapametipuzayujy Kpuea o gaa jequaiutom

(2.1 a(u) = (ccosu, cos(cu), sin(cu)),

apuuemy c € RT\ {0}, c £ 1;
(2) Axo je o kpuea ca nyn Znagnom Hopmaiom u 3 Hopmana Kpuea, maga je, go
HA TAPaAMETAPUIAYUTY, JeGHAUUHA KPUBE Ot 00IUKA

(2.2) a(u) = (cosu, cosu,sinu).

Hoxas. (1) Heka je 8 opToroHaiHa nmpojekiuja KpuBe v Ha IPOCTOPHY paBaH
y R?. Taja jeHaunny KpuBe (v MOKEMO HATUCATH Ha criefehy HaumMH

(2.3) a(s) = B(s) + Als)v,

I YEMY j€ S IPUPOIHU TIapaMeTap KpuBe o, \(S) HEKOHCTAHTHA r(epeHInja-
6unna ¢pyuxmmja uv = (1,0, 0) jeruHUYHN BpeMeHCKH BekTop. [IpeTmocTaBuMo
Ja o IMa HeHyJl TJIaBHY HOpPMaJTy U J1a je [ HopMajHa KpHBa UHja je jeMHaUnHA

(2.4 B(t) = (0, cost,sint)

Tako Ja je ¢t ’eH MpUpOdHHU MmapaMeTtap. JudepeHmpameM penaryje (2.3) mo
napameTpy s u kopuctehu yenos (o (s), o/(s)) = 1, nobujamo 1a je

(2.5) 1+ \?(s) = t"(s).
Mudepennuparmem penaipje (2.4) mo s, HaIa3uMo Jia je

2.6) (B(5), B"(5)) = —t2(s).

Kopucrehn penammjy (2.6) u yenos (a(s), a”(s)) = 0, cnenn na je
(2.7) t%(s) + N'(s)A(s) = 0.

3amenoM penaryje (2.5) y penaruju (2.7), modujamo qudepeHnjanHy jeHaYMHY
ApYror pena

(2.8) N ($)A(s) + N2 (s)+1=0
YHje je OIIITE Pellehe

(2.9) A(s) =/ — (s+cn)?,
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riaec € RT\ {0}, co € Ru|e| > |s + ¢|. Ipuposanu mapamerap Kpuse [ riacH

(2.10) / 12 (w)]] ds

3amenom penaije (2.9) y penanuju (2.3), Hanasumo 1a je

@11 18/(s)11 = S
\/1 B (s+co>
C

[Momohy penanuja (2.10) u (2.11) cnenu aa je

s+c
(2.12) t(s) = carcsin( + %).
c
IMpema ToMe, jeIHAUMHA KPUBE [3 TIIACH
S+ o . S+

(2.13) B(s) = (0, cos(carcsin( ))-

)), sin(c arcsin(
c

Kopucrehu penammje (2.3), (2.9), (2.13) u pemapamerpusanujy

(2.14) u= arcsin(s i CO),
c
nobujamo 1a je kpusa o o6muka (2.1). Konauno, momohy penamumja (2.3), (2.9)
u (2.13) mobujamo
A1 =) (s + )2+ A2 —1)]
(¢ = (54 c0)?)? ’

omakie ciend ma je ¢ # 1 jep je (o'(s),a”(s)) # 0. Tume je mokazaH mpBHU 10
TBphema.

(2.15) (a"(s),a"(s)) =

(2) IpeTmocTaBUMO cajia [a je o KpUBa ca HyJl BEKTOPOM IIIaBHE HOpMaJle 1
1a je f HopManna KpuBa. Taja je kpusa « 06iuka (2.3). Mehytum, us penaruje
(2.15) cnemum ma 3a ¢ = 1 Baxwu ycioB (@) = 0, ma je y ToM ciIydajy KpuBa o
nara jeqHaunHOM (2.2). O

a
Hanowmena 2.1. Vsohersem peiiapameitipuszayuje v = arcsin(—tg p), wako ga je
c

2=1-¢% ce R\ {0}, ¢ # 1, aapamemapcka jegnauuna (2.1) ce céogu na

00Uk a
alp) = a(p),

cosp

1
a(p) = —(1/cos?p — a?, cos(c arcsin(gtg p)) cos p, sin(c arcsin(gtg p)) cos p)
a c c

Kpuea jequruune opsune Koja nexcu na dceygocgepu S3(1).
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Ha cniuuan naunn gokasyje ce cineache TBpheme, Unju J0Ka3 M30CTaBIbaMOo.
Teopema 2.2. ([/5]) Heka je o ipocitiopna kpusa u 3 1sena opiioZonanna ipo-
Jjexyuja na spemencky pasan y R3.

(1) Axo kpuea o uma Henyn Znaghy Hopmany, a [ je GpociliopHa uiu 6peMeHcKa
HOpMAIHA Kpusa, maga je peqom, qo Ha dapameiupuzayujy, o gailia jeguauunom
a(u) = (cosh(cu), sinh(cu), ¢ cosh u),
OgHOCHO
a(u) = (sinh(cu), cosh(cu), csinh u),
ege c € RT\ {0}, ¢ # 1,
(2) Axo Kpusa o uma Hyn ZiasHy Hopmauny, a [ je GpociliopHa uiu 6PeMEeHCKa
HOpMAJHA Kpuea, waga je peqom, go Ha dapameiapuzayujy, o gaita jegnauunom

a(u) = (cosh u, sinh u, cosh u),

0GHOCHO
a(u) = (sinh u, cosh u, sinh u);

(3) Ako je B nyn nopmanna kpusa, waga je o ipasa auHujd.

V napennoj teopemu hemMo nmokasaTu 11a Cy nMpase JeMHE PEKTU(DUKAIIMOHE
KPHUBE Yy TPOCTOPY MUHKOBCKOT UHja je MPOjeKIHja Ha CBETIIOCHY paBaH Y OJTHOCY
Ha W3a0paHy MperpaHu CHOIT HOPMAITHA KPUBA.

IMocMaTpajMo HajIpe POU3BOJbHY KPHBY ¢ y R? (Koja He €K1 Y CBETIOCHO]
paBHH) 1 kpuBy [ = P*(a) k0jy mo6HMjaMO MPOjeKTOBAEM KPUBE (v HA CBETIIO-
cHy paBaH 7. Tana pemanuja msmely kpusux a(s) = (ay(s), az(s), as(s)) u g
TIIach

(2.16) a(s) = B(s) + (a(s), u)v,
I Cy U U U HyJ BEKTOPH KOjU UCITYEbaBajy YCIOBE
RadTm = span{u}, ltr(T'r) = span{v},
(u,v) =1, (v,w)=0, YweS(Tnr).

VY nornasby 1.7 qucepTaliuje, UCTAKIN CMO Ja TTPETpaTHU CHOII CBETJIOCHE PABHU
T HUjE JEMHCTBEH, ITO heMO MIYCTPOBATH KOHKPETHUM MpUMEpUMa KOjU he
HAC JIOBECTH JIO Pa3IMIUTUX MTAPAMETapCKUX jeTHAUYMHA KPUBE 3.

He ymamyjyhu ommroct, MOXeMO TIPETIIOCTABUTH Jla CBETIIOCHA PaBaH T
UMa jeTHAUUHY T = Y. Y OBOM CIIyuajy je pauKalH{ CHOII pa3areT BEKTOPOM

u=(1,1,0).

57



2 CrenujaiHe BpcTe KPUBUX y MTPOCTOpUMa MUHKOBCKOT

Youumo uenyia sektop ¢ = (0,1, 0) nokanto neduHUCaH HA OTBOPEHOM TIO-
ckyny U C R3. Tlowrro je {(q,u) = 1 u {q,q) = 1, CBETIIOCHN TpaHCBEP3aTHN
BEKTOPCKH CHOIT pa3arier je BEKTOPOM

(g N 11
 (u,q) <q 2<U7Q>) 230

Ortyna je onrosapajyhu mperpamau S(7'7) CHOI pa3arneT BEKTOPOM

(2.17) w = (0,0,1).

3aMeHOM BeKTOpa u M v 'y penaruju (2.16), qodujaMo mapaMeTapcKy jeHAunHy
MPojeKIHje 5 KpUBe o

ai(s) + as(s) ai(s) + as(s)

2.18) Bls) = (T, T

,043(8)).

TpeTnocTaBUMO cajia a HEHYIIA BEKTOP (o, JOKATHO AeDUHUCAH HA CKYITY
U C R3, uma koopmunate qo = (0,1,1). Taza je (qo,u) = 1 1 {(qo,q0) = 2, ma
j€ CBETIIOCHH TPAHCBEP3AIHU CHOIT TEHEPUCAH BEKTOPOM

(2.19) vo = (—1,0,1).
Onasjie creu j1a je ojarosapajyhiu nperpagau S(7'T) CHOM pa3aneT BEKTOPOM
(2.20) we = (1,1, —1).

3amenowm penarmja (2.17) u (2.19) y penammju (2.16), mobujamo jaa npojexnuja [
KPHBE (v ©IMa JeTHAUNHY OOJIMKA

(2.21) Po(s) = (az(s), aa(s), a3(s) + a1 (s) — aa(s)).

Haxre, 3a pazmuuute u300pe MperpagHoT CHOMa paBHU T, 100Hjajy ce pa-
3UYUTE MAPAMETAPCKE jeIHAYMHE KPUBE [3.

Teopema 2.3. ([45]) Heka je o éipociiopna peKiiupurkayuona Kpuea ca Hemy
gexitiopom 2naene nopmaie y ipociiopy R3 u 3 mwena fipojexyuja na ceeinocty
pasan ca jeguauurom r = y. Axo je [ nopmanna Kpuea, a upezpagmu CHOM
ceeiinocne pastu gait perayujama (2.17) wm (2.20), waga je o dpasa mnuja.

Jlokas. Heka je 0 Hopmamna kpuBa. IIpeTrmocTaBUMO jJa je TperpagHu
cHom gat penanujom (2.17). Ilpumenom penarmje (2.18) u kopucrehu ycinos
(B(s), ' (s)) = 0, nHanazumo na je as(s)as(s) = 0, omakie crequ aa je o paBHA
KpHBa, Tj. MpaBa JUHHU]A.
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IpeTnocTaBUMO 1a je TIperpaHu CHOM PaBHU 7 AT penarpjom (2.20). U3
ycnosa (3(s), f'(s)) = 0 u penanuje (2.21) cenn 1a je

(as(s) + an(s) — az(s))(as(s) + an(s) — az(s))" =0,

1€ je S MPUPOJIHU mapaMeTap Kpuse ov. Ha 0CHOBY mocneime jeTHaKOCTH, CIIEAN
Jla MOKEMO PA3JIMKOBATHU J[BA Cydaja:

(1) as(s) + ai(s) — as(s) = 0.
V oBoM criyuajy, jetHaUMHA KPUBE (v je 00IUKa
(2.22) a(s) = (a1(s), an(s) + as(s), as(s)),

ma u3 ycnosa (a/(s),d/(s)) = 1 cmequ

1 ds
(223) 041(8) = 5 / m - 0./3(8).
Kopucrehu yenos (a(s), a(s)) = 0, mobujamo

(2.24) ajas + aqas + 2030 = 0.

3amenoM penarje (2.23) y (2.24), HakoH cpehuBama HaJIa3MMO 14 je

I1a OIICT UMaMO IBa noncnyqaja:

(i.1) o4(s) = 0.
IMomohy penaruja (2.22) u (2.23), nobujamo creehy mapamMeTapeky jeaHa-

YHHY KpUBE (v
() s —2a%s —2ab s b
as) = — as
2a "2a’ ’

pu yemy a € R\ {0}, b € R, mTo 3Ha4u f1a je o mpaBa JTHHU]A.

_ asz(s) ds

(i.2) ———=% + / =
ag(s) a(s)

JludepeHunpameM OBe jeHAUHHE O § mobujamo na je as(s)ah(s) = 0.
IMpema ToMe, OBaj MOCIYYAj C€ CBOAM HA MOACIYYa] (i.1), ITO 3HAYM /4 je v
nmpasa JUHUja.

(1) (as(s) + a1(s) — as(s)) = 0.

AXO je UCITYH>EH OBaj YCIIOB, TajJa KPUBA (v UMa jeTHAYNHY

a(s) = (au(s), ar(s) + az(s) — ¢, az(s)),
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pu yeMy ¢ € R 1 KOHTPYCHTHA je ca KPUBOM JATOM jeTHAUMHOM (2.22). 0

IMox W-kpuBOM (KMIM XETUCOM) CE TIO/IPa3yMeBa MPOU3BOJbHA KPUBA Y TTPO-
cropy R? umje cy cBe kpuBuHe KOHCTaHTHe. [lapameTapcke jeqHaAYMHE TICEYHO
uyn W -kpusux nobujete cy y pedepeniu [79]. Kopucrehu momenyTe jenHaumte,
MOTY ce OAPEOUTH MapaMeTapcKe jeTHAYMHE MPOCTOPHUX HOPMATHUX KPHUBUX
KOje HUCY paBHE, a 4YMja je MPOjeKIMja Ha CBETJIIOCHY paBaH IICEY/I0 HYJ PEKTH-
¢dbuxammona W -xpusa.

Teopema 2.4. ([}5]) Hexa je o dipociiopna nopmanna xpusa y apocimopy R3 ca
kpusunom ka(s) # 0 u [ wena apojekyuja na C8elinocHy pasam ¢a jequauunom
x = y u upelpaguum croiom (2.17). Axo je P ddceygo myn peximiugpuxayuona
W -kpusa gaiiia jeguauurom

(.29 5(s) = (5. 519).

unu

(2.26) B(s) = %(6028, €%, c2s),
G

ege co € Ry, taga je peciiexitiusno jegunauuna kpuge o 001UKa

2 1 S|
(2.27) a(s)z(—%+8—+—£+s——§,s),52>8c,c€]R,
s

2 27 52 2
OGHOCHO
(2.28)
2 — c2 1 c2
Oé(S): - €25 _ ce cgs_|_ —2826 CQS,—GCQS—FC@ c25 —2826 028,8 ’

2ge co € R\ {0},c e R

Jlokas. Y IpBOM ciIy4ajy, ako je KpuBa (3 mata jeqHauuHOM (2.25), momohy
pemanyje (2.18), nobujamo ga mapameTapcka jemHaYMHA KPUBE (v TJIACH

(2.29) a(s) = (5% — an(s), aa(s), 5),
IIpU YeMy je a» Heka audepeHIjadbuiIHa GpyHKIMja, a S TPUPOIHH ITapaMeTap

kpuse . Kama miudepeHImpaMo MpeTxoaHy jeHAYMHY ¥ HCKOPHCTUMO YCIIOB
(a(s),d/(s)) = 0 nomasumo 110 uHeapHe qudepeHIUjaTHe jeIHAUNHE

2 1
(2.30) ah(s) + gOéQ(S) =25 — o8 #0,
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YHje je OTIIITE PEIICHE

c s 1
(231) OéQ(S) = §+5_§, ceR.
Kana oBo yBpcTuMoO y penarjy (2.29), mobujamo aa je mapamMeTapcka jeqHaunHa
kpuBe o obnuka (2.27). IIpeocranu neo qokasza Teue aHATIOTHO. 0J

Hanowmena 2.2. Kpusa gaitia jegnauunom (2.27) nedxrcu na:

(1) diceygocehepu ca jegnauunom —x? + y* + 2% = 2¢, ako je ¢ > 0;

(2) ceetminocom konycy ca jeguauurnom —x> + y* + 2* = 0, axo je ¢ = 0;

(3) ticeygoxuiiepbonuuxom Gpociaopy ca jegnauunom —v> + y? + z* = 2¢, ako je
c<0.

[Ipu gpyraunjem u300py MperpamHoOT CHOIA, J0OUjajy ce HOBE TapaMeTapcKe
JjenHaYMHE KPUBHX, KOje Cy JaTe y cienehoj TeopeMu.

Teopema 2.5. ([45]) Hexka je « tipocitiopna nopmanna xpusa y ipocigopy R3 ca
kpusurnom ko(s) # 0 u B mwena dpojekyuja Ha c6etIOCHY PABAH CA JegHAYUHOM
x = y u apecpagnum croiiom (2.20). Axo je [ peximugpuxayuona W-kpusa gaitia
Jegnauunom (2.25) unu (2.26), waga je peciiekifiugHo jegHAUUHA KpUse v 00 IUKd

(s) 1 +s4+s3+32 52 (1+s> 1 +s4+s3+32
als)=———[e+=—+=—4+=—) =5 e (e
A+ o\ a2 e) U T\ e T2 T2 )

2ge c € R, ognocno

a(s) = (ﬁ(c + éehs + 92_2 + %6028)7 ée”ﬂ

(c+ 5™ + 5 + 2e)),

1 cos
S+ e s—&-ée%s

egeco € R\ {0} uceR

2.2 Hya u nceyao nyja MaHxajMoBe KpuBe y poCTOpY
Munkosckor R?

Pesynratu nobujenn y paay [38], a koje heMo U3NOKHUTH y OBOM TIOTTIABIbY,
roBOpE O TOME /12 He MOcToje Hyl MaHxajMoBe kpube y mpoctopy R3, mro 3naun
Ja TeopeMe Jiokaszane y pedepenniama [59] u [74] He Bake, jep TBpJE CyMPOTHO.
OcuMm Hynm MaHXajMOBHUX KPUBHX, Y UCTOM pajy MpoydaBaHe Cy U TCEeya0 HYJI
MaHxajMOBe KpHBe, IIPH YeMY Cy 10OMjeHe IbUXOBE eKCIUTMIIUTHE IapaMeTapcKe
JeTHaYHHE.
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Teopema 2.6. (/38)) He iiociuioje nyn Manxajmose kpuse y tipocitiopy Munkoecko2
RS,

Jloxas. Youumo y npoctopy R? nyn KapranoBy kpuBy 3 M MPOM3BOJBHY
HEeHYJ WIM HyJl KpUBY [3* Tako J1a je y onrosapajyhuM Taukama KpUBHUX BEKTOP
rI1aBHe HopMaste /N KpuBe [3 KOJTHHeapaH ca BEKTOpoM OMHOpMaite B* kpuse 3*.
Tana je B* mpOCTOPHHU BEKTOP, IITO UMILUTALIMPA /14 jé KpUBA [* MPOCTOPHA WK
BpeMeHCKa, urju DpeHeoB perep 3a70BosbaBa MpeHeoBe popmye

’

T* 0 —est 0 T*
(2.32) N | =| -t 0 K N* |,
B* 0 Ky 0 B*

TIe Cy K] U K5 TIpBa U Apyra kpusuHa. Ocum Tora, 3a PpeHeoB pernep Kpuse [3
BAXXE YCIOBU

(2.33) (T*,T*) = —(N*,N*) = ¢ = +1, (B*, B*) =1,
(2.34) (T*,N*) = (T*, B*) = (N*, B*) = 0.

Jenmnaunue Kapranosor periepa {1, N, B} uyn Kapranose kpuse 3 ritace

/

T 0 kK1 0 T
Nl = %) 0 —hki N )
B’ 0 —ky O B
rje je mpBa KpuBuHa K1 = 0 wmm k1 = 1. BekTopcka mosba oBOT perepa

UCITyHaBajy yCI0Be

(2.35)  (T,T) = (B,B) = (T,N) = (N,B) =0, (N,N) = (T, B) = 1.
Kaxo je {3, 8*} ManxajMOB Tiap KpUBHUX, CIIC/IH J1a je

(2.36) B(s%) = B7(s7) + pu(s™) B*(s"),

e je s mapamerap IyKuHe nyka Kpuse 5*, a pu # 0 je mpou3BosbHA Tud)epeH-
nujabriHa gynknmja. O3HAYUMO ca s IMapamerap ICeyI0 TyKHHe JTyKa KpUBe
(. PasnukyjemMo 1Ba ciydaja:

(A) r3(s*) = 0.
Hudepentupamem penaryje (2.36) mo s* u npumenoMm dpeHeoBux dopmyna

(2.32) Hama3umo 1a je

d
2.37) T 4 B
ds*
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CkanapHUM MHOXEHEM TTOCTIEAHC JETHAKOCTH ca [N M MPUMEHOM peraruja
(2.35), (2.33) u (2.34), nobujamo na je ¢/ = 0. Opmasae ciuean oa je HyJl Bek-
top T'($) KoJHMHeapaH ca HeHys BeKTopoM 1™*(s), mto Hije Moryhe.

(B) w3(s*) # 0.

[Toctymajyhu kao y mpeTXoaHoM cly4ajy, nudepeHiupameM (2.36) 1Mo s* u npu-
MeHOM penargje (2.32), nobujaMo jemTHaKOCT

ds

2.38 T
(2.38) T

=T*+ W' B* + ue* ki N*.

CxamapHuM MHOKEHEM MPETX0/IHE jeHaunHe ca N, u mpumeHoM (2.35), (2.33)
u (2.34), nobujamo na je ' = 0. Jakie, u(s*) # 0 je KoHCTaHTHA (QYHKIH]A.
Haxkon oBor uzpauyHaBama, penamuja (2.38) rmacu

ds
ds*

(2.39) T =T"+ pe*ryN™.

ITpumenom ycmosa (2.35), (2.33) u (2.34) u xopuctehu mocneawy jeAHAKOCT,
Jo0ujaMo 11a je

ds ,_ ds 9 49

(2.40) <T@7 @> = (T*,T*") = ’k5*(N*, N*) = ¢" — " 1°w3? = 0,

odaKJe cIeau aa je
. 1
(2.41) Ky = £— = constant # 0.
L

IMomro je § nyn KapTaHoBa KpHBa, pa3IuKyjeMo IBa MOACTyYaja:
(B.1) k1(s) = 0.

Tana je T'(s) = constant. qudepennupameM penanyje (2.39) mo s*, u momohy
pemaryja (2.32) u (2.41), cmenu na je

d2
(2.42) - 2 — —eWIN* T RIT + € Ry B
s
Onaze je
d25 d25 * k. * k. *.
(2.43) <T_ds*2’ _ds*2> = R ERP 4+ RS =0,

na je k5 = 0, 1ITO je y KOHTPaJMKIUjU ca penanujom (2.41).
(B.2) k1(s) = 1.
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3amenowMm penanuje (2.41) y penamuju (2.39) nobujamo

ds

=T+ N™.
ds* ¢

(2.44) T

HudepeHnimpameM TOCTeOmkE penamnyje Mo s* U npuMeHoMm penanuje (2.35),
HAJIa3UMO [1a je

ds ., d?s
T
ds* )+ ds*?

Ha ocHoBy npeTxoaHe penanuje, 1o0ujamMo aa je

(2.45) N( = —€"K]N* F K]T* £ € r3B”.

ds ., d’s ds d?s ds \* 2

( (ds*) +Tds*2’N(ds*> +Tds*2> =|77) =/ = constant # 0.
Ca pgpyre crpane, yKOJAUKO jeqHaunHy (2.45) ckamapHo MOMHOXUMO ca N7,
kopuctehu yenose (2.33) u (2.34), xao u jennuuny (2.46), too6ujamo na je k7 = 0.
Omasne cnemu na je x5 = 0, mTo je y KOHTpamuknuju ca x5 # 0. [lakre, He
MOCTOje HyJ1 MaHXajMOBE KpUBE. 0

3a nceymo Hyn1 MaHxajMoBe KpHBE, aHAIOTHUM ITOCTYIIKOM je JOKa3aHa
crneneha Teopema.

Teopema 2.7. (/38]) Hexa je [ iiceygo nyn kpusa u [* nemyn wiu wyn Kpusa y
apocimiopy R3.  Axo je {B,3*} Manxajmos fiap kpusux, aga éaxcu jeqno og
crnegehux wepherva:

(1) kpuse [ u 5* cy dapanenne iiceygo nyn ipase tuHuje;

(2) kpusa [ je iiceygo uyn kpye, a kpusa * iiceygo nyn ipasa tuHuja.

2.3 Yonmrene HyJ MaHxajMoBe KpuBe y POCTOPY
Munkosckor R}

V oBOM morIaBiby heMo ommucaTu pe3ynraTe Koju ¢y gobujenu y pany [37],
a KOJU C€ OJHOCE Ha YOMIITeHE HyJl MaHXxajMOoBe KpUBE y MPOCTOP-BPEMEHY
Munxkosckor Rf. Hapoaumo Hajape aeMHUIM]Y TOMEHYTUX KPHBHX.

Nepununuja 2.1. (37]) Hyn Kapranosa kpusa 3 : I — R} ce nasusa yoawitiena
nyn Manxajmosa kpusa, axo nocroju Hyn Kapranosa unm dpeHeoBa KpuBa
p* : I* — R} u 6ujextmja @ : S — [* Tako ma y oarosapajyhum Taukama
KPUBUX TJIaBHA HOpMaJia KpuBe [ TIpUIiaia paBHU oApel)eHO] BEeKTOpUMA TIpBe U
JIpyre OMHOpMaJie Kpuse [5*.
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Kpuga * ce nazusa ipugpysicena yomuitiena Manxajmosa kpusa Kpuse [3, a
nap kpusux (3, %) yomuitienu Manxajmos iap. Oznaunmo ca {1, N, By, By}
Kapranos penep yomteHe Hy1 Manxajmose kpuse [ u ca {T*, N*, Bf, B}
Kapranos umu MpeHeos perep MpUapyKeHe yorTeHe MaHxajMoBe KpHBe 3.
Bynyhu na Bextop rinasae Hopmaie N(s) kpuse [ npunajga pasuau { B}, B;},
MOYKEMO T4 3AIMCATH Y OOIUKY

N(s) =p(s)B; +q(s)Bs,

npu uemy cy p(s) u q(s) Heke pudepennujabunte dynkmmje. C 063upoM Ha
Kay3aJiHu KapakTtep pasuu { BT, B}, pasnukyjeMo Tpr MOTyhHOCTH.

(A) {B7, B}} JE IPOCTOPHA PABAH.

Teopema 2.8. (/37)) Hexa je 3 : I — R} yomwitiena nyn Manxajmosa kpusa
u B I* — R} apugpyscena yomwitiena Marnxajmosa kpusa xpuse 3 fwiaxea
ga Znasna nopmana kpuse [ nexcu y upocigopnoj pasnu { By, Bs}. Taga je [3*
8pemeHcKa Kpusa waxea ga kpusune kpusux [ u 3* 3agosomasajy penayuje

1 1
(246) mi=1, m =50, k1| = |K3] = |rs| # 0, \531:;, p € RT\ {0},

a peiiep kpuee [3* je obnuka

N* = —Sgn(ﬂi)sgn(ﬁa)ll}?z,
2.47
(2.47) Bf = sgn(ﬁf)sgn(mz)ﬂ(T—i—ZuBl),

B; = sgn(k})sgn(ks)N.

Jlokas. Yommtena Hyn Manxajmosa kpua [ je Hyn KapranoBa kxpuBa uuju
Kapranos penep 3a10BosbaBa penanujy

/

T 0 w1 0 0 T
N/ — K9 0 —K1 0 N
(248) B; 0 K2 0 K3 Bl ’
B, —k3 0 0 0 By

pu yemy cy K1(s) = 1, ka(s) u k3(s) psa, npyra u Tpeha KapranoBa kpuBuHa
KpHBE [3, peCIIEKTUBHO. BeKTOpCKa 1MoJba OBOT perepa 3a10B0JbaBajy YCIOBE
(2.49)
<T7T> = <BlaBl> =0, <N7N> = <327BQ> =1,
(T,N) = (T, By) = (N, B1) = (N, By) = (By,B2) =0, (T,By)=1.
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Kako rnaBna Hopmasa Kpuse 3 JIexku y mpocToproj pasuu { B}, B3}, xpusa [3*
j€ TpOCTOpHA UM BpeMeHcKa KpuBa unje dpereose hopmydae Tirace

T 0 €5k 0 0 T*
N | | —&xi 0 €5k 0 N*

(2.50) ST 0 —eary 0 —ceesns B |’
By 0 0  —en 0 B

rae je

(I",T7) = &, (N",N") =&, (Bl, B]) =ey =1, (B3, By) =€, = 1,

Kpusy * MokeMO mapaMeTpU30BATH TaKoO 4 je

(2.5D) B(f(s)) = B(s) + p(s)N(s),

npu wemy ¢y s u s* = f(s) = [ [|8*/(¢)|| dt napamerap nceyno ayxuHe myka
U mapaMeTap AyXuHe nyka KpuBux S u 3%, penom,a f : I CR - I[* CRup
Mpou3BOJbHE TNaTKe GyHKIMje. Kako je 5 Hyn KapTtaHoBa KpuBa, pa3iuKyjeMo
1B Cllydaja y OJTHOCY Ha IbeHY APYTY KPUBUHY:

(A.1) ka(s) = 0.

[MTpumenom Kapranosux dopmyna (2.48) u qudepeHmupameM penammje (2.51)
o s, nodbujamo

(2.52) T f' =T+ u/'N — uB;.

CkanapHUM MHOXeHeM IpeTXxoaHe penanyje ca N = pBT + ¢B;, Hana3umo 1a
je i/ = 0, Te penanujy (2.52) cBOMMO HA OOIUK

(2.53) T f'=T — puBy, pueR\{0}.
CkanapHUM KBaIpUPAHEM ITPETXO/HE jeTHAKOCTH JIOOUjaMo /1a je
(2.54) f? = —2€;p = constant # 0.

Hudepentmmpamenm penammje (2.53) mo s u npumenom penaimja (2.48), (2.50) u
(2.54), Hamazumo 1a je

(2.55) esRiN"f* = N — ks By,

IITO HAc, HAKOH CKallapHOT MHOXewa ca N = pB{ + ¢B3 noBoau 10 KOHTpa-
muknuje. Jlakie, Ipyra KpUBUHA KpuBe [ He MO)Ke OMTH HyJIIa.
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(A.2) Ky # 0.

IMocrymajyhu na ucT HAYMH KA0 Y MPETXOAHOM CIydajy, JUGEPCHITUPALEM
pemanmje (2.51) mo s u mpumenom Kapranosux ¢opmymna (2.48), nobujamo

(2.56) Tf = (1 — uko)T + /N — puBy.

CkanapHUM MHOXEHEM MpeTxoaHe penaimje ca N = pBj + ¢B;, nobujamo na
je

(2.57) w = 0.
Penanuja (2.56) cama rioacu
(2.58) T f = (1 — uke)T — uBy.

HdudepeHrpameM MpeTXOdHe pelaldje mo s U npuMmeHoMm KapranoBux ¢op-
Mmyna (2.48) u ®peneoBux dopmyna (2.50), cmenu na je

(2.59) ESRIN*f? 4 T f" = (1 — pka)'T + (1 — 2puk2) N — prsBs.

CkanapHUM MHOXEHEM Mocnenme jenHakoctu ca N = pBy + ¢B; u xopuctehu
yenos i/ = 0, gobujamo 1a je

1
(2.60) Ka(s) = o = constant, p € R\ {0}.
W

CxamapuuM KBajipuparmbem penaimje (2.58) nanaszumo jaa je

(2.61) (T*f, T f) = €117 = =2p(1 — i),

ojaKJe JooujamMo ja je

(2.62) f? = —etp = constant # 0.

IMomohy penanuja (2.59), (2.60) u (2.62), umamo 1a je

(2.63) ESRIN* [ = — ik Bo.

Haxe, Bektopu Ba(s) u N*(s*) cy xonmunreaphu, ma je BeKTop /N * IpOCTOPHH.
OmaBje 3akJbyduyjeMo Jaa BeKTop 1™ Mopa OMTH BpeMEHCKH, TITO 3HAYH 114 je [~

BpeMmeHcKa KpuBa. Kako je €] = —1 = —¢3, penanuja (2.62) rinacu

(2.64) f?=p, peRY\{0},
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OJaKIe je

(2.65) f'(s) = V=18l

Kopucrehu nocnenmy jeqnakoct u penannjy (2.60), penammja (2.58) cana rmacu
1

(2.66) T = (T —2uBy).

2\/1

Kako je [ = pu e; = 1, peranmje (2.63) uMIumImpa aa je

(2.67) K= —ks, N*=DBs,
I
(268) /{T = K3, N* = —BQ.

IMpernocraBumo Hajmpe 1a Baxu (2.67). dudepenmmpamem jennaunae N* = By
u nnpuMeHoM oarosapajyhux Kapranosux u @peneoBux ¢popmyna, 1odujamo na
je

(2.69) (KT + k5B f' = —rsT.
CkanapHUM MHOXEHEM Toclenmbe penauyje ca N = pBi + ¢B3 umamo aa je
(2.70) prsyf =0.

Kaxo je [/ # 0 u k3 # 0 (jep 6u y npotuBHOoM 7™ u T' Guin KoMHEAPHN),
3aksbyuyjeMo na je p = 0 u cxomgno tome je N = ¢B;. Kako je N npocTtopHU
jeIMHIYHU BEKTOp, MIMaMO 1a je ¢°> = 1, ofakie je

(2.71) N = B;,
HniIin
(2.72) N = —B3.

IMpernocraBumo ma Baxu (2.71). HQudepeHnmpameM TOMEHYTE penaiuje mo s u
npumeHoM Kapranosux u ®@peneoBux Gopmyia MocMaTpaHUX KPUBUX, 100U-
jamo na je

(2.73) —kyT — By = —kif By
1
Wmajyhu y Buny 1aje f'? = pu ko = 5, 3AMEHOM y pematyju (2.73) Hama3suMo
0
Jia je
. 1 1

/RS 2
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C npyre cTpane, nomohy penaruja (2.66), (2.67) u (2.69), namazumo 1a je

Ky 1
2.75 B = —X (=T + uBy).
( ) 1 \/ﬁlié‘ (2 + u 1)

IMocnenme aBe penanuje najy ycinos sgn(ki)sgn(ks) = sgn(kj). Kopucrehn
yenos det(T*, N*, Bf, By) = 1 u perauuje (2.66), (2.67), (2.71) u (2.75), HakoH
kpaher cpehuBama nobujamo

(2.76) K] = —K5.

Onasne 3akpyuyjemo aa je sgn(ki) = —1. Kaxko je B mpocTOpHH BEKTOD, Ha

ocHoBy penarmje (2.74) cnemu na je k5% = —» OJJHOCHO
10

1
(2.77) ky=——, pe€R"\ {0}
I
3ameHoM penaryje K] = —k5 y (2.75), Hana3umo Ja je
1
(2.78) Bf = ——(T +2uBy).

2/

ITomohy pemamuja (2.60), (2.67), (2.76) u (2.77), 3akpyuyjeMo Aa Baxu (2.46),
pH uemy je k] = —k5 = —ks. [lo3uBajyhu ce Ha OBy penanujy nsmely KpuBHHa,
Ha OCHOBY (2.66), (2.67), (2.71) u (2.78), youaBamo na Baxu (2.47).

AHaI0THO, aKO MPETIIOCTABUMO J1a Baxke penaruje (2.68) u (2.70) umm (2.67)
u (2.72) umm (2.68) u (2.72), noctynajyhu Ha UCTH HAUMH KaO y MPETXOTHOM
cimydajy, nodujamo na Baxke penaiuje (2.46) u (2.47), unme je Teopema ToKa3aHa.
O

Y HapenHOj TeopeMH HaBOAUMO MOTpeOHe ycrnose 1a Hyn KapranoBa KpuBa
£ ¥ B0j pUApYy’KeHa KpUBa YHHE TIap YOTIITeHUX MaHXajMOBUX KPUBUX.

Teopema 2.9. (/37]) Hexa je 3 : I — R} nyn Kapmanosa kpusa ca gpyzom
KpusunoMm ko(s) = constant # 0 u Kapimanosum peitepom {T, N, By, Bo}. Ako
je kpusa B* . I* — R} gedpunucana ca

1
' =B+ N
2%2

Dpeneosa, haga je [ yoiwitiena Manxajmosa kpusa u 3* woj apugpysicena gpe-
meHcka yoiwitiena Manxajmosa Kpusa.
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Jokas. TlpermocTaBUMO /4 je KpuBa 3 ca mapamMeTapcKkoM jeTHAUNHOM

(2.79) B*(s) = B(s) + ——N(s), € R\ {0},

2K9
MdpeHeoBa KpUBa, IIPU YeMY je S MapaMeTap IICEY 10 AyKHUHE JTIyKa KpUBe [3, IOK je
s* = f(s) = [;[|8*'(t)|] dt mapamerap nyxuHe yka Kpuse 5*. AKo je p = P
Ko € RT\ {0}, Tana je

(2.80) (6%, 6%) = —p,

ma je 3* BpeMeHcKa KpuBa n Baxu f(s) = /ps. Haxre, f' = /j, WTO Hac
3ajenno ca Kapranosum dopmynama (2.48), HakoH qudepeHIMpama penamuje
(2.79) no s, noBo/M 10 penaruje

1
2\/1

JundepeHnmpameM TOCHEIHBEe penalje mo s U nmomohy Kapranosux ¢gopmyma
(2.48) u dpeneonux dpopmyna (2.50), nodbujamo na je kK] N* = —k3By. OTyna je

(2.81) T (T — 2uB;).

(2.82) KY= —tg, N*= DBy,
50)05¢
(283) KZT = K3, N* = —BQ.

IMpermocraBumo aa Baxwu (2.82). dudepenmmpamem jennakoctu N* = By 110 s,
Jno0ujaMo

(2.84) (KT + k3B f' = —ksT.

CkanapHUM KBaApUPAHEM ITPETXOIHE JeTHAKOCTH CIICIN 1A je

(2.85) (=K% 4+ 132 % =0,
OMTaKIIE je
(2.86) k7] = |K3].

IMomohy penanuja (2.81), (2.82) u (2.84) u ycrnosa f' = | /ji, nobujamo 1a je

(2.87) Br = Sg”“gijg”(“;) (T + 2uBy).
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JudepeHnmpameM MPEeTX0IHE penaluje mo s, mpuMmemnyjyhn ogrosapajyhe Kap-
taHoBe 1 DpeHeore hopmyte u penarujy (2.82) mobujaMo 1a je BEKTOPCKO MOJbe
Ipyre OuHOpMase obnuka

sgn(k7)sgn(r3)
[k

(2.88) B} = N.

1

Kopucrehn yenos det(T*, N*, Bf, By) = 1 ujenuakoct k5 = ——, u € RT\ {0},
o

HaJTa3UMO [1a je

(2.89) B} = —sgn(k])sgn(k3)N.

[Ipema Tome, penanuja usmely perepa kpusux 3 u 5* rmacu

T B,
(2.90) N* = b,
: B = %\ZM(TJFQMBQ,
By = —sgn(k})sgn(k3)N.

Ipema Tome, {5, 8*} je map yommurennx MaHXajMOBUX KPUBHUX.
AwnarnorHo, kopucrehu penarujy (2.83), cienu na je {5, 5%} map yormmrenux
MaHXajMOBHX KPUBHX, UMME je JOKa3 TEOpEME KOMIUIETHPAH. O

(B) { B}, B3} JE BPEMEHCKA PABAH.

Kana je pasan { By, B3} BpeMmeHcKa, mweHy 6a3y umHe MeljycoGHO opToTO-
HAJTHU TPOCTOPHU U BPEMCHCKH BEKTOP WIIU J[BA JTUHCAPHO HE3aBUCHA HYJI BEK-
Topa. Y IpBOM OJT HaBEACHUX cllydajeBa, Baxke ciencha TBphema.

Teopema 2.10. (/37)) Hexa je 3 : I — R} yomuitiena nyn Manxajmoea xpusa u
g I — R‘ll 0j tipugpyaicena youwitiena Manxajmoea kpusa makea ga SiaeHd
Hopmana kpuee [3 nescu y epemenckoj pasuu { By, B3 }. Taga je 5* dpocitiopna
Kpuea thakea ga kpusune kpusux 3 u 3* 3agosomasajy penayuje

1 1
2.91 =1 = — il=|k3| = , k3| =——, pe R\ {0},
@) =1, k= g0, k1l = |mal = |rsl, |3 ok \ {0}
a @peneos peiiep kpuse * je obura
24/ 1ul
N* = sgn(i)sgn(xs) Bay
Bi = sgn(r})sgn(ry)—r(T +2uB),

VIl

(k1
B; = sgn(k})sgn(ks)N.

71



2 CrenujaiHe BpcTe KPUBUX y MTPOCTOpUMa MUHKOBCKOT

Teopema 2.11. (/37)) Hexa je 3 : I — R} nyn Kapimanosa xpusa ca gpyzom
Kkpusunom kKo(s) = constant # 0 u Kapiwanosum peitepom {1, N, By, Bs}. Aro
je kpusa B* : I* — R} gepunucana ca

1
B =p+5—N
2/432

Ppeneosa, waga je {ﬁ , ﬁ*} dap yotwitienux Manxajmosux Kpugux.

Jloxa3u mpeTXo/IHe JIBE TCOPEME CYy aHAJIOTHHU J0Ka3uMa u3 ciayuaja (A).

Kanma 6a3y mocMaTpaHe BpeMEHCKE PaBHU UMHE JIMHEAPHO HE3aBHUCHHU HYI
BekTOopu B} u B, Baxku cneneha Teopema.

Teopema 2.12. (/37]) He iocitioje yoinwitiene nyn Manxajmose kpuee y apocitiopy
]R‘l1 yuja je iipugpysrcena youuiitiena Manxajmosa kpusa dapyujanno vy Openeosa
Kpuea.

Hoxas. TlpeTrocTaBUMO 1a TIOCTOjU YOIIITeHA HyJd MaHXajMOBa KpHUBa
B : I — R} umja je mpuapyxkeHa yormmreHa Manxajmopa kpusa 3* : [* — R]
napiujanrHo Hyl dpeHeoBa KpuBa, Tj. MPOCTOPHA KPHBA ca TICEYA0-OPTOHOP-
mupanum periepom {17, N* By B3}, unje cy @pencose popmyie

T* 0 Kk 0 0 T*
N | | =kt 0 kK 0 N*

(2.92) Bl | 0 0 Kk 0 By |’
By 0 —ki 0 —ki B;

rze je Tpeha kpuBuHa r5(s) = 0 3a cBako s. Tama Baxe yCI0BU
(2.93)
<T*7T*> = <N*7N*> =1, <BI7BT> = <Bng§> =0,
(I, N*) =(T",By) = (T", B3) = (N*, B}) = (N, B3) = 0, (B}, B;) =1.

['maBHA HOpMaJTa KpHUBe [3 IpHUITaia BpeMEHCKO) PaBHH KOja je pas3arera BeKTo-
puma B} u B;. Crora, kpuBy * mapameTpusyjeMo Ha cienehr HauuH

(2.94) B*(f(s)) = B(s) + pu(s)N(s),

Ille je s mapamerap Iceyno IykuHe Iyka kpuse 3, s* = f(s) = [J||5*/(¢)|| dt
nmapamerap ayxuHe nyka kpuse S u f 1 [ C R — I* C R u p npousBosbHe
rnatke pyuknuje. Paznukyjemo Ba ciaydaja:

(B.1) k3 = 0.
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Hudepentmmpamenm penamuje (2.94) o s, mozusajyhu ce na Kapranose popmymne
(2.48) mocmatpane kpuBe (3, 100HjaMO

(2.95) T*f =T+ /N — uB.

CkanapHUM MHOXEHeM MpeTXxoaHe jeqHakoctu ca N = pB] + ¢BJ, Hana3umo
naje p' = 0, Te penanuja (2.95) rmacu

(2.96) T*f =T — uBy, pecR\ {0},
Onasne je
(2.97) (T*f', T*f") = f* = —2u = constant # 0.

Hudepentmpamenm penamuje (2.96) no s u kopucrehu penamuje (2.48), (2.92) u
(2.97), nobujamo na je

(298) K}TN*f/Q =N — /,mng.

CxanapHUM MHOXEHEM TTOCIIeAhe jenHaunHe BekTopoM N = pB7] + ¢B;, nona-
3MMO 0 KOHTPaIuKIIHje.

(B2) K9 7é 0.

Hudepennmpamem penanuje (2.94) o s, mozusajyhu ce Ha Kapranose popmyie
(2.48) xpuBe [, y OBOM CIlyuajy 1oO6HjaMo

(2.99) Tf = (1— uko)T + 'N — puBy.

CkanapHUM MHOXeHmeM IpeTxoaHe penanuje ca N = pBy + ¢Bj, cnenu na je
(2.100) w =0.

3amenomM (2.100) y (2.99) nanazumo aa je

(2.101) T f = (1 — uko)T — uBy, p e R\ {0}

Hame, mubepenrmpamem penarmuje (2.101) o s, mo3usajyhu ce na ogrosapajyhe
Kaprtanose dopmyne (2.48) u @penecore Gpopmyre (2.92), nobujamo 1a je

(2.102) KIN*f2 T f" = (1 — prn)' T + (1 — 2ukz) N — prsBs.

CkanapHUM MHOXEHEM ITPEeTXOoIHE peauuje ca [V, ciaenu aa je

1
(2.103) w2 =g p€ R\ {0},
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OJaKIe je

(2.104) (T*f'. T*f") = f* = —2u(1—pky) = —p = constant, pu € R™\{0}.
ITpema Tome, [ = 0, mTo 3ajenno ca penanujama (2.103) u (2.104), naje
(2.105) KIN* = ki3 By,

IMocnenmwa jeHauMHA UMIUTUIIMDA J1a Je K] = K3, N* = Bounmn k] = —Kg, N* =
— Bs. ludepenmupamem penaije N* = £ Bs 110 s, y3 IpuMeHy oarosapajyhux
Kapranosux n @peneosux hopmymna, 1o0ujaMo

(2.106) (—kIT* + WEBY) f' = FrsT.
Kaza nocneamy jeTHaKOCT CKaIapHO IIOMHOKUMO ca N, HaTa3uMo 1 je
(2.107) qryf' = 0.

Kako je f' # 0, cnenu na je xpusunHa x5 = 0 wmu ¢ = 0. Melhytum, ako
OM KpUBUHA K5 OWIA jeqHaka HyIH, Taga o6u, u3 penamnuje (2.106), mpocTopHu
BekTOp 1™ u Hym BekTop 1’ Omnm konuHeapHu, mTo je Hemoryhe. Ca npyre
cTpaHe, yKolmko je ¢ = 0, U3 ucTe penaryje Caeau Ja je MpoCcTOpHU BekTOp N
KOJIMHeapaH ca Hyll BeKTopoM D57, mTo Takohe Huje moryhe, ma 1 y oBOM cliyyajy
JTOJIa3UMO 10 KOHTpaauKIje. Jlakie, He ToCTOjH Iap yommTeHnX MaHXajMOBUX

kpusux {53, 5*}. O

(B) { Bf, B3} JE CBETJIOCHA PABAH.

Ba3sy ceetnocte pasau { By, Bj } MOTY YMHUTH MPOCTOPHU BEKTOP B} 1 Hy
BeKTOp B, Wiam Hyn BekTop BT M mpocTtopHU BekTop 5. Ako cy Bf u BJ
MPOCTOPHU U HYII BEKTOP PEIOM, MIPUAPYKEeHA KPUBA je TICey 10 HYJl KpUBA, LITO
JOBOAM O KOHTpaguKuuje. 3a Opyru u3dop BekTopa, uMamo crenehe TBpheme.

Teopema 2.13. (/37)) Heka je B : I — R} yomwisiena nyn Manxajmosa kpusa
up* I — R‘ll woj Hpugpycena youwitiena Manxajmosa Kpusea iHiakea ga
ZnasHa Hopmana kpuee [ nestcu y ceeitinocHoj pasuu ogpehenoj nyn eeximopom B
u dpoctiopnum eexiwiopom B;. Taga je 5* nyn Kapiianosa kpusa twhakea ga easicu
JegHo oq tuspherva.:

(1) kpusune kpusux [ u 3* cy obauxa

1 — sinh?(¥2s 2 1
Ky = _ (5 )7 Ky =0, |k3| = cosh6(—s), |k3| = 5 5
cosh (\/758) 2 cosh (\/TES)
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a Kapitianos peiiep kpuge [3* je gaiti jegnavunama

. sinh2(§s) ﬁsinh(?s) . 1
T o Cosh4(§s)T+ cosh?’(gs) N cosh2(§s)B17
N* = —sgn(k})Ba,
Bf = - coshZ(gs)T,
sinh(%2s
By = —sgn(;) (LRI 4 N);
cosh(%5%s

(2) kpusune kpusux [ u 3* gaitie cy popmynama

2u — p” Vit = X2
Rg = Q,M 7£0 - ,2f/2 7£0 |K3|_T7
WX / 2(u2f X)X x ) X 2u—p' 2
) e () ) ()
I{/g - f/2 )
ipu uemy je
Xl =gy, f =

u p(s) # constant. Ocum woza, pyuxyuje X u f 3agosomasajy qugepenyujanty
Jegnauuny obauxa

X2 f 4 ' X — B + 20 = 3p) X
pr 2 fr e fr = X?)

(o) + (o) + gl -0

gok penayuja usmehy Kapiwianosux peiiepa kpusux 3 u $* enacu

™ = 2MC,TJF BN — —Bl,

N* — —sgn(/£3)<”(“” 2]52 —N)T+ (Wl;_/;f//j_“>31
_ \/sz“‘—g;/f;’—u’?—u)Q)BQ’

By = 2T +yB, + 2B,

By =~ [~ my— wmf T+ (x4 )N

+ (' = wgnf) By + (yrs + 2 = fi’ipf’)Bz} :

iupu uemy je

)

/ / 2074 2y _
(Ger) )
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. _%«uf}f’?)/ " u’ii‘”)’

1 (XWJ””L + o X — Bup” 424’2 — 3u)X]>

F P2 2 2 f - X2
u — VKo w —v WK3
m:Tg n = f, ) pZTJ
1 — pko 3 Iz
T T O

V3umajyhu caga y 063up TBphema MpeTXOIHUX TeopeMa H YHELEHUIY Ja je
Hyn KapranoBa KkpuBa HOpMaJTHA KPUBA aKO U CaMO aKo je lbeHa Tpeha kpuBuHa
KOHCTaHTHA M PA3IUYMATA O] HYJIE, I0Ia3uMo 10 ciefehux 3aKkibyvaKa.

Mocnemna 2.1. (/37)) Ceaxa nyn Kapimianosa xenuca y apocimopy R} je nop-
manna youwitiena Hyn Mauxajmosa Kpuea uuja je upugpyorcena youuiiena HyJl
Manxajmosa kKpuea epemencka uiu UpoCiopHa Xeaucd.

Tocmenuua 2.2. (/37]) He iocitioju Hopmanna yoiwitiena nyin Manxajmosa kpusa
uuja je dpugpyacena yoimuitiena nyn Manxajmosa kpusa nyn Kapitianosa kpusa.

2.4 YonwmreHe napuujaiaHo HyJa MaHxajMoBe KpuBe
y npoctrop-BpemMeHy MUHKOBCKOT

V mpoctop-BpeMeHy Munkosckor R}, ocuMm yommTeHux Hynl MaHXajMOBHX
KPHUBHUX KOj€ CY OIMMCAHE y MOTJIaBJby 2.3, MOCTOje U YOIIITEHE MapIUjATHO HYJI
u 1iceysio Hyn ManxajMoBe KpuBe. Ok TIpOCTOpHE M BPEMEHCKE YOTIITCHE
ManxajMoBe KpHUBE MMajy CIIMYHE KaPAKTEPUCTUKE KAO CYKIUICKE YOTIITCHE
MaunxajMoBe KpuBe, 3a YOIILITEHe NaplujaTHo HyT U Tceyao Hyl MaHxajMoBe
KpuBe ce 1001jajy cacBM HOBe OcOOMHE Koje heMo omnucaT y OBOM NOTJIABIbY,
a Koje cy objaBibere y paay [42].

Jepunuunja 2.2. ([42]) Hapuujanmao nyn dpeneosa kpuBa 3 : I — R ce
Ha3uBa yoiwitiena dapyujaiio nya Manxajmosa kpuea, ako mocroju Hyn Kap-
tanosa unu dpeneosa kpusa 3* : [* — R} u 6ujekumja ® : 3 — B* nara ca
O(B(s)) = 5*(f(s)) Taxsa aa 3a cBako s € I rmaBHa HOpMasa Kpuse [ cajpKu
onrosapajyhe Tauke xpusux  u * u npumana pasHu oapeheHoj BekTOpUMa
IIpBe U Ipyre OMHOpMAaje Kpuse [5*.
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KpuBa * ce nasusa ipugpysicena yomuitiena Manxajmoea kpusa xpuse 3, a
nap kpusux (3, 5*) youwitienu Manxajmos iiap. TlocMaTpaMo pa3ininTe Kay-
3aiHe KapakTepe paBuu { B}, B3 }. Jlokasu TeopeMa Koje HABOJMMO aHATOTHU
Cy ToKa3uMa Teopema U3 MoriaBiba 2.3., a UX He U3IIaKeMO.

(A) {Bj, B;} JE IPOCTOPHA PABAH.

Bba3y mpocropne paBHM unHe Mel)yCOOHO OPTOTOHAITHH TPOCTOPHH BEKTOPH.
V oBoM ciyuajy, Baxwu crienehe TBpheme.

Teopema 2.14. ([42]) He wocitioju ne2eogesujcka youmuiniena aapyujaiio Hyn
Manxajmosa kpusa 3y Gpocitiop-epemeny MunkoeckoZ uuja je neZeogesujcka
dpugpyostcena yoiwitiena Manxajmosa kpusa 3 epemencka @peneosa Kpusa, uiu
dpocitiopua Ppeneosa Kpusa ca 8pemMencKUM GeKIOPOM EllasHe HOpMATe.

(B) { By, B3} JE BPEMEHCKA PABAH.

Cana nmamo ase MoryhHoctu, jep 6a3y BpeMeHCKe paBHH MOTY YHHUTH Me-
hycoOHO OpTOTOHAITHM BPEMEHCKH M IIPOCTOPHU BEKTOP, WM JBAa JIMHEAPHO
HE3aBHCHA HYJI BeKTOpa. Y OJHOCY Ha Te MoryhHocTH, nmoOujeHa cy crnemeha
TBphema.

Teopema 2.15. ([42]) He iiocitioju neleogesujcka yoiwiiliena dapyujaino myi
Mamnxajmosa xkpusa 3 y upocitop-epemeny Munkoeckos, uuja je neZeogesujcka
apugpyorcena youwitiena Manxajmosa kpusa [3* dpociiopna ®peneosa kpusa ca
APOCOPHUM (8PEMEHCKUM) 8CKTTOPOM TIPEe OUHOPMATIE U BPEMEHCKUM (APOCTHOp-
HUM) 8eKIOpOM gpyee buHopmane.

Teopema 2.16. ([42]) He ilocitioju neleogesujcka yoiwiiliena dapyujaino myi
Manxajmosa xkpusa [y apocitiop-epemeny Munkoeckos, uuja je Heleoge3ujcka
apugpysicena yomuitiena Manxajmosa kpuea 3~ napyujanro nyn @peneosa Kpusa.

(B) { BY, B3} JE CBETJIOCHA PABAH.

Kana je ped o cBeTIIOCHO] paBHH, IheHY 0a3y YMHE jefaH HYJI U jejlaH mpo-
cropuu Bektop. IIpema Tome, ako moctoju oarosapajyha mpuapyxeHa KpuBa,
OHa je mceyao HyJ KpuBa uiH Hyl1 KapraHnoBa kpuBa. MehyTtum, Teopema kKoja
clleIy TBPIU Aa IOMEHYyTe MPUAPYKEHE KPUBE He MTOCTOJe.

Teopema 2.17. ([/2]) He uocimioju nezeogesujcka youwiniena aapyujaiio Hyu
Manxajmosa kpusa [y apociiop-epemeny Munkosckos, uuja je Heleoge3ujcka
dpugpyoicena yoimwitiena Manxajmosa kpusa 5* nyn Kapimianosa kpuea.
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Teopema 2.18. ([42]) He wocitioju ne2eogesujcka yomuiiena aapyujaiio Hyn
Mamnxajmosa xkpusa 3 y apocitiop-pemery MunkoeckoZ, uuja je HeZeogesujcka
dpugpyoicena yoimwitiena Manxajmosa kpusa 5* iiceygo nyn ®@peneosa Kpusa.

Youwitiene iiceygo nyn Manxajmose kpuge ce NeUHUIITY aHATIOTHO.

HMepumnnuja 2.3. (42]) Tceyno nyn @peneosa kpusa 3 : I — R} ce nasusa yoii-
witiena ticeygo nyn Manxajmosa kpusa, axo moctoju Hyn Kapranosa nimn ®@pe-
HeoBa kpupa 3* : I* — R{ u 6ujexumja @ : f — B* mataca ®(5(s)) = B*(f(s))
TAKBa /14 3a CBaKO s € [ rmaBHA HOpMasa KpuBe [ cajpxu oarosapajyhe Tauke
kpuBuXx $ u * umpunaga paBHu opeheHoj BekTopruMa mpBe u ipyre OuHOpMae
KpuBe (7.

C 003upom J1a BEKTOpP TJIaBHE HOpPMAJC MCEY/I0 HYJ KPUBE MpUIajia Bpe-
MEHCKO] paBHM, ofroBapajyha mpuapyxeHa KpHBa je TapiivjalHO HYJI KpUBa.
MebhyTum, 1oKa3aHo je Ja TaKBe KpUBE HE TIOCTOje.

Teopema 2.19. (/42]) He tiocitioju neZeogesujcka youwitiena iiceyqgo nyi Manxaj-
Mosa Kpusa 3 y dpocitiop-epemeny Munkosckos, uuja je neeogesujcka iapugpy-
arcena yoimwitiena Manxajmosa kpuea B iapyujanno wyn @peneosa kpusa.

2.5 bBakaynjaoBa Tpancdopmanuja u jeTHAYNHA
BPTJIOKHOT BJIAKHA TCEY/10 HYJ KpUBe

3a pasnuky oj bakmyHioBux Tpanchopmalja MpoCTOPHUX U BPEMEHCKHUX
KPUBUX UHje JOOU]jarbe je aHAIIOTHO eYKIIMICKOM cy4ajy, oapehnBame bakayH-
noBe TpaHchopmalrje KpUBUX YHjU TOKPEeTHH DPEHEORB pertep caapkKu aBa HyJ
BEKTOpa 3aXTeBa IpyTrauydju MPUCTYI. Y ommTeM cirydajy bakiayHmoBa TpaHc-
(hopmanmja mpocTOpHE WU BpEeMEHCKe KpuBe HUje xemuca. Mehyrum, baknys-
JIOBa TpaHchopmalrija rcey10 HyJl KpUBE je OIMIIITEM CITy4a]jy TICey 10 HyJT Xelnca,
¢ 003UpoOM J1a je TpBa KpUBWHA TOMEHYTE KpUBE jefqHaKa jeauHunu. Ilputom
TICeYA0 HYJI KPYT MOKEMO IMMOCMATPATH Kao JIereHepaTUBHU OOJIHK IICEYI0 HYI
Xenuce. Y OBOM IOTJIaB/bY HABOAMMO pe3ynTaTe 3a bakayHmose TpaHchopMa-
1Mje TICEeY10 HYJl KPUBHX KOjU Cy 00ujern y pary [40].

Teopema 2.20. (//0]) Heka je o ficeyqo 1y xenuca y apocigopy R3 apupogro iapa-
meipuzosana wapameinpom s ca wopsujom 7(s) u @peneosum peiiepom {T, N, B}.
Taga je baxnyngosa mwpancgopmayuja kpuge o ficeyqo YL Xeauca & ca gapame-
APCKOM _JegHaA4UHOM

(2.108) a(s) = al(s) + plcT'(s) + A(s)N(s)],
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apu uemy je p apoussosra peanna koncimanina, ¢ = £1, 7 = Tu X # 0 qupepenyu-
Jabunna ¢yukyuja Koja 3a¢o60.6a8a IUHeApHy quhepeHyujary jequaduny gpyeoe
pega ca KOHCTAHTHUM KoeuyujeHitiumMa

(2.109) P\ (5) + 20X (5)T + pA(s)T% + cpr = 0.
Jokas. TlpernoctaBumo ma je «(s) MPUPOIHO MAPAMETPU30BAHA TICEYIO

HyJI Xenuca uuja je Topsuja 7(s) = constant # 0. J{udepeHiupameM penaiuje
(2.108) o s m mpumeHoM PpeHeoBUX Popmysa mocMaTpaHe KpUBe o, 1OOUjaMO

(2.110) & =T+ plc+ N + )N,

Tama je (6/, 6/) = 1, mrTo UMIIIMIUpa 1A je s IPUPOJIHH ITapaMeTap KpuBe (.
Onazre je, name

(2.111) T=a& =T+p(c+ XN +A)N.
HudepeHnpameM MPETXOAHE PENalMje 1Mo S, J0JIA3UMO A0 jeTHAKOCTH
(2.112) & = (p\ + 2o\ 7 + pAr? 4+ cpT + 1)N.

HNmajyhu y Buny ycnos (2.109), u3 nperxoaHe penaiuje cieau

(2.113) a’ = N.

. ~ 11 . . ~
W3 yumennIe 1a je @  KOJMHEAPHO Ca BEKTOPOM [V, 3aKJbY4yjeMO J1a j& (v TICey 10
HYJI KPUBA €4 BEKTOPOM TJIaBHE HOpMAJIE

(2.114) N=a& =N.
HudepentmmmparmeM MpeTXo/IHE pealffje mo S, HATa3uMo J1a je
(2.115) N =%N =7N.

Onagssie ysuhamo na je 7 = 7 = constant, mTo 3Ha4M A je KpuBa & bakmyHoBa
TpaHcopmalrja KpUBe o. U

Kaxo je p npou3Bo/bHA MO3UTHBHA PeaiHa KOHCTAHTA, HUjE TCIIKO 3aKJby-
yuTH 1a baknyHosa TpaHcdopmariija rmeey10 Hya Xenuce HUje JeIMHCTBeHA. Y
CITEIIUjalTHOM CITy4ajy, Kaza je Topsuja 7(s) = 0, mocMaTpaHa Icey1o HyJl KpuBa
Jje Tceyao HyIT KPYT.
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Teopema 2.21. ([/0]) Heka je o iiceygo nyakpye y apociiopy R? dpupogho tiapame-
wpuzosan dapameiapom s ca wopsujom T u Openeosum peiiepom {1, N, B}. Taga
Je Baknyngosa wipancpopmayuja kpuse o iiceyqo HyJL Kpye uuja je dapameiiapcrka
Jjeguauuna

(2.116) a(s) = a(s) + p[cT'(s) + A(s)N(s)],
2ge je p ipousso./bHA HOUHUBHA peanHa KoHclanila, ¢ = +1 u
(2.117) A(s) = ps® +qs+r,

A(s) #0,p, ¢,r € R

C npyre cTpaHe, MOTY CE OJIPEAUTH JOBOJLHU YCIIOBU TIPH KOjUMAa MPECITUKA-
Bambe ( TCEYI0 HYJ KPUBUX v M (v TIpeCTaB/ba bakimyHmoBy TpaHchopmanujy
THUX KPUBHX.

Teopewma 2.22. ([{0]) Hexa je ¢ : o — & @pancopmayuja ficeygo Hyn Kpusux
o u & jequnuunux opsuna ca @peneosum peiepuma {T,N, B} u {T N B} y
apocimopy R3 roja sagosomasa ycrose:

(a) iipasa koja ciiaja ogeosapajyhe mauke o u p() = & je fipecex peximugurayu-
onux pasnu N+ = span{T, N} u N* = span{T, N} kpusux o u &, pegom;

(6) ogceuax apase || uma koncimaniany gyxcury p € RT\ {0},

(8) (& —a, B) = pA, 2ge je N(s) # 0 qupepenyujabunna gynrxyuja xoja je pewierse
JUHeapHe qugpepenyujaine jegauune gpyeoZ pega

(2.118) N 2N T+ pAT2 4+ cpr =0, pe R\ {0}, ¢=+1;

) (& — a, B) = pw, fipu uemy je w(s) # 0 quepepenyujabumna dynxyuja obuxa
(2.119) w=\—p—cp\ —cpTA.

Taga cy o u & iiceyqo nyn Xeauce jegnakux mop3uja uiu dceygo wyi Kpysicuuye.

VY HactaBky hemMo U3IOKUTH TOOHjame BEKTOpa Op3MHE BPTIOKHOT BIIAK-
Ha KOJU je allpOKCUMHpaH IIceyao Hyld KpuBoM. Takohe hemo mokasatu na je
€BOJTyLIMOHA jeJHAUNHA TOP3H]je TIceyA0 HYJI KpuBe byprepoBa jenHaunHa.

[TpernocTaBuMO /1a je BEKTOP MOI0XKaja JeAHOAUMEH3NOHATHOT BPTJIOKHOT
BJIAKHA y HECTUIJBMBOM (IYHIy allpOKCUMUpPAH BEKTOPOM TOJI0XKaja TICEY/I0
"y kpuse (s, t) y mpoctopy R} Koja je mpupoaHo mapaMeTpu3oBaHa napame-
TPOM S 3a CBaKo ¢, T1ie je t mapameTap BpeMeHa. [ToMohy JTokaimHe HHAYKIHjCKe
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ampokcumanuje u TejmopoBor pas3soja kpuse (s, t), MOXKe ce JOKa3aTh 1A je
BEKTOp Op3uHe v(s, t) kKpuBe (s, t) IaT jeTHAUUHOM

(2.120) v =0 = Bs X Bss-
Ipumenom @peHeoBux Gpopmyia kpuse (s, t) HaIa3uMo 1a je
(2.121) By =0s X Bes =T xTg =T x N=N.

Jlaxie, BEKTOp Op3MHE BPTIOKHOT BJIaKHA MMa ITpasail IiiaBHe Hopmaie N (s, 1)
kpuBe (s, t). OapemnrheMo eBONYIIMOHY jeIHAUYNHY KPUBUHE U TOP3HUj€ €BOIY-
rone kpuse 3(s,t). Y ToMm nmby, Heka je () yraonu MoMmeHT Kpuse (s, 1) ca
JeTHAYMHOM

(2.122) Q=mT + poN + psB,

TJC CYy [i1, M2 W [13 TIPOU3BOJBbHE udepenniujadbmnne Gpyukiuje o s u t. EBomy-
muoHe jeqHaunHe DpeHeoBoOT perepa KpuBe [3 raace

T, = QxT,
(2.123) N, = QxN,
Bt — QXB

ITomohy mocnenme aBe penarmuje 100HjaMo

(2125) Nt = ,ulN — ,ugT,

[Mpumenom penanuje (2.121) u yenosa xoMmmatubuwiHoct (5s); = (5;)s, ceau
Ja je

(2.127) Ty = (Bs)e = (B)s = Ns = TN.

Ha ocnoy penanuja (2.124) u (2.127) nanazumo jaa je
(2.128) o = —7, pu3z=0.
Kopucrehu ycinos komnatubunnoctu 1y = T;,, modujamo
(2.129) Ny = (T,); = (T})s = (TN)s = (1, + 7*)N.
Penamuje (2.125) u (2.129) ummunupajy aa je

(2.130) p = Ts + 77
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3amemyjyhu BpetHOCTH 32 f1q U Lo ¥ (2.126), Hamazumo 11a je
(2.131) By = —7T — (1, + 7°)B.

IMpema Tome, eBonynuoHe jeqHaunHe DpeHEOBOT perepa KpuBe (3 Tiace

1y = 7N,
(2.132) N, = (rn+72)N,
By, = —1T — (1s+ 1%)B.

IMTomohy penanuje (2.129), Takohe Hanazumo na je

(Ns)t = (TN)t:TtN+TNt:(Tt‘i‘TTs—f—Tg)N,

(2.133) (N)s = (7o +T2)N), = (Tos + 377, + T9)N.

Onasjie TpUMEHOM ycioBa KoMmatuoumHoctu (Ny), = (IVy), creau j1a Top3uja
7(s,1) mceyno Hyn KpuBe [ 3a70BoJbaBa ByprepoBy mapimjanHy audepeHIm-
JalTHy jeTHAYUHY

Tt — 2TTs = Tss.

ITomenyTa jemHauMHa je UHTErpaOUIHA MapijaaHa TudepeHIjaaHa jeqTHauYnHA.
Tume je MOKa3aHO Ja €BOJIYIHOHE jeHAYNHE KPUBUHE K (S, t) U Top3uje 7(s,t)
CBOJIYIIHOHE TICEY/10 HYIT KpuBe (s, t) rmace

ke =0, T — 27Ty = Tys.

Hasomumo teopeme koje ce ojiHOce Ha pemema a Puocore jeqnaunne
BPTIOXHOT BiIakHAa. To cy XalmuMOTO MOBPIINA KOj¢ TEHEPHUINEC CBOIYITHOHA
KpuBa x(s,t).

Teopema 2.23. ([{0]) Heka je S fpenocna fiospw y dpocimopy R3 uuja je qupex-
fwpuca fceygo Hyi Kpusa o ca iapameiipuzayujom

x(s,t) = a(s) +t(p(s)T(s) + q(s)N(s) + r(s)B(s)),

2ge je a(s) dpupogno dapameitipusosana iceygo nyn kpusa u p(s),q(s) u r(s)
apoussosbhe qupepenyujadunne pyuxyuje. Taga je wospu S pewerve Jla Puocose
Jjeguauune 8pinoHCHOZ 6IAKHA

Ty = Ts X Tgs
aKko u camo axko fgospui S uma aapameimpuzayujy oouKa
(s,t) = as) + tN(s),

a wop3uja kpuse « je jegnaxa nym, unu je 7(s) = 1/(s + ¢p), co € R.
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Cnuka 1: CaetsiocHa XammMoTO HOBPIII

Ha cnuuu 1 nata je cBemyiocHa XaIllMMOTO IOBPII, Tj. CBETJIOCHA ILMJIHH-
JpUYHA TIPEHOCHa OB Z($, t) = a(s) + tN(s) xoja mpencTasiba pemerbe a
Puocose jenaunne.

Teopema 2.24. (//0]) Hexa je o(S) ipupogio dapameipuzosana iceyqgo nyi Kpusa
y aipociwiopy R? ca @peneosum peiiepom {T, N, B} u wopsujom 7(s) u S dpenocna
iospu uuja je dapameidpuzayiuja

2(s,t) = B(s) + t(p(s)T(s) + q(s)N(s) +r(s) B(s)),

2ge ¢y p(s), q(s) u r(s) dpoussomne qupepenyujabume Gyuxyuje. Taga je S
pewerve [la Puocose jeqnavune 6piinodicroZ 61aKHA

Ty =Tg X Tgg

aKo U camo axo je:

(i) T(s) = co, co € R u S apocimopna yunungpuuna apenocha iospui ca Kow-
CTOAHITARUM TPOCTHOPHUM TPEHOCUMA Yuja TapameiiiapcKka jegHaduna Snacu (Cauxka
2)

x(s,t) = B(s) + t[N(s) — coT'(s)];

(11) T(s) = —2/(s + ¢o), co € Ru S ceemminocna yunungpuuna iiperocra ospu

Ca KOHCIUAHIUHUM HYJl UDEHOCUMA, Yuja je uapameinpuzayuja

2
. COT(S) + N(s) - mB(S)} ;

x(s,t) = B(s) + 1t [

(1i1) T(s) =tg (s/2 + cp), co € Ru S epemencra yunungpuuna aperocra iaospui
ca dapamempuayujom
1

(s,t) = B(s) + {—tg (% +c)T(s) + N(s) - 2c052(2 - cg)

B@)} .
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Cnuka 2: IIpocTopHa HUIUHAPUYHA MPEHOCHA MOBPII

2.6 baxkaynaoBa TpaHcdopManmja U jeTHAYUHA
BPTJIOKHOTI BjiakHa HyJ KapranoBe kpuBe

Baknynnose TpaHchopmanuje Hyn KapTaHOBUX KPUBHUX C€ YBOAE aHAJIOTHO
Kao y ciayuajy Tceyao HyNl KpUBUX, jep HBUXOB KapTaHOB perep caipku IBa
HyI BekTopa. baknyHmoBa TpaHchopmanuja Hya KapTaHOBe KpHBE je OTIITEM
cryuajy Hyn Kapranoa xenwca, ¢ 003UpoM Jia je TpBa KpUBUHA TTIOMEHYTE KPUBE
jeaHaka jeMMHUIM. Y OBOM TIOTJIABJbY HABOJAMUMO pe3yiTaTe 3a bakimyHmoBe
TpaHchopManmje Hyn KapTaHOBUX KPUBHX KOjU Cy mo6ujeHHu y paay [39], mpu
yeMy pas3lIMKyjeMo ciay4aj Kaja je Top3uja Hyl KapTaHoBe KpHBe jeqHaKa HYJIH,
¢ 003upoM 1a ce Tajga Joduja Ipyraumja mapaMeTpacka jeqHaunHa bakiyHIoBe
Tpancopmanuje. Takxolhe /1ajeMO €BONYIIMOHE jeTHAYMHE KPUBUHE U TOP3UJE
BPTJIOKHOT BJIAKHA KOJU j¢ aIIPOKCUMHUPAH BEKTOPOM Tonokaja Hyi Kapranose
kpuBe. Hapenna nBa TBphema HaBoIuMO 6€3 ToKasza.

Teopema 2.25. (/39)) Hexa je o nyn Kapimiarosa xeauca y fipocitiopy R} diapame-
WpU308ana Hapameimpom dceyqo gyHcurne 1yka s, ca mop3ujom 7(s) = constant #
0 u Kapimanosum peiiepom {T, N, B}. Taga je Baxnyngosa wpancgopmayuja
kpuse o Hyn Kapiianosa xenuca & ca dapameitiapckom jeguaiunom

2a

&:Oé—l-m(CN—i-)\B),
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apu yemy je T = T = constant # 0, A # 0 dpouszsomna peairna KOHCIIAHIIA,
c=+1ul7?+27 #£0.

BakmynnoBa tpancopMmaija Hy1 KapTaHoBe KpuBe o HUje jeAMHCTBEHA.
Haume, 3a cBaku u300p peanHe KoHctante A # 0 1o6ujaMmo 6€CKOHAYHO MHOTO
MelycobHO KOHTpyeHTHUX BakimyHaoBux TpanchopMaliija Kpuse a.

Teopema 2.26. ([39]) Axo je o nyn Kapiwianosa xkybua xpuea y tpociiopy R3
dapamettipuzo8and uapameipom idceyqo gyarcure ayka s, ca Kapitianosum peiiepom
{T, N, B}, inaga je baxnyngosa mipancghopmayuja kpuse « nya Kapitanosa kyona
Kpusa o 4uja jegHa4una enacu

a=a+cN +csB,
apu uemy ¢ € R\ {0}.

IIperxonHe nBe TeopeMe Najy €KCIUTMIIMTHE TapaMeTapcke jeqHaunHe bak-
ayHjioBux Tpanchopmarmja nyn Kapranosux kpusux. Y cnenehoj Teopemu ce
rmocMatpa oOpHyTH mpoonem. Hanme, y ¥0j cy JaTH JOBOJHHU YCIIOBH TTPH KO-
juMa MpecIrKaBame  Hyll KapTaHOBUX KpUBUX (r U (¢ TIpe/ICTaBIba bakyHIoBY
TpaHchopMalnjy THX KPUBUX.

Teopema 2.27. (/39)) Hexa je ¢ : o — & wpancgopmayuja nyn Kapitianosux
Kkpusux o u & y fipocimiopy RY fapamemipusosanux dapamedipuma dceyqo gyoicune
ayka s u 5 uuju cy Kapimanosu peitepu {T, N, B} u {T, N, B}, pegom, wmaxo ga
8avice YCao8u:

(i) @pasa roja citaja ogZosapajyhe Wauxe « u & je dipecex OCKYAATOPHUX PABHU
Bt = span{N, B} u B+ = span{N, B},

(1) ogceuak tpase [ad] uma koncimaniany gyacuny p > 0;

(i) (& — o, T) = (& — o, T) = ¢ € R\ {0}.

Taga cy o u & nyn Kapitianose xenuce jegnaxkux wiop3uja

2ge je A = co/ p.

Jlokaz. YounMo jeITMHUYHU BEKTOP

(2.134) v=-_2"¢

o —all
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Kaxo Ha ocHoBy ycrmoBa (i) mpaBa koja craja Tauke o ¥ (v IPUTIAIA OCKYJIa-
TOPHUM paBHUMA TTOCMATPaHUX KpUBHX, BekTop U umahe o6k

(2.135) U =mN + AB =nN + wB,
rmejem = £1,n = +£1,a A = A(s) u w = w(§) cy npousBosbHE TUPEPEH-

rujabunie dynkuuje. Ha ocHoBy yenosa (ii), umamo ma je ||a — «f| = p, ma
KopucTtehu rmpeTxoHe ABE penanuje, 100ujaMo

(2.136) a—a=p(mN + \B).
Ortyna je

(2.137) (& —a,T) = (p(mN + AB),T) = pA.
AHanorHoO je

(2.138) & —a = p(nN +wB),
OJTaKIIe je

(2.139) (@ —a,T) = (p(nN +wB),T) = pw.

Kana ycrnos (iii) ysperumo y penarwje (2.137) u (2.139), no6ujamo

(2.140) PA = pw = cp,

OJTaKIIE je

(2.141) A(s) =w(8) = O — constant # 0.
p

Hudepentmpamenm jeqHaunne (2.136) mo s u mpumenom Kapranosux dopmyna
u penamyje (2.141), Hamazumo na je

(2.142) & = (1 —mpr)T 4+ pATN —mpB.
Kopucrehu yenos (&', &) = 0 cemu 1a je

2m

2.143 = —
( ) p A272 4+ 271

Kako ¢y p, m u A\ KOHCTaHTe, 3aKJbY4yjeMO Ja je

(2.144) T = constant # 0.
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Hudepentmmpamenm penarmje (2.142) mo s u mpumenoMm Kapranosux ¢popmyna u
pemanyja (2.141) u (2.144), Hanazumo n1a je

"

(2.145) @ = (=pAHT + (1 — 2mp7)N — pATB.

CxarapHuM KBaJIpUpambEeM IIPETXOHE pefarfje 1001HjaMo

" 1

(2.146) (@ ,a ) =1—4mpr + 4p*72 + 2 N273,

[Tomohy penanuja (2.143) u (2.146) cnequ

(2.147) (@ &'y =1,

IITO 3HAYM JIa je S TapaMeTap Iceya0 Ay KUHe JTyka KpuBe &. OTynaa je

(2.148) T=a, N=a .

[Tomohy penanuja (2.135) u (2.141) nobujamo ga je
.1 .
(2.149) B = X(mN+)\B—nN).

ITomohy ycmoBa <]\7, B) = 0 u penanyja (2.145), (2.148) u (2.149) cnenu na je
(2.150) m — p(27 + 17°\*) —n =0,

IIITO 3ajeTHo ca penaijoM (2.143) naje

(2.151) m=—n==+1.

Capa pemanja (2.149) Moxe nma ce 3amuire y oOJIUKY
| -
(2.152) B:X(mN—l—)\B—i-mN).

HudepeHnrpameM MOCIeAkbe peNaliyje Mo s 1 mpuMeHoM Kapranosux popmyina,
no0ujaMo

~ mT m m ~,
2.153 B=—T+17N—-—B+ —N.
(@.153) TR TP
CKaJlapHIM MHOXCHEM IIPETXOHOT u3pasa ca N u kopucrehu penaryje (2.145)
u (2.148), moma3zuMo 10 penaimje
~)  ~ mT ~ ~ m ~

(2.154) (B', Ny = ~"T4T N} + 7(N,N) — "B, Ny = 1.



2 CrenujaiHe BpcTe KPUBUX y MTPOCTOpUMa MUHKOBCKOT

C npyre cTpane, Ha ocHoBY KapTanosux popmyna KpuBe v BaxKu
(2.155) (B',N) = 7.
Jlakne,

(2.156) F=r.

CxamapHuM MHOXemeM penaryje (2.152) ca B u nmpuMmeHoM penanuja (2.143),
(2.145) u (2.148), nobujamo

(2.157) (B, B) = 2
: L X224 97
OITaKJIe CIIeTH 1A je
2(B, B
(2.158) T = —<—’~>,
X2(B,B) +2
YUMeE je J0Ka3 KOMITJICTUPAH. 0

Cneneha Teopema gaje ycmoBe IpH Kojuma TpaHchopmanuja Hyn KapraHosux
KyOHHX KpHMBHX IIpe/icTaB/ba bakimyHIoBY TpaHchopManmjy TUX KPUBHX, a BbeH
JIOKa3 je aHaJIOTaH J0Ka3y IPETXOIHE TeopeMeE.

Teopema 2.28. (/39)) Hexa je ¢ : o — & wmipancgopmayuja nyn Kapitianosux
KpUBUX v U O Y GpOCiliopy ]R‘i’ Hapameitipuzoganux apameiipuma iceyqo gyaicure
ayka s u § uuju cy Kapmanosu peiepu {T, N, B} u {T, N, B} pegom, wmaxo ga cy
UCTTYFoeHU YCIIOBU

( 7 ) dpasa Koja ciiaja ogéosapajyhe wauxke o u @ HaIA3U ce Y GpeceKy OCKYAaiop-
nux pasuu B = span{N, B} u B+ = span{N, B};

(1) ogceuax ipase [ad] uma jequuuuny gysicury,

(iii) (& — o, T) = (& — a,T) = (& — a, N)s = (& — o, N)s.

Taga cy o u & nyn Kapiianose kybne xpuse.

ITpeTrnocTaBUMO 12 je BPTIOKHO BIAKHO y IpocTopy MuHKoBckor R? ampo-
KCUMHMPAHO BEKTOPOM Mojioxkaja Hya KapraHose kpuse Y(S,t). AHAIOTHO
JI0Ka3y KOjU je U3IIOKEH Y TOTIaB/by 2.5 3a MCey10 HyJl Kpuse, y pamy [39] je
JIOKa3aHO Ja BEKTOp Op3une v(s,t) = (s, t) nyn Kapranose xpuse (s, t) uma
IIpaBall TaHTeHTHOT BekTopa 1'(s, t) Te kpuse. Takohe je y ICTOM pajty J0Ka3aHo
Jla Cy eBOJYLIMOHE jeqHaYMHe KpUBUHE U Top3uje Hyl1 KapTaHoBe KpuBe 00IHKa

(s, t) =1, 7(s,t) = oDt
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mpu uemy ¢o € R\ {0}, c; € R.

Ha ocHoBy crierehux aBejy Teopema criein 1a Hyn KapTaHOBa KpHBa U FbeH
KapraHoB perep reHepuiry XaliuMOTO IOBPIIN KOje MPENCTABIbAjy Pelieha
jemHAYMHE BPTIIOKHOT BIaKHA Hy1 KapTaHoBe KpHBe.

Teopema 2.29. (/39)) Heka je o nyn Kapiwarosa kpusa y fpociopy R3 ca Kap-
wanosum peiiepom {T, N, B} u S ilpenocna iiospw gaitia jegnaqurom

2(s,t) = T(s) + t(p(s)T(s) + q(s)N(s) + 7(s)B(s)),

apu uemy cy p(s), q(s) u r(s) dpouseovne gupepenyujabunne dynuxyuje u s ia-
pameiniap iceyqo qyacune ayka Kpuee «. Taga je doepu S pewerve jegnauumne
B8PULNIOINCHOZ BIIAKHA

Ty = Ty X Tge

axKo u camo akoje:

(i) o nyn Kapaitianosa xemuca ca wopsujom 7(s) # 0, a S negelenepainiuena
Xawumottio ioepui ca Gapameifiapckom jeguavunom (cauxa 3)

x(s,t) =T(s)+t(—7T(s) + B(s));

Cnuka 3: HenerenepatuBHa XalmMoTO MOBPIIT

(11) o nyn Kapaimianosa xyona kpusa, a S ceeifiiocna Xawumoimio dospui ca
dapameitiapcKom jeqHayuHoM

x(s,t) =T(s) +tB(s).

Teopema 2.30. (/39)) Heka je o nyn Kapiwiarosa kpusa y fpociwopy R3 ca Kap-
wanosum peiiepom {T, N, B} u S @ipenocna iospw gaitia jegnauunom

2(s,t) = B(s) + t(p(s)T(s) + q(s)N(s) +r(s) B(s)),

&9
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apu uemy cy p(s), q(s) u r(s) apouseowne gupepenyujabunne pyuryuje u s ia-
pameitiap iiceygo gyacune ayka kpuse o. Taga je doepur S pewerve jegnauume
BPILNIOJACHOZ 61AKHA aKO U camo ako je o nya Kapaitianosa xemuca ca imop3u-
jom T(s) # 0, a S negeenepaiiuena Xauumoriio nospul ca HeHYL APEHOCUMA U
Hapametiap KoM jeqHaduHom

z(s,t) = B(s) + t(—7T(s) + 72 B(5s)).

2.7 3akspyuak

PexTudukaimone, HopMajaHe U OCKYJIATOPHE KPUBE Y €YKIUACKOM MIPOCTOPY
UMa]y TeOMETPUJCKY OCOOMHY 1a FlbUXOB BEKTOP MOJI0Kaja Y OMHOCY Ha u3abpaHu
KOOPJMHATHU TIOYETAK YBEK JIEKH Y PeKTU(PHUKAIINOHO], HOPMAITHO]j, WIH OCKY-
natopHoj paeau penoM. B.Y Chen je 2003. roaune nepunucao pextuduxa-
muone kpuee. Takohe, B.Y. Chen m F. Dillen ¢y 2005. romgwHe oTkpuimu
J1a TIOCTOjH Be3a u3Mely pekTudukamoHux KpuBux u JlapoyoBor BekTopa (1IeH-
TPOUA), KOjU MMa BaXKHY YJIOTY Y KHHEMATHIIM U ToMohy Kora cy yBelieHe KpUBe
KOHCTaHTHe Tipeliecuje. PexTudukaimoHe, HopMalHe U OCKYIaTOpHe KpUBe ce
Takolhe MOTy moCMaTpaTH U y TPOCTOPY MUHKOBCKOT. JEeAHO O/ MUTamba KOje ce
HAMETHYJIO MPH FHUXOBOM MpoyUaBamy, OUITO je /1a I TTOCTOoje penaruje usmehy
OB€ TPU BPCTE KPUBUX. Y OBOj INIABU Cy MBIIOKEHE penanje umely peKTu-
(PMKAIIMOHUX ¥ HOPMAJHMX KPUBUX y IIpocTopy Munkosckor R3. V ogHocy Ha
n3a0paHy MperpaaHu CHOIl CBETIIOCHE PaBHU Ca jeMHAUYWHOM T = Y, JOKA3aHO
j€ 1a cy TpaBe jeIMHE PEKTUPUKAIIMOHE KPUBE KOJ€ CE TPOJEKTY]y HA HOPMAJTHY
KpUBY U oJipeheHe Cy eKCITUIUTHE mapaMeTapcKe jeJHAYMHE TTPOCTOPHE HOP-
MaJlHe KpPUBE KOja ce TIPOjeKTyje y rmceyno Hya pexktudukarmony W-kpusy. Ose
penaiyje ce 1ajbe MOTY IMPOLIMPUTH U Ha OcTalle BpCTe KPUBUX, Ka0 U Ha MPo-
crope Behux gumeH3uja.

I[Tap MaHxajMOBUX KPUBHUX Y E€YKIUJCKOM IMPOCTOPY MPBHU j¢ AePUHUCAO
L.P. Eisenhart 1960. rogune. ThUxoBo yoHIITeme y eyKIHACKOM TIpocTopy R*
yeenmu ¢y H. Matsuda u S. Yorozu 2009. rogune. McnuTuBame yONMIITEHUX
MaHxajMOBHX KPUBHUX Y IPOCTOP-BpeMeHy MuHKoBckor R{ je mocTta o6uMHUje
HETo y eykIiackoM npoctopy R%, 360r nmocrojama Tpu Moryha xaysanHa Kapak-
Tepa oaroapajyhe paBHU MpUIpykeHe KpUBe Koja capKu BEKTOP I1aBHE HOP-
MaJie TIoJIa3He KpUBE. Y OBOj TJIABH j€ jlaTa KapaKTepu3alldja yOIIITCHUX HYI
MaHxajMOBUX KPUBHX U JJOKA3aHO j€ J1a He ITOCTO]je YOIIIITEHE TICEYI0 HYT U TTap-
nyjamHo Hyl1 MaHxajMoBe kpuBe. Haj3axTeBHUjU eo Ipu oapehuBamy Kapak-
Tepu3alje OuiIo je modujame pealnje u3Mehy perepa monasHe U MpUIApYKeHe
KpuBe. 3aBUCHO O]l TOTa Ja JH je paBaH oapeheHa BEKTOPCKUM MoJbUMa Ou-
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HOpMaja MPUJPYKEHe yorTeHe MaHXxajMOBEe KPUBE MTPOCTOPHA WIIU BPEMCH-
CKa, YOTITeHOj] HyJT MaHxajMOBOj KPUBO] MPUIIPYKEHA je BPEeMEHCKa, OJHOCHO
MPOCTOPHA KPUBA U €KCIUTUIUTHO Cy ofApeheHH perepu TaKBOT Mapa KPUBUX.
VY cnyuajy Kaga je mocMaTpaHa paBaH ofpeheHa BEKTOPCKUM MoJbUMa OUHOpP-
Maja npuapykeHe yormmnTeHe MaHxajMoBe KpUBE CBETIIOCHA, TOOHM]EHO je Ja je
npupykeHa yormtena MamnxajmoBa kpua takole nyn Kapranosa kpusa. Y
npoctopy Munkosckor R? mpo6nem je nocta jeqHocraBHujn. Hamme, y 0BOj
IJIaBU je JOoKa3aHO Ja He IMOocToje Hya MaHxajMOBe KpHBe, Kao W Ja Cy je-
IMHe Ticey o Hy1 MaHxajMoBe KpUBe ca MPBOM KPUBHHOM K(S) # 0 mceyao Hy
KpyxHuile. MaHXajMOBE KpUBE ce TaKOh)e MOTY UCITUTUBATH Y CEMU-CYKITUICKOM
npocropy R? numensuje n > 4 u unjekca v > 1.

BakmyngoBa Tpanchopmanuja rceyaocepHUX TTOBPIIH je TMPECTUKABAHE
Koje 3aJ0BOJbaBa oAroBapajyhe ycloBe U MMa BakKHY YJIOTY y TEOPHUjU COIHU-
TOHA U MHTETpaOUIHUX cucTeMa. baklIyHIOBY TpaHchopMalujy eyKINICKUX
kpuBHux yBenu cy A. Caliniu T. Ivey 1998. ronune kao TpaHchopMalujy Koja
yyBa TOP3Hjy TUX KpuBux. Y mpoctopy Munkosckor R3, Baknynjose TpaHc-
dhopMalmje TpOCTOPHUX M BPEMEHCKUX KpuBHUX jgedunaucamu cy H. Simsek u
M. Ozdemir 2016. romuse. MehyTum, OCTaBUIIO Ce MTUTAE a JIU TIOCTOJU
KpHBa Koja MpeAcTaBba bakiyHI0BY TpaHchopMaldjy mceyao HyJd KpUBE WU
Hyn KapranoBe kpuBe, kKao u 1a U je Moryhe oapeauTH ycloBe MpU KojuMa
je TIpecuKaBame TICey/10 HYJI KpUBUX WM HYJT KpuBUX bakiyHmoBa Tpanchop-
Malja TuX KpuBux. bakmynmoBa tpanchopmanuja nyn KapranoBux u mceyao
HYJI KPUBHX, yBEJIeHA Y OBO] IJIaBH, je crenuduyHa y oJHOocy Ha bakmyHmoBy
TpaHchOopMaLr]y TPOCTOPHUX U BPEMEHCKUX KPUBHX IO TOME IITO NPEACTaBba
MpecInKaBambe KOHPYSEHTHUX XeTuca, a He KpUBHUX UHhje Cy KpUBUHE pa3THUUTe,
a Top3Uje jeaHake ucToj KoHcTanTtu. Crenehu KOpak y mpoydaBarby OBE BPCTE
KPUBUX MOXe OuTH ojipehuBame bakimynnose Tpanchopmalinje Kpuse y CyKIu/I-
ckoMm npoctopy R, uin y mpotop-Bpemeny Munkosckor RY.

JemHauumHy BPTJIOKHOT BJaKHa, Kao MOJeN KpeTama 1-TUMEH3UOHATTHOT
BPTJIOKHOT BIIaKHA y uaeanHoM duyumay, yeeo je R.S. Da Rios 1906. ronune.
Bektop nonoxkaja 1-1uMeH3MOHATIHOT BPTJIOKHOT BJIAKHA CE MOXKE alTPOKCUMHU-
patu KpUBOM (S, t) K0ja eBOJIBUpPA Y CKIIA/TY Ca JeAHAYMHOM BPTIOKHOT BIAKHA
U KOja je mapaMeTpU30BaHa MapaMeTpOM JYXKHUHE JTyKa S Y CBAKOM TPEHYTKY
t. KpuBa koja eBonBupa reHepuile XallMOTO TOBPII, a BEKTOp Op3UHE Te
KpHBE Yy €YKIUACKOM IPOCTOPY MMa IMpaBall OUMHOpMaje KpuBe. Y MPOCTOpY
MunxkoBckor R?, jeHaunHa BPTIOKHOT BIAKHA IIPOCTOPHE U BpEMEHCKE KPHBE
nobujeHa je y pagouma G. Muniraje u  G. Lakshmanana 2010. rojune.
Kon Tux kxpuBux, BeKTOp Op3UHE KPUBE MMa MpaBall ieHe OnHopMane. Y oBoj
IJIaBU j€ MCIIUTAHO Ja JU y Clydajy Iceyao Hya KpuBuUX U Hyn KapraHoBux
KPHUBHUX BEKTOp Op3MHE MMa UCTH TAaKaB IIpaBall, aKO OHE €BOJIBUPAjY V CKIIaly
ca jeIHaYMHOM BPTJIOXXHOT BIakHAa. J[oOHWjeH je MHTepecaHTaH pe3ydTaT, Ja
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BEKTOp Op3WHE TICEy/0 HYJT KPUBEC MMa TpaBall TIABHE HOpMAase, a BEKTOP
op3uHe Hyl1 KapranoBe kpuBe mpaBall TaHreHTe. Takole cy mo0ujeHe mpocTop-
HE, BPEMEHCKE M CBETJIOCHE XaIlMMOTO ITOBPINH, KOje MPeACTaBibajy pelleHha
JjenHaYMHE BPTIOKHOT BIIAKHA TICEYI0 HYNI B Hyl1 KapTaHOBE KpUBE y IPOCTOPY
Munxkosckor R?. 'V moryhum jabiM MCTpaKuBambuMa, OUI0 6M oJ 3Hayaja
WUCTIUTATH OOJUK jeTHAUMHE BPTIOKHOT BJIAKHA KOjH j& AaPOKCUMHUPAH KPUBOM
y mpocTop-BpeMeny MunkoBckor R{ 1 ogpennTn mapamerapeke jeJHAUNHE TAKO
HACTaIMX XaIlUMOTO TOBPIIIH.
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3 Cneunujajne Bpcte penepa y npoctopy MHUHKOBCKOT

V 0BOj TITaBM J1ajeMO OPUTUHAJIHE PE3YATATE JTOKTOPCKE JUCEPTAIH]e KOJU
cy my6nukoBaHu y panay [43], a koju ce ogHoce Ha 106ujambe buwoiosux peiiepa
(peiiepa KoOju MUHUMATHO POTAUPA]Y, PENAIUGHO HAPANCTHUX AGATITIUPAHUX peliepa)
Tceyno HylI KPHBHX M Hyl KapTaHOBUX KPHMBHX Y IIPOCTOpPY MHHKOBCKOT R3.
VYV ToM 1usby, KOpUCTHNEMO TEXHUKY KOja HUje aHAJIOTHA CYKITHIACKOM CIIy4ajy.
Hawuwme, bummormnos penep ce y eyKIUJICKOM CITydajy MOXKE JTOOMTH POTAIjOM
BEKTOPCKUX TMOJba TiaBHe Hopmale N m OuHopMazne B OKO TaHTEHTHOT BEK-
Topckor nmosba 1. [loMeHyTa poTanuja ce pearusyje y HOpMallHOj paBHU KPUBE.
MebhyTum, Koa TIceyIo Hyl KpHUBHX poTaliMja oMohy Koje ce moOujajy Bek-
TOpcKa mosba bumonosor pernepa ce He peanusyje y jeaHoj pasuu (Teopema
3.2). Hexe on moryhux nmpumena bumonosux penepa nceyno Hya u nyn Kap-
TAHOBHX KPHUBUX cy Kinacugukanuja JapOoyosux xenuca k-turma, BakmyHmoBux
TpaHchopmalrja, ManxajMoBUX U bepTpaHOBUX KPUBUX, UT/.

3.1 Dbumonos penep nceyao HyJ1 KpuBe

Hajnpe hemo ysectu Bumiomnos periep {77, N1, No} miceymo Hyn kpuse y
npoctopy R? Koju je rceyno opTOHOPMHpPAH, Tj. BEKTOPCKA MOJba TOT Perepa
3aJI0BOJbABA]y YCIOBE

<T17T1> :17 <N17N1> - <N27N2> :OJ
<T17N1> - <T17N2> - 07 <N17N2> — 1

ITpema ToMe, OH CafpXH jeqaH IPOCcTOPHH BeKTop 1'($) 1 ABa CBETIOCHA JTHHE-
apHo He3aBHcHa BekTopa Ni(s) u Na(s).

Hedununuja 3.1. ([43]) buwoiios peiiep {11, N1, No} miceymo Hynm KpuBe « y
npoctopy R} je MO3NTUBHO OpHjeHTHCAH TICEYAO OPTOHOPMHUPAHHU PEIEpP KOjH
CaZpKU TAHTEHTHO BEKTOPCKO IMOJbe T M IBA PENATUBHO MapaeliHa CBETIOCHA
HOpMaJIHa BeKTOPCKa moJjba N u Ns.

Ilog penaitiuenom dapanernowhy seximiopckux osa N1 u No mopazymeBaMo
Ja cy HOpMaJHe KOMIIOHEHTe HbHUXOBHUX U3BOJAA MO MPUPOTHOM MApaMerpy S
jenmuake Hymu. Bektopcko mosbe N y ogHocy Ha 6a3y {71, N1, N2} iMa mekom-
MO3UIM]y 00IMKa
N{ = CLT1 + bN1 + CN27
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rie ¢y a, b u ¢ npousBosbHe audepeHIMjabuane GyHknuje mo s. Hopmamna
KOMITOHEHTa BEKTOPCKOT ToJba N| je BekTopcko moibe bN; + c¢Ns. Kako je
HOpMalTHa KOMITOHEHTa BEKTOPCKOT TMoJba N jeIHaKa HyIH, CIeIH 12 je BeK-
TOpCKO moJbe V| kKomuHeapHo ca 1. McTo ce 3akibyuyje U 32 BEKTOPCKO MOJbe
Nj. Tomrro je (N1, Ni) = 0, BekTOpcKO nosbe N| mpumaga CBETIOCHO] PaBHU
N = span{Ty, N, }. Bextopcko nosbe N| y TOj pABHA MUHUMATTHO POTUPA aKO
je xomuHeapro ca 17 wmu N;. Kaga Ou 6mno kommHeapHo ca /N1, Taga Ou ce
®peneoB u buionos pernep mokjiamany, mTo Huje Moryhe. Ilpema Tome, Bek-
Topcka mosba V| u T ¢y KonuHeapHa. AHAJIOTHO ce JoKa3yje Ia Cy BEeKTOpCcKa
nosba IV, u T} xonuneaprna. Teopema koja ciaeau naje penauujy usmehy dpe-
HEOBOT M BUINOTOBOT pernepa Tcey/10 HyI KpUBe, Kao U jeHaunHe bummonosor
peniepa. Ha ocHOBY Te Teopeme, mocToje jiBa Mmoryha Bummonosa perepa mniceyio
HyJI KpUBE Y IpocTOpy MuHKOBcKor R3.

Teopema 3.1. ([43]) Heka je o ipupogno iapameiipuzosana iceygo wyn Kpusa y
apocitiopy R? ca kpusunom r(s) = 1 u iwopsujom 7(s). Taga perayuja usmely
Buwoiios peiiepa {1y, N1, No} u ®@peneosoé peiiepa {T, N, B} kpuse o Znacu:

(1)

Ty 1 0 0 T
(3.1) Ny | =0 & 0 N |,
NQ 0 O K2 B
a jegnauune buwoiiosoé peiiepa cy obauxa
Ty 0 ke K1 Ty
N { = —KR1 0 0 N 1 y
N. é —K9 0 0 N- 2

7(s)ds

apu uemy ¢y rk1(s) = 0 u ky(s) = el , ¢ € RT\ {0} apsa u gpyca Buwoiosa

KPUBUHA KPpUBE O PeJOM.

(i1)

T -1 0 0 T
(3.2) N |=] 0 0 —-m N |,
N, 0 —%1 0 B
a jeguauune buwotioso?z peiiepa ¢y 00.1uKa
T 0 K2 K1 T
N{ = —KR1 0 0 Nl )
Né — K9 0 0 N2

apuuemy cy k1(s) = cel 7% & e R\ {0} u ka(s) = 0 apea u gpyza Buwoiiosa
KPUBUHA KPUBE (v PEJOM.
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3 CroeuujanHe BpcTe perepa y mpoctopy MUHKOBCKOT

V cnenehoj Teopemu gaTa je reoMeTpHjcKka UHTepIperaiyja penamnuje (3.1).

Teopema 3.2. (/43]) Heka je o ipupogno lapameiipuzosana iiceygo Hyi Kpusd y
apocitiopy R ca @peneosum peiiepom {T, N, B}, kpusunom r(s) = 1 u wopszujom
7(8). Ako je Buwoiios peiiep {11, N1, Na} ose kpuse gaiui perayujom (3.1), dpu
yemy je ko(S) gpyéa Puwoiiosa kpusuna, waga je:

(1) R,(N) = Ny, ége je R, xuilepboruuka poimiayuja 3a XuilepOomuuxu yeao
©(s) = —In(ka(S)) oro apociiopne oce y apasyy seximopa ez = (0,0, 1);

(i) (R_, o R_go R,)(B) = Ny, 2ge je R,, poitiayuja 3a yeao w(s) = — [ ka(s)ds
oKko ceeitiiocne oce y dpasyy eeximiopa eq = (1,1,0), a R_y xuilepboruuxa
potayuja 3a xuiepbomuuku y2ao —9 = — [ 7(s)ds — In¢ oxo apociwiopne oce
y dpasyy eeximiopa es = (0,0,1), ¢ € R\ {0}.

Hokas. V3 O@peHeoBUX jeqHAUMHA [ICEYI0 HYJI KPUBE (v IMAMO J1a je
N'(s) = 7(s)N(s).

Hexka je N(s) = (x1(s), z2(s), x3(s)), Ipu yeMy ¢y 1, To U T3 HeKe TUMEPEHITH-
jabunne ¢pynkmmje. [Tomohy penanmje (3.3) nobujamo

(w1(5), 23(5), 25(5)) = (7(s)w1(5), T(5)2(5), 7(5)3(5)),

olaKxJie je

) (S) _ ef T(s)ds—l—a, ZEQ(S) — 6f T(S)ds+b7 ZL’3(S) _ 6f7'(5)d$—5—c7
rae cy a, b, ¢ € R korcranTe. Kako je ky(s) = el 7(9)4s
penanyjyu HaTa3uMo J1a je

z1(s) = %/{2(3)6“, xa(s) = %1{2(8)61), z3(s) = %/{2(8)6 )

, 3AMEHOM Y TIPETXOIHO]

raeje ¢ € RT\ {0}. Crora je
N(s) = ko(s)A,
-1
npu uemy je A = —(e?, b, e¢) xoncranTan Bektop. IlomTo je N Hyl BEKTOD,
c
“MaMo J1a je
0= (N(s), N(s)) = (r2(s)A, r2(s)A) = r3(s)(4, 4),

omakne cnemu j1a je A xoncrantan Hyn Bektop. Jlo Ha m3omeTpuje npoctopa R}
Moxemo y3etu 1a je A = (1, 1,0), ma je BekTOp TIIaBHE HOpMAae 00IMKa

N(s) = (ra(s), K2(s), 0).
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ITpumenom xunepbonuuke poranuje [, Ha BekTop N 3a XUNEPOOTHUKH yrao

v = — In(ko(s)) oxo mpocTopHe oce y mpasiy Bektopa ez = (0,0, 1), mo6ujamo
coshp sinhgy 0 Ko 1
R,(N)= | sinh¢ coshy 0 Ky | = —N=(1,1,0) = Ny,
0 0 1 0 2

YMMe je ToKa3aH NpBH fAeo (i) Teopeme.

. /
Jla 6GucMoO TOKa3au IPYTH Ie0 Teopeme, KOPUCTUMO penaunjy T = N =
(ka2(s), k2(s),0). HHTerpabemeM MPETXOIHE jeMHAKOCTH, HANA3UMO JIa je je-
JMHUYHUA TAHTEHTHH BEKTOD O0JIMKA

T(s) = ( / 1o (s)ds, / 1o (s)ds, 1) |

C 063upom 1a buionos Bektop No(s) UcymaBa ycioBe
<T17 N2> = <N2a N2> = Oa <N17 N2> = 17

CIIeTTU 1A je

o= (LT U )

IMomohy penanmje (3.1), Hamasumo 1a je BekTop Gunopmaie B(s) obmka

B(s) = <_(f Ka(s)ds) 1 I ([ ka(s)ds) _ffiz(s)ds) |

2ka(s)  2ka(s) 2ka(s) 2k9(s) Ka($)

Cana noOujeHn BEKTOp B poTUpaMo OKO CBETIOCHE OCE Y MpaBIly BeKTOpa Vi

3a yrao w(s) = — [ ka(s)ds u mobujamo
W2 W2 e ko (s)ds)? 1 1
1 +27 7, w 2k (s) o %42) s) —@
— w w 1 K2(s)ds _ 1
RW(B) - 2 1 - o W 2k2(s)  2rka(s) - 2k2(s)
w —w 1 _fng((s))ds 0
Kko(s

Ha noOujenn BEKTOp MPUMEHYJEMO XUMEPOOIUYKY poTanujy R_» OKo Tpo-
cropHe oce y mpasily Bektopa e = (0,0, 1) 3a xunepbomuuku yrao —6(s) =
— [7(s)ds —In¢, ¢ € RT \ {0}, onake je

cosh(—0) sinh(—6) 0 —ﬁ(s) ~1
(R_go R,)(B) = | sinh(—#) cosh(—6) 0 2@1(3) =1 2
0 0 1 0 0
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3 CroeuujanHe BpcTe perepa y mpoctopy MUHKOBCKOT

Ha kpajy, 100ujeHr HyT BEKTOp poTUpamo 3a yrao —w(s) = [ ka(s)ds oko
CBETJIOCHE OCe Y TIPABILY BeKTOpPa [V] MITO UMILTHIINPA J1a Je

2

gy 5 e[
(R-wo R_goR,)(B)= % 1—%2 —w % = Ny,
—w w 1 0
ypMe je ToKa3aH u apyru aeo (ii) Teopeme. 0

AnanorHo, reoMETpHUjcKa UHTeprperaryja penamuje (3.2) nara je y crneachoj
TEOPEMU.

Teopema 3.3. (/43]) Heka je o ipupogno dapameiipuzosana iceygo wyi Kpusa y
apocitiopy R} ca @peneosum peiiepom {T, N, B}, kpusurnom r(s) = 1 u iwiopzujom
7(s). Axo je Buwoiios peiiep {11, N1, No} ose kpuse gaiti perayujom (3.2), iipu
yemy je /€1<8) ipea buwoiiosa kpueuna, itiaga je:

(i) R,(N) = Ny, 2ge je R, xuilepbonuuka powiayuja 3a Xuiiepboauuku yeao
o(s) = — In(—k1(s)) oko dpocitiopue oce y dpasyy eéexiiopa €3 = (0 0,1),

(1)) (R_,oR_goR,)(B) = Ny, 2geje R, powauuja sayeaow(s) = — [ ki(s)
OKO ceeltinoche oce y apasyy 6€KWOpa ey = (1 1,0), a Ry xuuep60ﬂulu<a
poitiayuja 3a xuiiepbomuuxu yeao —0 = — [ 7(s)ds — In(—¢) oxo apocimopne

oce y iipasyy eexitiopa ez = (0,0, 1), ceR™\ {0}
3.2 bumonos penep nyJ Kapranose kpuse

YV oBoM nornasiby hemo nepuHucaTi 1 onucatu buionos penep u buionose
xpuBHrHe Hyn1 KapTaHoBe KpuBe y mpocTopy Munkosckor R, Bumronos penep
j€ OPTOHOPMUPAHU pETiep KOjU CaAPKU jeNaH TPOCTOPHU U JIBa CBETJIOCHA JTH-
HeapHO He3aBHCHA BekTopa. ITocebHo heMo pasMoTpuTu ciydaj Kaja je apyra
KapranoBa kpuBrHa Hyn1 KapTaHoBe KpHBe jelHAKA HYIU U Y TOM CIyd4ajy 3a-
KJbYUUTH J1a ce KapTaHoB perep Te KpHBe IOKIAla ca HBEHHM BHIomoBUM
pernepom.

Hedunnnnja 3.2. ([43]) buwoiios peiiep {11, N1, N2} Hereonmesujcke myna Kap-
TaHOBE KPUBE 'y MpocTopy R? je MO3MTHBHO OpHMjeHTHCAH MCEYI0 OPTOHOP-
MUpAHU Perep KOjU CaJpKU TAHTEHTHO BEKTOPCKO TOJbe 17, PEeIaTUBHO Tia-
pajIeNHO IMPOCTOPHO BEKTOPCKO IMoJbe N| U PeTaTUBHO MapajellHO CBETIIOCHO
TPAHCBEP3ATHO BEKTOPCKO IMOJbe No.

Bexrtopcka nomba Ny u Ny ¢y penaifiugro dapaientd, ako cy BUXOBU U3BOIU
Mo TlapaMmeTpy Ticeyao MyXKUHe JTyKa KOTUHEApHU ca BEKTOPCKUM ToJheM No,
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IITO je eKBUBAJICHTHO YCIIOBY Jd j¢ HOPMaJlHa KOMIIOHEHTA BEKTOPCKUX MOJba
N{ u N}, jenHaka HyJIH.

Teopema 3.4. (//3]) Hexa je o nyn Kapiianosa kpusa y pociwiopy R iapameitipu-
306ana wapameimapom idceyqo gyscune 1yka s, ca kpusurom k(s) = 1 u wopsujom
7(s). Taga penayuja usmelhy BuwoiosoZ peitepa {11, N1, No} u Kapitianosoz
peitepa {T, N, B} kpuge o Znacu:

Ty 1 0 0 T
(3.3) N | = - 1 0 N |,
N, % —ko 1 B

gok cy jegnauune buwioiiosoé peiiepa obuxa

T ke K1 0 T
(3.4) N |=]10 0 & Ny |,

N, 0 0 —ry | | Ny
apu uemy je iipsa Puwoiiosa kpusuna k1(s) = 1, a gpy2a buwoiiosa kpusuna ()
3aqosovasa Pukaiiujesy quepepenyujanny jeguauumny k5(s) = —é/ig(s) —7(s).

Hokas. Kako je o Hyn KapraHoBa KpuBa ca MO3UTUBHO OpPUjJEHTHUCAHUM
Kapranosum periepom {1, N, B}, BeKTOpcKa TOba OBOT periepa UCTYHhaBajy
ycroBe

(3.5)

1 3a7J0BOJbABA]y perarmje
TxXN=-T,6 NxB=—-B, BxT =N.
Axo je {11, N1, N2} Buioros perep KpuBe «, Taja je

<T17T1> - <N27N2> == 07 <N17N1> == 17
(I, Ny) = (N1, No) =0, (T1, Ny) = —1.

Takohe Baxe u penmanuje
T1 X N1 = —Tl, N1 X N2 = _N27 N2 X T1 = Nl.
C 063upoM ma je N penaTUBHO MapaleNHO BEKTOPCKO MOJbE, CIEAN 1A je

(3.6) Ny = k1 Ny,
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pu YeMy je K1 (S) pou3BosbHA audepeHimjabmina dyuknuja. Takohe je
(3.7) N, = —ky No,

r1e je K2 (s) mpousBosbHA mudepeHimjabmHa Gyukimja. Ilomohy penaruja (3.6)
u (3.7) u kopuctehu 1eKOMIO3HUIIH]y BEKTOPCKOT MoJba 1| y ogHocy Ha buionos
periep, HaTa3uMo Ja je

(38) T1/ = I€2T1 + lilNl.

Ha ocnoBy penanuja (3.6), (3.7) u (3.8) cnenu Baxu penanuja (3.4). Kako je 7}
TaHTEHTHO HYJ BEKTOPCKO TMOJbE, MOKEMO y3€TH J1a j¢

(3.9) T, =T

Momro je (17, N;) = 0, 6uhe u (T, N;) = 0, omakie ciequ na Bektop N
MpuIafa HopManHoj pasuu 1. OTyza je

(3.10) Ny = aT + bN,

rae cy a(s) u b(s) mpousBosbHe audepeHimjadbunne Gpyukuuje. W3 ycnosa
(N1, N1y = 1 u penaumje (3.5), nobujamo 1a je b(s) = +1. IlpermocraBumo
Hajmpe 1a je b(s) = 1. Tanma je

(3.11) Ny =aT + N.

Ocraje na ogpenumo BekTopcko mosbe No. Kopucrehu ycmose (3.5) u (3.6) u

pemanmje (3.9) u (3.11), nobujamo Tpehe BekTopcko mosbe buionoBor penepa
a2

[ToTpebHO je jorn ma ogpenumo GyHKIHUjY a. JdudepeHnupameM penanmje (3.9)

1o s, nodbujamo

(3.13) T, =T =N =N, —al = N, — aTy.

Penauuje (3.7) u (3.13) ummmuimpajy z1a je

(3.14) ki(s) =1, ka(s) = —a.

Hudepentmmpamem pemaruje (3.11) mo s, mpumenom Kapranosux dopmyna
KpuBe « u penanyja (3.6), (3.14) cnenu ma npyra Bumiornosa KpuBHHA Ka(S)
3a10BOJbaBa PukaTujeBy nudepeHInjaIHy jeTHaInHY

1

(3.15) Ky(s) = —5/13(5) — 7(s).
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Tume je mokazano 1a Baxu penarmja (3.3). Axo mpermoctaBumo jiajeb(s) = —1,
001jaMO HETaTUBHO OPHjeHTHCAaH BUIoOnoB perep, MTO je KOHTpaaukiuja. [

Axo je o nyn Kapranosa xyOHa kpuBa, Taja je mena topsuja 7(s) = 0.
3amenom 7(s) = 0 y PukartujeBoj mudepenimjannoj jennaunnu (3.15) crenu
na je npyra bumonosa kpuBuHa ka(s) = 0, win ko(s) = 2/s. Ha taj HauuH
nobujamo cienehy MmocienuIyy MpeTXoaHe TeopeMe, Ha OCHOBY KOje Ce MOXKe
3aKJBYYIHTH 14 O] CBUX HyJ KapTaHOBUX KPHBHX y IpocTopy MuHkoBckor R?,
jemuno nyn Kapranosa kyOHa KpuBa uma JBa buinormosa perepa o Kojux ce
jemaH mokJana ca meHuM KapTranoBum perepom.

HMocnemnna 3.1. (/43)) Hexa je os) nyn Kapiwiarnosa kybua kpusa y tpociiiopy R3

dapameimpuzosana iapameiipom iiceyqo gyacune nyka s. Taga perayuja usmehy

Buwoiiosoz peiiepa {1, N1, N2} u Kapitianosoé peiiepa {T, N, B} kpuse o Znacu:
(1)

T, 1 0 0 T
Nl = _K/Q 1 O N y
2
L N2 i | % — K2 1 B |

gok ¢y jeguauune buwioiioeo? peiiepa oo.1uxa

- P — -

T Ko k1 O T
N |=|0 0 & N, |,
N, L0 0 —k N, |
iipu uemy je tpea buwoiiosa kpusuna /ﬁl(s) = 1, a gpy2a buwoiiosa Kpusura
ra(s) = 2
(ii)
Ty 1 00 T
Ny | =1010 N |,
Ny 0 0 1 B

Tl Ry K1 0 T1
N |=]10 0 & Nt |,
Né 0 O —K2 N2
iipu uemy je tpea buwioiiosa xkpusuna /ﬁl(s) = 1, a gpy2a buwoiiosa kpusura

KJQ(S) =0.
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3.3 3ak/byuak

PenatuBHO mapanenaH agantupadu penep yseo je R.L. Bishop 1975. ro-
JIMHE Ka0 perep Koju UMa CBOJCTBO MUHUMATIHE pOTalldje Y CMUCIY Aa CaapKu
JIBa PeNaTUBHO MapajelHa BEKTOpCKa MoJba. TakaB perep ce y eyKIUICKOM
clyuajy Moxke ToOUTH poTarujoM DpeHeoBOT pernepa OKO TAHTEHTHOT BEK-
TOPCKOT T0Jha KpUBE 3a ojiroBapajyhu yrao. ¥V 3-AMMEH3MOHATHOM MPOCTOPY
MUHKOBCKOT, BUIIIOMOB pernep MpoCTOPHUX U BPEMEHCKUX KPUBUX Cy JIe(hUHU-
camu M. Ozdemiru A. A. Ergin 2008. roaune.

MelyTum, OCTOjalio je OTBOPEHO MUTAE 1 JTU TaKaB perep uMajy Irceyuo
HYJT KpHuBe U Hyll KapTaHoBe KpuBe, ¢ 003UpOM J1a perepu MOMEHYTHX KPUBUX
caJip)Ke IO JiBa HYJI BEKTOPCKa MoJba. Y OBOj TJIABM je TIPHKA3aHO JTOOWjame
TakBUX periepa. [lpenmsnuje, j1okazaHo je jJa Mmoctoje JiBe MoryhHoctu 3a
buiionos penep mnceyao Hyl KpuBe W jegHa MoryhHoct 3a bumionos pemnep
Hyn1 KaTpaHoBe kpuBe, ocuM ako je oHa Hyl KapranoBa kyOHa kpuBa. Hanme,
TaKBa KpHBa UMa JBa buromnosa perepa, o1 KOjUX ce jefaH MOKJama ca leHUM
KapranoBum penepom. J[lobujenun pernepu MOry MUMATH HIMPOKY TPUMEHY Y
HUCITUTUBAILY TEOMETPUJCKUX OCOOMHA TICEY/10 HyN U Hyl1 KapTaHoBuUX KpUBHX.
Ha npumep, bummonosu penepu O6u ce MOTIIM MPUMEHUTH y KIaCH(UKAIIN]T
nceyno Hy1 U Hy1 MaHXajMOBUX KPUBHX, Kao U 3a u3Boheme bakiyHmoBux
TpaHchopmaliyja rceyno Hyla ¥ Hyln KapTaHOBUX KpUBUX.

Moryhe mame UCTpaXMBamke OBMX periepa ce Oorjiefa Yy UYMEHCHUIM A4 jOII
HUJE UCMTUTAHO JIa JIK TIOCTOJU PETEP Ca CBOJCTBOM MUHUMAIIHE POTAIU]E JTYXK
KPHUBE KOja JISKU Ha MOBPIIH y TpocTopy MunkoBckor. Ocum TOoTa, jeflaH O
MpaBalia Jajber UCTPAKUBAha jecTe M UICTIUTUBAE MOTYRHOCTH Aa ce AepuHuILe
buiiomnos penep nceyao Hyl KpUBe U apIHjaTHO HYJI KpUBE Y TPOCTOP-BPEMEHY
Munxkosckor Rf.
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4 CneuujajiHe BpcTe NoBpiM y npoctopy MuHKOBCKOT

V nornaempy 1.12 je HamoMeHyTO Ja paBaH Koja CaJpKu MPOUIIHY KPUBY
yBHjEHE MOBPIIU MOKe OUTH OUIIO KOT Kay3aJHOT KapaKTepa, a ako je Ta paBaH
CBETJIOCHA U YBH]E€HA TOBPII KOja HacTaje je HCKJbYUMBO CBETIOoCHa. MehyTum,
y pamy [44] je yBeneHa HOBa Kiaca YBHjEeHUX TIOBDIIU - yeujene iospuiu gpyze
épciiie, K0je MOTY OUTH TIPOCTOPHE, BPEMEHCKE MIIM CBETIIOCHE, MAKO j¢ paBaH
KOja CaIpKu MpOo(hUITHY KPUBY CBETIIOCHA. Y OBOj TTABU HABOAMMO OPUTHUHAITHE
pe3ynTaTe JOKTOPCKE AHUCEpTalje KOju ¢y o0jaBibeHu y pamy [44].

4.1 VYBujeHe NOBpIIM Jpyre BpcTe

VBujeHe moBPIM Apyre BpcTe Koje hemo cama geduHucaTH, TIpecTaBibajy
YOIIITEhe poTaloHuX moBpinu. OHe ce qoOujajy HaMeTameM clienehux ycmosa.
ITpodunHa KpuBa je paBHa KpHBa KOja JIEXKH y CBETJIOCHO] PaBHH, Oca OKO KOje
pOTHpaMO KpPUBY TpPHITala UCTO] PABHH, TOK HaM je 3a JPYry Ocy OKO Koje
pOTUpa CBETJIOCHA PaBaH HEOIMXOTHO Ja YOUUMO HYJ TPAHCBEP3ATHH BEKTOP
TAHTEHTHOT cHOMA Te pashu ([44]).

Kaxo je pecTpUKIIMja METPUYKOT TeH30pa MpocTopa R? Ha cBeTIOCHO] paBHU
T JOeTeHepaTUBHA, pAquKAaiHU (Hy1) dpociiop Wanienitine pasiu IpT y CBaKoj
tauku P € 7 je noanpocrop Rad(Tpm) nepunucan ca

4.1) Rad(Tpr) = {v € Tpr | {(u,v) =0,Yu € Tpr}.

CBeTIIOCHa paBaH je TAHTCHTHA paBaH CBETIIOCHOT KOHYcCa, Ia CaapXH jeqHy
IberoBy M3BOAHUIY. OCHM HYI BeKTOpa KOJU MpPeICcTaBba MpaBall H3BOIHHIIE,
CBETJIOCHA paBaH HE CaJp)KH JIpyre cBeTiaocHe BekTope. Heka je v cBetnocHu
BeKTOp cBeTnocHe paBuu 1 pm. Tana je Tpmt ympaBo BEKTOP v, A je

(4.2) Rad(Tpr) = Tpr™.

Axo ca S(Tpm) 03HAUMMO BEKTOPCKM CHOMN KomruieMeHTapaH ca Rad(Tpm) y
Tpm, Tana je

(4.3) Tprm = Rad(Tprm) & S(Tpr),

npu uemy je S(Tpm) dpezpagnu (ckpun) éexitiopcku croii Ha w. Ilperpaanu
BEKTOPCKH CHOIT YMHE MPOCTOPHU BEKTOPU M OH HHUje jenuHCTBeH. C mpyre
CTpaHe, 3a youeHH mperpaiuu cuomn S(Tpm), MOCTOJU jeAUHCTBEHU CBETIIOCHU
TpPaHCBEP3ATHU BeKTOpcKU cHor [tr(Tpm) xoMmuemenTapan ca Tpr y TpR3| .
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Kao mTo je mamomenyro y mornmaBiby 1.3, Ha ocHoBy Teopeme 1.1 mocroju
cneneha mexommosuimja mpoctopa R?

(4.4) R3|, = Rad(Tpm) & S(Tpm) & ltr(Tpr).

[NpeTxoaHy JeKOMIIO3UIHU]y KOPUCTUMO HpH yBOhemy ceeifinocux fospulu
gpyée spcitie y mpoctopy R3.

HNedununuja 4.1. (44]) Veujena iospu gpyze spcitie y mpoctopy Munkosckor R?
j€ poTallMoHa MOBPII T00HjeHa pOoTaIijoM IIpoGUITHE KPUBE OKO OCe KOja JIEKH
Y CBETJIOCHO] PaBHU 7 MPOQIITHE KPUBE, TOK HCTOBPEMEHO paBaH T POTUPA OKO
oce uHju je mpasail oapeleH cBeTIIOCHUM TpaHcBep3amTHuM BekTopoM [tr(Tpr)
PaBHH 7.

C 063upOM J1a CBETIIOCHU TPAHCBEP3ATHU BEKTOPCKU cHott [tr(Tp7) cBeTo-
CHE paBHM T HHUje jeIMHCTBEH, 3a Pa3INuYUTe U300pe OBMX CHOIOBA IOOUjaMO
pasIUUUTE TTapaMeTpU3aliije YBUjeHUX TIOBPILU IPYTe BPCTE, IITO UMILTUIIHPA
Jla 100ujeHe MOBPIIM MOTY UMAaTH TIPOM3BOJbaH Kay3aJHHM KapakTep. AKO CBe-
TJIOCHA PaBaH 7 MMa jeqHaunny ¢ = z, tajga je Rad(Tpm) = span{(1,0,1)},
14 CBETJIOCHU TPAHCBEP3aJHU BEKTOPCKU CHOIl PABHU T MOE UMATHU IIpaBal|
BEKTOPA (] = (1 0, —%), as = (0,1,-1),a3 = (—1, V3, —2), UTI.

29

4.2 Kuaacnpukanmja cBeTJIOCHUX YBHjeHHX MOBPIIN JApyre BpcTe

Y oBoM mornanby hemo KiIacu(pUKOBATH CBETIOCHE YBHjeHE MOBPIIU ApYyTre
BpcTe. Y TOM LIMJbY, MPETIIOCTABUMO 1a MpoQHIHA KpHUBa « MpHUMaga cBe-
TJIOCHO] PaBHH 7 ca jeTHAYMHOM = = 2. Taja meHa mapamerapcka jeTHauMHA
riacu

(4.5) a(t) = (¢, f(1),1),

rae je f(t) mpousBosbHa aubepeHnmjabunna Gynknuja. Pasmorpuhemo jaBe
MOryhHOCTH y 3aBUCHOCTH Of Kay3aJHOI KapaKTepa oce | y paBHH T OKO Koje
poTtupa npoduIIHa KPUBA (.

(A) OCA [ JE TIPOCTOPHA TTPABA.

N3abepumo y paBHHU T IPOCTOPHY MpaBy | Koja mpoiasu kpo3 Tauky P(b, 0, b)
y mipaBily Bektopa e; = (0, 1,0). Portanmnjom mpoduine Kpuse o 0ko mpase [,
JI001jaMo mapaMeTpu3alyjy mOBPITU

b cosh(es) 0 sinh(es) t
T(s,t) =10 | + 0 1 0 f(t) |,
b sinh(es) 0 cosh(cs) t
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npu uemy je ¢ = cs, ¢ € R Jlopennos yrao porammje. Kako je 3a ¢ = 0 mnomenyra
poTaija ASHTHUYKO TIpecnKaBabe, mpernocrasuhiemo aa je ¢ # 0. Jlok kpusa
Q POTHpPA OKO Oce [, paBaH 7 KOja caJIpKH KPUBY (v POTHPA OKO OCE YHjH je ITpaBall
onpeheH CBETIIOCHUM TPaHCBEP3aTHUM BEKTOPOM G = (%, 0, —%) Kaxo ce obe
poTanuje BpIie UCTOBPEMEHO, KOpUCTHheMO UCTH TTapaMerap s. Ha Taj HauwH,
nobujamo cieAachy mapaMeTpuzaliyjy yBUjeHe TIOBPITH IPYTe BPCTE Y MATPUIHOM
o6muky ([44])

1-— % s —% b+ tcosh(cs) + tsinh(cs)
4.6) x(s,t) = -s 1 —$ f(@)
% —s 1+ % b+ t cosh(cs) + tsinh(cs)

V Teopemu koja clieqiy Cy J1aTe mapamMeTapcKke jeTHAYNHE CBETCIIOCHUX YBH-
JEHUX MMOBPIIH JIpyTe BPCTe ca mapaMmeTpu3aiujom (4.6).

Teopema 4.1. (/44)) Ceeitinocna ysujena iiosput gpy2e epcitie y lpoOgUMeH3UOHANL-
HoMm dpocitiopy Munkoeckoé ca iapameitipuzayujom (4.6) je ceeilinocHu KOHYC ca
dapameifiapckom jegnauunom (ciuxa 4)

Cnuka 4: CBeTIIOCHM KOHYC

4.7) z(s,t) = t((1 — s%)e®, —2se, (1 + 5%)e ),
¢ € Ry, unu csettinocna fiperocta iospul wuja je apameitipuzayuja 001uKa (Ciuxka

5)

48) (s, t)=((1—5)b, =2bs, (1 + 5°)b) +¢ <32 ) Le-2 ; 1> :

b € Ry, uuju tipenocu umajy ipasay d6unopmane iceygo Hy1 basHe Kpuse.
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0

Cnuka 5: CBeTyiocHa MPEHOCHA MOBPIII €A TICEYJI0 HYJT 0a3HOM KPUBOM

Hokasz. TlpeTmocTaBUMO jla CBETJIIOCHA yBHUjEHA IOBPII JIpyre BpPCTE MMa
mapamerpuzanujy (4.6). Koedbunmjentu npse pyngamentanue GopMme Te TOBPIIN
cy oOnmKa

E(s,t) = 4(b+te®)? +4ctf(t)e,
F(s,) 2f(t)e® — 2 (t) (b + te*),
G(s,t) = f2().

Kako je mocMaTpaHa MOBpII cBeTJIOcHa, U3 yciaosa EG — F? = 0 gobuja ce
CHUCTEM jeTHAYMHA

2LF(6)f(8) = f(t
ctf(8)f*(8) + 261 (1) f (

KOju uMa camo 1Ba pemiema f(t) = b = 0wu f(t) = 0, b # 0. Pasmorpuhemo oBe
JiBe MOTyhHOCTH TTIOCEOHO.

)2207
H o= 0,

(i) Akoje f(t) = b = 0, n06uja ce mapameTpU3aInja CBETJIOCHE YBUjEHE MOBPILIH
npyre Bpcte obnuka (4.7).

(i) Axo je f(t) = 0, b # 0 HacTaje CBETIIOCHA TIPEHOCHA TIOBPIII CA MTAPAMETPH-
3aI1jOM

(4.9) x(s,t) = ((1—5*)b, —2bs, (1+5%)b) +t((1 — 5%)e™, —25e, (1 + 5%)e ),
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e je a(s) = ((1 — s*)b, —2bs, (1 + s?)b) nceyno Hyn GaszHa KpuBa. BekTop
OWHOpMAJIe T€ KPUBE TIIaCH

5?2 —1 s2+1
y Sy, — )
2 2

(4.10) B(s) = sgn(b) (
4 yOuaBaMo 1a IIPEHOCH
B(s) = e* (1 — s* —2s,1 + 5%)

peHocHe moBpi (4.9) uMmajy mpasai Bektopa ouHopmane B(s) kpuse . C
003UpoM HA TOMEHYTY ocoOuny 1 Kopuctehu penarmje (4.9) u (4.10), nodbujamo
nmapamMeTpuzanujy oomuka (4.8). Il
(B) OCA [ JE CBETJIOCHA TIPABA.

N3abepuMo CBETIIOCHY ITpaBy | y paBHU T Koja ipostasu kpo3 tauky P (0,0, 0)
y mpaBity BekTopa e; = (1,0,1). Portamujom mpoduite kpuse o oko oce I,
mo0HjaMo mapaMeTpHU3aITfjy

2.2 2.2

0 1— % cS C;
(4.11) T(s,t)=| b | + —cs 1 cs f(t)
O 0232 6282
—5 CS 1 + b) t

Kako je 3a ¢ = 0 moMeHyTa poTallja UASHTUYKO IIpeciHKaBambe, 3axTeBahemMo
ma je ¢ # 0. Jlok KpuBa v poTHpa OKO oce [, paBaH 7 Koja caapKu MPodUiIHy
KPHBY (x ICTOBPEMEHO POTHPA OKO OCE KOja MMa MpaBall HyJ TPAHCBEP3aTHOT

. _ (1 1 o . o
BeKTOpa €3 = (5,0, —5). Tume macraje yBujeHa MOBpII JApyre BPCTE uHja je
napaMeTpusaiuja y MaTpuaHoM o0muky ([44))

1—% s —% t+csf(t)
4.12) x(s,t) = —5 1 —5 b+ f(t)

5 =S 1—|—§ t+esf(t)

Koedumujent ¢ # 0 uMmnmMmupa ga cy Op3HHe poTallfja y OIIITEM CIIydajy
pasnuuuTte, 0e3 003upa Ha TO IITO CE M3BOJAC MCTOBPEMEHO, 300T uera cy
MapaMeTPU30BaHE UCTUM TTAPAMETPOM.

Teopema 4.2. ([}4]) Cseiinocna ysujena iiospui gpy2e 8pcitie y WpoguMeH3uo-
nannom tpociiopy Munkosckod ca dapamettpuzayujom (4.12) je ceettinocna pe-
HOCHa Ho8pui obuKa (ciuka 6)

(4.13)  w(s,t) = be(s(s* —1),25%, s(—1 — 5?)) +t(1 — 5%, —2s,1 + 5?),

b, c € Ry, ca nyn ipenocuma u 6a3HOM KPUBOM KOJd JIedHCU HA CEEILNOCHOM KOHYCY.
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Cnuka 6: CBeTa0CHa MPEHOCHA MOBPIII ¢a HYJI MTPEHOCUMA

Hokasz. TlpeTmocTaBUMO [1a CBETJIOCHA yBHjeHA IOBPII Ipyre BpPCTE MUMa

mapameTpuzanyjy (4.12). KoedunmjeHTn meHe TpBe (yHIaMeHTaaHe Gopme
riace

E(s,t) = (s, x5y = 42 f (1) + Best f(t) + 4t + dbef(t) + 4ef (t)?,
F(s,t) = (g, ;) = 2besf () +2b+ 2f(t) — 2t £ (1),
G(s,t) = (we,20) = f2(1).

Axo je EG — F? = 0, no6ujamo cucTeM jeHaunHA

| N G R OR F ORE(}
, 8ctf(t)f2(t)—4bcf()(%+2f(t)—2tf (t) = o0,
F2(8) (4% 4 dbef(t) + 4ef?(t) — (2b 4+ 2f(t) — 2tf (1))? 0

Cucrem jennaunna uma asa peuewba f(t) = b = 0u f(t) = —b # 0.
PasmoTpuhemo ose j1Be MoryhHOCTH TOCEOHO.

(i) Ako je f(t) = b =0, Tana ce mpasa [ 1 TpoGUIHA KPUBA (v TIOKJIAMA]Y IITO
j€ KOHTpaAUKITH]a.

(i) Akoje f(t) = —b # 0, 3aMeHOM OBe jeJHAKOCTU y penarmju (4.12) robujamo
14 je CBETJIIOCHA YBHjeHA IIOBPII JIpyre BPCTE CBETIOCHA IIPEHOCHA IIOBPII ca
napamerpusanujom (4.13). basHa KpuBa o 0Be IMOBPILIH Ca MTAPAMETPU3ALIUjOM

afs) = be(s(s* —1),25%, s(—1 — s?))
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JIEKU HA CBETIIOCHOM KOHYCY, JIOK CY TTIPEHOCH T€ MOBPIIN HYJ1 BEKTOPH. 0

4.3 Kinacuduxanuja HeilereHepaTHBHUX YBHjeHHX MOBPIIH Jpyre
BpCTE

YV oBoM noriaBiby heMo HaBeCcTH MmapaMeTpHu3aliuje HeJleTeHepATUBHUX YBU-
JEHUX TMOBPIIM JIPYyre BPCTE KOj€ Cy pPaBHE MM MUHUMAJIHE U KOje Cy A00H-
jene y pany [44]. Taxobhe hieMo M3IOKUTH KIACUPUKAIM]Y HEAETCHEPATUBHUX
YBUjEHUX TOBPIIU JIPyre BPCTEe KOje MMajy KOHCTaHTHY [aycoBy wimm cpemmy
kpuBuHy. I[IpuTom hemo mpernocTaBUTH Ja je mapaMeTpHu3aliuja TUX MOBPIIU
obnuka (4.6) unu (4.12). AHAIOTHO MPETXOIHOM ITOTIaBiby 4.2, pasmoTpuheMo
JBe MOTYhHOCTH 3a Kay3aJlHU KapakTep Oce poTaluje [, Koja MOXe OUTH Mpo-
CTOpPHA WK HYJI TIpaBa.

(A) OCA POTALIMJE [ JE TIPOCTOPHA TIPABA.

Teopema 4.3. ([44]) Hegelenepaitiuéna ysujena idospui gpyee epcitie y apocitiopy
R? ca aapametmipusayujom (4.6) je pasna axo u camo axo je geo Konyca

(4.14) x(s,t) = t((1 — s%)e® + ds,d — 2se*, (1 + s%)e” — ds),
yuja qupexitipuca nedcu na iceygocgpepu S3(d), d € Re, ¢ € Ry,

Hoxas. Jla bucmo knacu(uKOBalld paBHE HeJleTeHEPATUBHE YBHjEHE TIOBPIITH
IIpyTe BpCTe ca MapaMeTpusanujoM (4.6), onpennhemo koeduiujeHTe npyre GpyH-
TaMeHTalHe Gopme

mssaxsaxt] M(S t) o [xstv'xS?xt] N(S t) . [xttaxsaxt]

e x ] s x|’

L(s,t) = [

[lzs x|

Te noBpir. OHU ¢y oOIUKa

L(s,t) = 81235 4 25 (8bt £ (t) + 16bt + dct® f'(t))

W {(s,t)
+e(8c + dbet f'(t) + 27t f (1) f'(1))],
(4H)AN&QZM“Swk“@ﬂﬂ—4ﬁﬁﬂ+€ﬂ%ﬂﬂf@—4Wﬁ)
—2ctf"*(1))],

e (0 e

N(s,t) =
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jwilv je HOPpMA HOPMAJIHOT' BEKTOPA ITOBPIIN O3HAYCHA CA

W(s,t) = ||zs X 2]| = V/|EG — F?| # 0.

Tanaje LN — M? = 0 ako 1 caMo ako BaxH ciejchu cucteM jeHaumnna:

—16f(t)f"(1)t* — (4f(t) — 4tf'(1)* = 0,

—2f () f"(t)(8ctf(t) + 16bt + dct® f'(t)) — 2(4f (¢
ALf' (1) (2ef (6) f'(t) — 4bf'(t) — 2etf"*(t
—2f () f"(t)(8b* + dbet f'(t) + 22t f(t) f' (¢
(2cf () f'(t) — 4bf'(t) — 2¢tf"*()
TIpeTXO/HM CHCTEM jeJIHAYMHA UMA JeMHCTBEHO petietbe f (1) = ct,c # 0 u

b = 0. 3amenom f(t) = ct ub = 0y penamuju (4.6), 1o6uja ce mapaMmeTpusauja
koHyca (4.14) ca TeMeHOM y KOOPJAWHATHOM TIOYETKY UHja je TUPEKTPHCcCa KPUBA

)
) =0,
)
)2

as) = ((1 — s%)e” 4+ ds,d — 2se”, (1 + s*)e* — ds).
xoja nexu Ha riceynocdepu S?(d), d € Ry . O

Teopema 4.4. ([/4]) He iocinoje munumanne negelenepaitiushe ygujene aospuiu
gpyze épcitie ca iapameiipusayujom (4.6) y dpociiopy R3.

Jokas. TlpeTrocTaBUMO a MOCTOJU MUHUMAITHA HeJereHepaTHBHA YBUjeHa
MOBpIN JIpyre BpcTe ca napamerpusanujom (4.6). Kopucrehu ycioB EN —
2FM + GL = 0 gobuja ce CUCTEM jeTHAYMHA:

—8f(6) [ (0)> + 8E° f12(t) — (4f(t) —4tf'(£)* = O,
—2f(t)f"(t)(8bt + 4ct f(t)) + Sctf(t) f/*(t) + 16bt f'*(
(

t) +

et f2(t) — (4f (8) — 4tf' (1)) (2cf (£) f'(t) — 8bF'(t) —
2ctf'*(t)) = 0.

—8f()f"(1)b* + f2(t)(8b* + dbet f'(t) + 22t f() f'(t)) +
Abf'(t)(2cf (t) f'(t) — 4bf'(t) — 2ctf*(t)) = 0.

TpeTxoMHM CHCTEM jeHAYMHA UMa jeIHHCTBEHO pemerbe f(t) = 0. MehyTum,
Taga je EG — F? = 0, To je KOHTpaaUKIIHja. 0

Taxohe ce Mory kiacuUKOBATU U MTOBPIIU ca KOHCTAaHTHOM ["aycoBOM Kpu-
BUHOM.
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Cnuka 7. B-ckpon

Teopema 4.5. ([44]) Hegelenepaitiuéna ysujena idospui gpyee epcitie y apocitiopy
R3 ca dapamempuzayujom (4.6) uma xoncimaniiny ITaycosy kpusuny K = cy # 0
aKo u camo axo je geo:

(i) B-ckpona ca aapamemipusayujom (ciuxa 7)

(4.16) 2(s,1) = (% + @tu —$?), \/_10—0 — Jaost, —\/—SC_D + \/Tat(l + 52)),

2ge ¢y € RT;
(i1) iiceygocepe S%(\/LC»O) yuja flapamemipuzayuja 2nacu

1
,—2s(b+ te®”) + —,

NG
),

x(s,t) = ((1—s%)(b+te®) +

3
o

4.17
(17 (1+ %) (b+ te) —

5~
o

2ge co € RTub e R,.
Jlokasz. TIpeTrocTaBUMO /12 TOCTOJU HEJCTCHEPATUBHA YBHU]CHA TIOBPIII JIPYTe

BpcTe y mpocTopy R? ca mapamerapckoM jeaHauuHoM (4.6) M KOHCTAHTHOM
I'aycoBoMm kpuBuHoM K = ¢y # 0. Tana je

(4.18) LN — M? = co\(EG — F?),
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npu yemy je A = (U, U), rre je

U(S t) Tg X Tt

225 > |

JEMUHUYHU BEKTOp HOpMaJie MocMaTpaHe HelereHepaThBHe mospim. Koedurm-
jertu E, F' u G npBe pyHaaMeHTaHe popMe cy 00IHMKa

E(s,t) = 4(b+ te*)* + dctf(t)e
(4.19) F(s,t) = 2f(t)e® —2f (t)(b+ te),
G(s,t) = f2(1).

Kaxo je ||z, x z¢|| = \/|EG — F?2|, 70 he A\u EG — F? 6uTH CynpOTHOT 3HAKA.
HNmajyhu oBo Ha ymy, kopuctehu koeuIjeHTe Apyre u npee GyHIaMEHTATHE
dbopme (4.15), (4.19), xao u penanujy (4.18), TomazuMo 10 cUCTeMa jeTHAUMHA:

L6f (1) f" (1) + [4f(t) — 4tf' (O] — ol () f ()t + 4L ()] = 0,
=2f () f"()[Bet f(t) + 16bt + det® /()] — 2[4 f(t) — 4tf'(t)][2cf (£) F'(¢
Abf'(t) — 2et ()] + 2co[8F ().f' () + 4f(1)][4ct f (1) f2(
8bf (1) f'(t)
=2 () f"(t)[86° + dbet f'(t) + 2 () f'(1)] — [2¢f (£) f'(¢
—4bf'(t) = 2et {2 ()] + col4et f(1) f*(t) — 8bf()f' ()] = 0.

Pernerse peTXoAHOT cucTeMa jeqHaunHa riacu: (i) a = 0u f(f) = \/%70; (ii)
a0 f(t)= L

() Axojea = 0u f(t) = L,
(4.6), noOujamo TPEHOCHY TOBPII OOJIMKA

)
)
] =0,
)

3daMCHOM IMPCTXOAHUX _]CILHdKOCTI/I y peJ'IdHI/IJI/I

1
(4.20)  x(s,t)= ((1 - 52)tecs+i, —2ste® +——, (1 + s)te

Ve Ve ‘fﬁ)

ca HyJl 0a3HOM KPUBOM

(4.21) ofs) = (\/Sc—o \/lc_o_\/s%>

1 HyJT IPEHOCHMA
(4.22) B(s) = e*(1 — 5%, 25,1 + 5%).

Hopmanusyjyhu npetoce, moxemo y3etu aa je (o/(s), 8(s)) = 1. Onatie 3a-
KJbyUyjeMo Ja je IpeHOCHA TOBpIN B-ckpoun (cinuka 7).
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(ii) Akojea # Owu f(t) = %, yBHjeHa ITOBPII IPYre BPCTE MMa IapaMeTpu3a-
ujy obmuka (4.17) u npencrasiba nceymochepy SQ( ) ca LIEHTPOM y KOODP/IH-
HATHOM IIOYETKY. O

Cneneha Teopema Baku 3a HeJleTeHEPATHUBHE YBUjEHE TTOBPIITU JIPYTe BPCTE
KOHCTAHTHE Cpelllbe KPUBUHE KOje HUCY MUHMMAJHE U JOKa3yje ce aHaJIOTHO
MPETXO/IHO], 14 HeH JOKa3 U30CTaBIbaMO.

Teopema 4.6. ([44)) Hegelenepaiiuena ysujena iospui gpye epcitie x(s,t) y
tipocitiopy R:f ca dapameimipuzayujom (4.6) uma KOHCTAHITIHY Cpegry KPUBUHY
H = hy # 0 ako u camo ako je geo:

(i) B-ckpona ca iapameiipuzayujom

S ho

1 h
r(s1) = (G + (1 = 8%), 3= — host 2 D482,

0 ho 2
2ge hg € R*;
(ii) dceygocgpepe St (ho) ca Tapamepusayujom

1
2(5,8) = (1 — s2)(b+te®) + —, —2s(b+ te) + —, (1 + s2) (b + te**) — —),
ho ho ho

égeho,ceRf{ubERo.

(B) OCA POTAIIUIE [ JE CBETJIOCHA TTPABA.

V oBoM ciyuajy HeJereHepaTUBHA yBHjEeHA TOBPII JIPyTe BPCTE MMa Tapa-
MeTpuzanujy obnuka (4.12). Koedunumjentu npyre dhyHmaamentamue popme Te
MTOBPIIIHN TJIace

L(s,t) =

V(s RS F2() /(1) + s* (162 f (1) f/(t) + 82 F2(1))

+5(16ctf(t) + Sct® f'(t) + 12> f2(t) f(t) + 8b2 f(t) f'(1))
+8t% 4 det f(t) f/(t) + 8bf(t) + Scf?(t)],

(423) M(s,1)= (15 Jy 006 F2(0)5E o des(F(0)1'0) = £77()
+2bf (1)) + 4t f'(t) + 2bef'2(t) + 4f(t) + 4b],
N(s.t) = =g P06+ £(0),
e je ca

W(s,t) = ||zs x 24|| = /|EG — F2[ £ 0
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O3HAYCHA HOPMa HOPMATHOT BEKTOPA MOBPIIU KOJU MOXKE OUTU TTPOCTOPHU WU
BpeMeHCKU. AHaitorHo cnynajy (A), Moxe ce Joka3aTu cieaeha Teopema.

Teopema 4.7. ([/4]) He iocitioje pasne negedenepaitiuene ygujene nospuu gpyae
epcitie ca iapameipuzayujom (4.12) y apocitiopy R3.

Jokas. TIpeTnocTaBUMO /14 TOCTOj€ PABHE HEJICTEHEPATUBHE YBUjCHE TTOBPIIU
npyre BpcTe ca mapamerpusanujoM (4.12). Kopucrehu penauumjy (4.23), cneamn
naje LN — M? = 0 ako 1 caMo aKo BakH ciejiehy cucTeM jeHaunHAa:

16b%c* f'4(t) = 0,

—16¢° f2() f' () f" (1) (b + f (1)) — 326 f2 () (f (1) f' () —
tf2(t) +2bf'(t)) = 0,
=2f"()(0+ (1)) (167t f () f'(t) + 8> f2(1)) — 16(cf () f'(¢)
ctf'2(t) + 2bcf'(t))* — 8be® f12(t)(—4tf'(t)
2bef'2(t) + 4f(t) + 4b)
—2f"(£)(b+ f(£))(L6ctf(t) + 8t f/(t) + 1262 f2(t) £ (t)
8bc? (1) f'(t)) — 8(cf () f'(t) — tef'*(t)
)
2

+

+ o+

2bef'(t)) (=4t f'(t) + 2bef'?(t) + 4f(t) + 4b

=2f"(t)(b+ f(t)) (8t + detf(t) f'(t) + 8bef(t) + 8cf?(t)
(—4tf'(t) + 2bef'2(t) + 4f(t) +4b)* =
=S8f()f ()8 + 882 f12(t) — (4f(t) — 4¢f'(t))?
—2f(t)f"(t)(8bt + dct f(t)) + 8ct f(t) f'*(t) + 16bt f'3(t
Act? f23(t) — (4f (8) — 4t f' (1)) (2cf (£) f'(t) — 8DF'(¢

I
o

2ct f'3(t)

—8F(t)f"(t)b* + f'2(t)(8b% + dbet f'(t) + 2t f(t) ' (¢)
4bf'(t)(2cf (£)f'(t) — Abf'(t) — 2ctf"*(t)

JEIMHCTBEHO pelllerbe MPETXOMHOT CUCTeMa jeiHaunHa tack f(t) = —b, mro

UMIUTHIMPA 12 je x(s, 1) ceTiocHa mospin. MehyTum, TO je y CympoTHOCTH ca
MPETIOCTABKOM, T1a Ba)KM TBpheme TeopeMe. 0

+

)
)_
) = 0.
)

) = o

Cneneha Teopema ce CIIMIHO JOKa3yje.

Teopema 4.8. ([/4]) He iocitioje munumanne neqgelenepaitiushe ygujere dospuiu
gpyée epcitie ca flapameimipusayujom (4.12) y dpocitiopy R3.

C mpyre craHe, 3a MOBPIIN ca KOHCTAHTHOM ['ayCOBOM HIIM CpeIHOM KpH-
BUHOM Ba’ke MocJenma 1Ba TBphema.
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Teopema 4.9. ([44]) Hegezenepaitiuena yeujena iospui gpyee epcimie y apocitopy
R3 ca dapameimipuzayujom (4.12) uma koncimaniany I'aycosy kpusuny K = cy # 0

. — C — P .
aKo u camo ako je geo ticeygocghepe S%(—VCOO) ca uapameitiapckom jequaiuHom
(cruxa 8)

x(s,t)

(1= s?)(t+es(X2 —b)) + sL2, X2 — 25(t + es(L2 — b)),
co co co €0
(1+ 83 (t + cs(L2 — b)) — s¥L2)
co

co /7

2geb € R, c € Ry, ¢g € R u/co/co #b.

Cnuxka 8: Tlceynocdepa

Teopema 4.10. (/44)) Hegelenepaitiusna ysujena ilospui gpy2e epcitie y apocitiopy
R3 ca aapameitipusayujom (4.12) uma koncimaniiny cpegroy kpusuny H = ho # 0
aKo u camo ako je geo ticeygocgepe S%(h%) ca 4apamefiapckom jeqHauuHoM

x(s,t)

(1= s*)(t+es(ze =) + 35, 50 — 25(t +es(50 — D)),
(1+ )t +es(s — b)) — 1),

2geb € R, c e Ry, hg € Rf ul/hy #b.

4.4 3ak/pyuak

VBHjeHe MOBpPIH y eyKnuackoM mpoctopy [E3 yeeo je A. Gray 1998. roaune.
One HacTtajy kajga npouiiHa paBHA KpUBA POTHpA OKO TayKe Y PABHU KPHBE,
MIpU YeMy Ta paBaH pOTUpPA OKO MpaBe Koja JeXHU Y Toj paBHU. 300r ToTra ce
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yBUjeHE TIOBPINK Takohe Ha3uBajy U JBOCTPYKO POTAIMOHUM TIOBpIuMa. Y 3-
JTUMEH3UOHATTHOM TIPOCTOPY MUHKOBCKOT, ABOCTPYKO POTAIMOHE MOBPINU CY
nedunrcanu u knacupurkosaan W. Goemans u [.Van de Woestyne 2013. ro-
muHe. OHU ¢y JOKa3aJM 1a aKo MpodUTHa KpUBa JIeXKH Y CBETIIOCHO] paBHH, Taga
CY IBOCTPYKO POTAITMOHE MTOBPIITN CBETIIOCHE PABHU WJIM CBETIIOCHU KOHYCH.

MehyTumMm, TocTojao je OTBOPEH MpoOIIeM J1a ce JehUHHUIITY JBOCTPYKO pOTa-
IIMOHE TIOBPIIM Y TpocTopy MuHkoBckor R? umja mpoduana kpusa nexku y
CBETIIOCHO] PaBHU, alld TAKO Ja OHe Oyoy IMPOCTOpPHE WU BpeMEHCKe. Y OBOj
TJIaBU je TMPENCTABILEHO pellehe TOT MpoljieMa - yCIOB Ja CBETIOCHA paBaH
pOTUpa OKO HEKE MPaBE U3 T€ PABHU j€ 3aMEHCH YCIOBOM Ja OHA POTUPA OKO
CBETJIOCHE ITPABE KOja MMa IMTPaBaIl CBETIOCHOT TPaHCBEP3aTHOT BekTopa. Ha 1aj
HAYUH, JIOOUjeHE CYy TPOCTOPHE, BPEMEHCKE U CBETIIOCHE JBOCTPYKO POTAIMOHE
noBpii. CrpoBeleHa je JeTajbHA aHalIM3a AeTeHepaTUBHUX U HellereHepa-
TUBHUX YBUjEHUX MOBPIIU Ipyre BpcTe. PazMaTpaHu cy ciydajeBu Kajaa je oca
poTallrje CBEeTIIOCHA WK MPOCTOPHA U ofipeheHe cy eKCITUIIUTHE TapamMeTapcke
jeAHAYMHE YBU]CHUX TIOBPIITH JIPYTe BPCTE.

JloxazaHo je 1a CBETIIOCHE YBHjEHE TMOBPIIU IPYre BpCTe y MpocTopy MuH-
KOBCKOT R? MOry GUTH CBETIOCHM KOHYCH WJIM CBETJIIOCHE ITPEHOCHE MOBPILH.
Taxobe je mokazaHo Ja He TOCTOje MUHMUMAJTHE HeJleTeHepATUBHE YBUjeHE MOBPIITU
Jpyre BpcTe. Y OJHOCY Ha MOCMATPAHU CBETIIOCHU TPAHCBEP3aITHU BEKTOPCKU
CHOII, JATO j€ HEKOJIMKO SKCIUIMITMTHUX TlapaMeTpu3anuja b-ckposioBa u ncey-
nochepa Koje TIpe/ICTaBbajy HeIeTCHEpaTUBHE YBUjEHE MOBPINU JIPYTe BPCTE ca
KOHCTAHTHOM ['aycOBOM U CpeamhOM KPUBUHOM.

MeljyTim, CBETJIIOCHU TPaHCBEP3aTHU BEKTOPCKHU CHOII HUj€ JeTUHCTBEH. 3aTO
Ou O6UIIo o1 UHTEepeca HACTABUTHU [1aJba UCTPAKUBAHA Y CMUCTY Ja ce IPOMEHU
U300p CKpUH JTUCTPUOYIH]E Yy CBETIIOCHO] PAaBHU, IITO OM AUPEKTHO YTHUIIAIO
Ha M300p CBETJIOCHOT TPAHCBEP3ATHOT BEKTOPCKOT CHOTA, KA0 U HA Tlapame-
TPU3AIH]y TBOCTPYKO POTAIIMOHE TIOBPIIM YUMe OU ce JOOMIIe HOBE KIace THUX
MTOBPIIIH.
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Abstract. Tn this paper, we obtain explicit parameter equations of spacelike reetifying
curves in FEj whose projection onto spacelike, timelike and lightlike plane of E} is a normal
curve. We also obtain explicit parameter equations of spacelike normal curves in E} whose
projection onto lightlike plane of EF, with respect Lo a chosen screen distribution, is a
rectifying W-curve.

AMS subject classifications: 53C50, 53C40

Key words: Minkowski 3-space. rectifying curve, normal curve, curvature

1. Introduction

Tn the Fuclidean space E® there exist three classes of curves, so-called rectifying.
normal and osculating curves satisfying Cesaro’s fixed point condition ([10]) mean-
ing that rectifying, normal and osculating planes of such curves always eontain a
particular point. I all normal or osculating planes ol a curve in E? pass through a
particular point, then the curve is spherical or planar, respectively. It is also known
that if all rectifying planes of a non-planar curve in E? pass through a particular
point, then the ratio of torsion and curvature of such curve is a non-constant linear
function ([1]). Some characterizations of rectifying curves in Minkowski 3-space FE}
arc given in [7]. In particular, there exists a simple relationship between rectify-
ing curves and Darboux vectors (centrodes). which play some important roles in
mechanics, kinematics as well as in differential geometry in defining the curves of
constant precession ([2]). Normal curves in Minkowski 3-space are characterized in
[5,6]. Spacelike and timelike normal curves in E%’ always lie in some quadric and
null normal curves in E} arc the null straight lines.

It is a quite interesting problem to obtain explicit parameter equations of recti-
fying and normal curves in Minkowski 3-space. In order to obtain such equations, it
is natural to impose some extra condition on the corresponding curve. In this paper,
we obtain explicii parameter equation of spacelike rectifying curve in E} assuming
that orthogonal projection of such curve onto spacelike or timelike plane of Ef is a
normal curve. We prove that the straight lines are the only rectifying curves in E}
whose projection onto lightlike plane with respect to a chosen sereen distribution is

“Corresponding author.  Fmail addresses: grbovic@yahoo.com (M. Grbovi¢), emilija@kg.ac.rs
(E. Nesovi¢)
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On null and pseudo null Mannheim curves
in Minkowski 3-space

Milica Grbovi¢, Kazim Ilarslan and Emilija Nesovi¢

Abstract. In this paper, we prove that there are no null Mannheim curves
in Minkowski 3-space. We also prove that the only pseudo null Mannheim
curves in Minkowski 3-space are pseudo null straight lines and pseudo null
circles whose Mannheim partner curves are pseudo null straight lines.
Finally. we give some examples of pseudo null Mannheim curves in E}.

Mathematics Subject Classification (2010). 53C50. 53C40.

Keywords. Minkowski 3-space, Mannheim curve. curvature. -

1. Introduction

In the Euclidean space E® a regular smooth curve « is called Mannheim curve.
if there exist another regular smooth curve o™ such that at the corresponding
points of the curves, the principal normal lines of & coincide with the binormal
lines of *, under bijection ® : & — a* [2]. Then a* is called a Mannheim mate
curve (partner curve) of a and {a, a*} is called a Mannheim pair of curves. It
is well-known that « is a Mannheim curve in E? if and only if its the first and
the sccond curvature satisfy the equality [2]

k1 = a(k] + K3),

for some positive constant a. In Euclidean spaces, Mannheim curves are char-
acterized in [3,6,7] and [8]. In Minkowski spaces, non-null Mannheim part-
ner curves with non-null principal normals are studied in [1] and [6]. Null
Mannheim curves in Minkowski 3-space arc characterized in [5] and [9].

In this paper, we prove that there are no null Mannheim curves in Minkowski
3-space. Hence characterizations of null Mannheim curves given in [5] and [9]
are not valid. We also prove that the only pseudo null Mannheim curves in
Minkowski 3-space are pseudo null straight lines and pseudo null circles whose

Published online: 25 December 2013
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ON THE SECOND KIND TWISTED SURFACES
IN MINKOWSKI 3-SPACE

MILICA GRBOVIC, EMILIJA NESOVIC AND ANICA PANTIC

(Communicated by Kazim iLAHS].ANJ

AygstracT. In this paper, we introduce the notion of the seeond kind twisted
surfaces in Minkowski 3-space. We classify all non-degenerate second kind
twisted surfaces in terms of flat, minimal, constaut Gaussian and constant
mean curvature surfaces, with respect to a chosen lightlike transversal bundle.
We also prove that a lightlike second kind twisted surfaces, with respect to
a chosen lightlike transversal vector bundle, are the lightcones, the lightlike
binormal surfaces over pseudo null base curve and the lightlike ruled surfaces
with null rulings whose base curve lies on lightcone,

l. INTRODUCTION

In the Buclidean 3-space, twisted surfaces are introduced by A. Gray in [5] to
generalize the construction used to produce the Mébius sirip and the twisted Klein
bottle. These surfaces arise by rotating a profile curve lying in its supporting plane
7 about a fixed point in 7 (i.e. about an axis spanned by the orthogonal complement
of 7), while sirnultaneously the supporting plane 7 rotates about an axis lying in it
[2]. Hence twisted surfaces represent generalizations of the surfaces of the revolution
and also can be called a double rolational surfaces. In the Enclidean and Minkowski
space, twisted surfaces are classified in terms of flat, minimal. constant Gaussian
and constant mean curvature surfaces in [2] and [3].

In Minkowski 3-space, the supporting plane 7 of the twisted surface profile curve
can be a spacelike, a timelike or a lightlike. If the supporting plane 7 is a lightlike.
the obtained twisted surfaces are only lightlike (lightlike planes or lightlike cones,
see [4] page 5). This situation motivated us to introduce the second kind lwisted
surfaces in Minkowski 3-space, as a new kind of the twisted surfaces, whose profile
curve lies in a lightlike supporting plane, but which can be a spacelike. a timelike and
a lightlike. More precisely, we define the second kind twisted surfaces as the surfaces
obtained by the rotation of a profile curve about an axis in its lightlike supporting
plane 7. while simultaneously the supporting plane 7 rotates about an axis spanned
by a lightlike transversal vector lir(T'7) of 7. We classify all non-degenerate second

Date: Received: May 17, 2015 and Accepted: August 12, 2015.
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for pseudo null curves in Minkowski 3-space

Milica Grbovié¢* and Emilija Nesovi¢i
Faculty of Science, University of Kragujevac
Department of mathematics and informatics

Kragujevae, Serbia
*milica. grbovic@kg.ac.rs
Tnesovickg@sbb. rs

Received 6 January 2016
Accepted 11 March 2016
Published 20 April 2016

In this paper, we introduce Béacklund transformation of a pseudo null curve in Minkowski
3-space as a transformation mapping a pseudo null helix to another pseudo null helix
congruent to the given one. We also give the sufficient conditions for a transformation
between two pseudo null curves in the Minkowski 3-space such that these curves have
equal constant torsions. By using the Da Rios vortex filament equation, based on local-
ized induction approximation (LIA), we derive the vortex filament equation for a pseudo
null curve and prove that the evolution equation for the torsion is the viscous.Burger’s
equation. As an application, we show that pseudo null curves and their Frenet frames
generate solutions of the Da Rios vortex filament equation.

Keywords: Biacklund transformation; vortex filament flow; pseudo null curve.
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1. Introduction

In classical differential geometry, the Bécklund transformation f : ¥ — ¥/ maps
a pseudospherical surface ¥ to a new pseudospherical surface ¥’ such that the
mentioned surfaces are connected by the tangent line segments of fixed lengths and
the angle between the normal vector fields of the surfaces at the corresponding
points is constant. Moreover, f takes asymptotic lines on ¥ to asymptotic lines on
¥, having equal constant torsions. Hence Bicklund transformation can be restricted
to a transformation mapping constant torsion curve a in E? to new curve a in
E3, having equal constant torsion ¥ = 7, whereby the curvatures of a and a@ are
related by & = k — 2C'sin 3, [1]. In Minkowski 3-space, Bicklund transformations
of non-null curves with non-null Frenet vectors are obtained in [2]. For Bicklund
transformations of curves in hyperbolic 3-space and higher dimensional spaces, we
refer to [3-6]. It is known that constant torsion curves have some applications in

1650077-1
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ON GENERALIZED NULL MANNHEIM CURVES
IN MINKOWSKI SPACE-TIME

Milica Grbovié, Kazim Ilarslan, and Emilija NeSovié

ABSTRACT. We define generalized null Mannheim curves in Minkowski space-
time and characterize them and their generalized Mannheim mate curves in
terms of curvature functions, and obtain relations between their frames. We
provide examples of such curves.

1. Introduction

In the Euclidean space E? there are many associated curves (Bertrand mates,
Mannheim mates, spherical images, evolutes, the principal-direction curves. cte.)
the frame’s vector fields of which satisfy some extra conditions. In particular,
Mannheim curves in E* are defined by the property that their principal normal
lines coincide with the binormal lines of their mate curves at the corresponding
points [4, 7, 11]. The parameter equation of a Mannheim curve o in E® is given in
[4] by a(t) = ([ h(t) sin(t)dt, [ h(t)cos(t)dt, [ h(t)g(t)dt), where g: I — R is any
smooth function and the function h: T — R is given by
Ltg?+a)° 1+ (L+6°)°(g+9")

(1+ g2)32(1 + g2 + g2)572
Manuheim curves and their partner curves in 3-dimensional space forms are studied
in [2]. In the Euclidean 4-space, the notion of Mannheim curves is generalized in
(12] as follows. A special Frenet, curve a: I — E* is called a generalized Mannheim
curve, if there exists a special Frenet curve a®: I* — E* and a bijection ¢ : @ — a*
such that the principal normal line of e at each point of a lies in the plane spanned
by the first binormal and the second binormal line of a”. The generalized spacelike
Mannheim curves in Minkowski space-time, the Frenet frame of which contains only
non-null vectors, are characterized in [5].

In this paper, we define the generalized null Mannheim curves in Minkowski
space-time. We obtain the relations between the curvature functions and the frames

h=

2010 Mathematics Subject Classification: Primary 53C50; Secondary 53C40.

Key words and phrases: generalized Mannheim curve, null Cartan curve, Minkowski space-
time.
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ON GENERALIZED PARTIALLY NULL MANNHEIM
CURVES IN MINKOWSKI SPACE-TIME

Milica Grbovié! and Emilija NeSovié?

Abstract. In this paper we define generalized partially null and pseudo
null Mannheim curves in Minkowski space-time E{. We prove that there
are no non-geodesic generalized partially null Mannheim curves in E}, by
considering the cases when the corresponding mate curve is a spacelike,
timelike, null Cartan, partially null or psendo null Frenet curve. We also
answer the question: "Can a partially null Frenet curve be a generalized
mate curve of the generalized pseudo null Mannheim curve in Minkowski
space-time?”

AMS Mathematics Subject Classification (2010): 53C50; 53C40

Key words and phrases: generalized Mannheim curves; partially null
curves; Minkowski space-time

1. Introduction

In Euclidean 3-space there are many associated curves such as Bertrand
mates ([5]). Mannheim mates ([9]), spherical images, evolutes, involutes, the
principal-direction curves ([2]), ete., whose frame’s vector fields satisfy some
extra conditions. Mannheim curves in the Euclidean 3-space were discovered
by A. Mannheim in 1887. They are defined as the curves having the property
that their principal normal lines coincide with binormal lines of their mate
curves at the corresponding points. It is well-known that a regular smooth
curve in E? is a Mannheim curve if and only if its curvature functions x and
7 satisfy the relation x = a(k® + 72), for some positive constant a. Some
characterizations of Mannheim curves in the Euclidean 3-space and Minkowski
3-space can be found in 7, 9].

Parameter equation of the Mannheim curve in E? is given by ([4])

a(t) = (/h.(t) sin(t)dt, /h(t) L:os(!,)d.t,/h(t)g(f.)dt),
where g : I — R is any smooth function and the function h : I — R is given by

B (1—1—92—1—9’2)34—(1 +92)Ii(g+gr3)2

h 3 5
(1+g%)2(L+g%+g'%)32
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vac, e-mail:milica_grbovie@yahoo.com
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On Bicklund transformation and vortex filament
equation for null Cartan curve in Minkowski 3-space
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Abstract In this paper we introduce Biicklund transformation of a null Cartan curve
in Minkowski 3-space as a transformation which maps a null Cartan helix to another
null Cartan helix, congruent to the given one. We also give the sufficient conditions
for a transformation between two null Cartan curves in the Minkowski 3-space such
that these curves have equal constant torsions. By using the Da Rios vortex filament
equation, based on localized induction approximation, we derive the vortex filament
equation for a null Cartan curve and obtain evolution equation for it’s torsion. As an
application, we show that Cartan’s frame vectors generate new solutions of the Da
Rios vortex filament equation.

Keywords Biicklund transformation - Vortex filament flow - Null Cartan curve
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1 Introduction

Bicklund transformations originated from studies of A.V. Bicklund and S. Lie
[2—4, 16, 17] and they play an important role in the theory of solitons and inte-
grable systems. In 1883, Bicklund proved that two focal surfaces ¥ and ¥ of the
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ARTICLE INFO ABSTRACT
Article history: In this paper, we derive the Bishop frames of the pseudo null curve and show that
Received 7 February 2017 its normal Bishop vectors Ny and N, can be obtained by applying the hyperbolic
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; rotation and the composition of three rotations about two lightlike and one spacelike
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axis to the Frenet vectors N and B respectively. We also derive Bishop frame of

Dedicated to the memory of Acad. the null Cartan curve and show that among all null Cartan curves in &Y, only the
Prof. Dr. Mileva Prvanovié null Cartan cubic has two Bishop frames, one of which coincides with its Cartan

frame. As an application, we obtain some solutions of the Da Rios vortex flament
Keywords: equation in terms of the Bishop frames of the pseudo null curves and null Cartan

Bishop frame
Frenet frame
Cartan frame
Pseudo null curve
Null Cartan curve

cubic.
© 2018 Elsevier Inc. All rights reserved.

1. Introduction

The Bishop frame or relatively parallel adapted frame {T, N1, N>} of a regular curve in Euclidean 3-space
is introduced by R.L. Bishop in 3]. It contains the tangential vector ficld T and two normal vector ficlds
Ny and Ny, which can be obtained by rotating the Frenet vectors N and B in the normal plane T of the
curve, in such a way that they become relatively parallel. This means that their derivatives N{ and N with
respect to the arc-length parameter s of the curve are collinear with the tangential vector field 7. Hence Nj
and N3 make minimal rotation in the planes Ni- and Nj, respectively. For this reason, the Bishop frame
is also known as the frame with minimal rotation property. Such frame is well defined even in the points
where the Frenet curvature & of the curve vanishes, which is not the case with the Frenet frame. The Frenoet
equations according to the Bishop frame in E* have the form ([3])

* Corresponding author.
L-mail addresses: milica grbovictikg.ac.rs (M. Grbovi¢), nesovickg@sbb.rs (E. Nesovié).
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0022-247X /O 2018 Elsevier Inc. All righis reserved.



Oédpazay 1

H3JABA AYTOPA O OPHTHHAJIHOCTH JJOKTOPCKE JUCEPTAI[HJE

Ja, Munuua 'pSosuh , H3jaBIbYjeM 11a IOKTOpCKa

JlicepTaludja Moj Hacj0BOM;

Heke crienujanne BpcTe KpUBKX, penepa un MOBPIIH Y MIPOCTOpUMA
MunkoBCKOr

Koja je onOpatbena Ha [IpupojHO-MaTeMaTHYKOM dakyaTeTy

Yuusepsutera y Kparyjesily npeacraswa opueunaino AaymopcKo 0eilo HacTano Kao pesynrar

CONCMBEHO UCIPANCUBAUKOS par)a.

Osom Hsjasom makohe nomephyjem:

® 1acaM jedunu aymop HaBelIeHe JOKTOPCKE JucepTauuje,

® llay HaBeACHOj AOKTOPCKO]j AUCEPTALMIU HUCam usspuino/ia nogpedy ayTopcKor HUTH
ApYror npaBa HHTEJIEKTYallHe CBOjUHE JPYIUX NHLIA,

* /Jd yMHOXCHH NPUMEPAK I0KTOpCKe AnCEpTallije y LITAMIIAaHOj U eNleKTPOHCKo] hopmu

Yy uMjeM ce npuiory nanasu osa Msjasa caupiu AOKTOPCKY [MCEPTALMjy UCTOBETHY
00pameHoj 10KTOPCKO] AUCepTAalHjH.

Y Kparyjeruy . 4.3.2020. rojIMHe,
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Oédpazay 2

H3JABA AYTOPA O HCKOPHIIITRABABY JJOKTOPCKE IHCEPTAI[HJE

Ja, Munuua I'pGosuh

/ JI03BOJbaBaM

HE J103BObaBaM

YHusepsuterckoj Gubnuoteun y Kparyjepuy Aa Hauuuu asa TpajHa YMHOKEHA MpuMepka y

CJIEKTPOHCKO] (hOpMU JIOKTOPCKE JHCEPTALMjE T10/1 HACTOBOM:

Hexke CrelnjalHe BPCTe KPUBHX, perepa u MoBplIiiK y MpocTopuMa
MuHKOBCKOr

Koja je omOpamena Ha ITpupoaHo-mMaTemMaTHuKOM (BakyaTeTy

Yuusepsurera y Kparyjesuy, # 10 y ueinnu, Kao u 1a 1o jega MPUMEPAK TAKO YMHOKEHE
AOKTOpPCKE  AMCEpTaliMje  YYWUHW  TpajHO JIOCTYIHUM  JaBHOCTH NyTeM AWFHTATHOr
penosuTopujyma YHusepsuteta y KparyjeBily M UeHTPaIHOT PenosuToprjyMa HajulexkHor
MHHHUCTAPCTBA, TAKO J1a MPUNAAHNLINA JABHOCTH MOTY HAYMHHTH TpajHe YMHOKEHE MpUMepKe

Y €/IEKTPOHCKO] hopMI HaBe/leHe JOKTOPCKE ANCEPTaLje MYTEM Apey3uMarna.

Osom H3jasom Takohe

/ J103BOJbABAM

HE J103BOJbABAM |

' Ykomko ayTop u3abepe aa He 03BONH NPHNAAHULINMA jABHOCTH JIA TAKO JOCTYIMHY JOKTOPCKY AucepTalujy
Kopucte noa yenosuma yrephenns jeatom oa Creative Commons NHUEHUM, TO HE HCKIbYHYje MpaBo NpUNagHuKa

JABHOCTH J1a HABEEHY IOKTOPCKY AMCEPTAUH]y KOPUCTE Y CKady ca oapeatama 3akoHa o ayTOPCKOM H CPOIHHUM
MpaBUMa.
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